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Welcome

Chemical engineering occupies a unique position at the interface between molecular sciences and
engineering. Intimately linked with the fundamental subjects of chemistry, biology, mathematics,
and physics — and in close collaboration with fellow engineering disciplines like materials science,
computer science, and mechanical, electrical, and civil engineering — chemical engineering offers
unparalleled opportunities to do great things

Figure 1: https://seoultechpse.github.io/EngMath/
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1 Introduction to Differential Equations

Learning objectives After this chapter you should be able to

o classify a differential equation by type (ODE or PDE), order and linearity

« verify that a function, explicit or implicit, is a solution on an interval, and recognize
families of solutions

« state the conditions under which a first-order initial-value problem has a unique solution

o translate a physical situation, such as radioactive decay or a draining tank, into a
differential equation

1.1 Definitions and Terminology

» A differential equation (DE) is an equation containing the derivatives of one or more
dependent variables with respect to one or more independent variables

« Notation

d2
— Leibniz notation ¢y

dx?

Prime notation y”

— Newton’s dot notation ¥

— Subscript notation u,, + u,, =0

1.1.1 Classification by Type

e Ordinary differential equation (ODE): Derivatives are with respect to a single indepen-
dent variable

dr dy
— 4+ = = 2
I + I 3T+ 2y

o Partial differential equation (PDE): Derivatives are with respect to two or more
independent variables

ou_ o
oy  Ox



1.1.2 Classification by Order

e The order of an ODE or PDE is the order of the highest derivative in the equation

d2y dy\®
245 () —ay =t
dx? * (dm) v=e
highest order

d*u N 0%u
Oxt ot?
NGl

highest order

2 =0

1.1.3 Classification by Linearity

e An n-th order ODE, F (az,y,y’, ---,y(”>) = 0, is linear in the variable y if F is linear in
Y, y/v ) y(n)

¢ An ODE is nonlinear if

— The coefficients of 3,7/, -, y'™ contain the dependent variable y or its derivatives

— Powers of y,y’, -, y™ appear in the equation or

— Nonlinear functions of the dependent variable or its derivatives (e.g., siny or ey/) appear
in the equation

1.1.4 Solution of an ODE

e Any function ¢, defined on an interval I and possessing at least n derivatives that are
continuous on I, which when substituted into an ODE reduces the equation to an identity, is
a solution

o Interval I can be an open interval (a,b), a closed interval [a, b], an infinite interval (a, 00), etc.

e A solution of a differential equation that is identically zero on an interval I is a trivial
solution

e The graph of a solution ¢ of an ODE is a solution curve and it is continuous on its interval
I while the domain of ¢ may differ from the interval I

¢ An explicit solution is one in which the dependent variable is expressed solely in terms of
the independent variable and constants

e G(x,y) = 0 is an implicit solution, if at least one function ¢ exists, that satisfies the
relation G and the ODE on [

1.1.5 Families of Solutions

e Similar to integration, we obtain a solution to a first-order differential equation containing an
arbitrary constant c

o A solution with a constant ¢ represents a set G(z,y,c) = 0 of solutions, called a one-
parameter family of solutions

e An n-parameter family of solutions

G<$7y’ 61’627"'7cn) =0

solves an n-th order differential equation



1.1.6 Systems of Differential Equations

e Two or more equations involving the derivatives of two or more unknown functions of a single
independent variable are called a system of differential equations

dx

_— = t

= ft,z,y)
dy

—_— = t

- g(t,z,y)

o A solution of a system is a set of functions defined on a common interval I that satisfies each
equation of the system on this interval

1.2 Initial-Value Problems - IVP

In an IVP, we seek a solution y(z) of a differential equation so that y(x) satisfies initial conditions
at xg

¢ n-th order differential equation and Initial conditions

dny 7 n—
wzj‘(xayaya'”ﬂg( 1)>

y(zo) = yo, ¥ (2g) = Y1, ¥ (@g) = Yy
I

dy
o fz,y), y(xo) =y

When solving an IVP, consider whether a solution exists and whether the solution is unique

o Existence: Does the differential equation possess solutions and do any of the solution
curves pass through the initial point (z,yy)?

e Uniqueness: When can we be certain there is precisely one solution curve passing through
the initial point (zg,yy)?

Theorem 1.1. gives conditions that are sufficient to guarantee the existence and uniqueness of a
solution y(x) to a first-order IVP

10
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Let R be a rectangular region in the xy-plane defined by a < x < b, ¢ <y < d that contains the
point (zy,Yyy) in its interior. If f(z,y) and Of /0y are continuous on R, then there exists some
interval Iy: (xy — h, o+ h), h > 0, contained in [a,b], and a unique function y(z), defined on I,
that is a solution of the IVP dy/dz = f(z,y), y(zy) = y,

Example First-order IVP
o y(x) = ce” is a one-parameter family of solutions of the first-order DE ¢y’ =y
» Find a solution of the first-order IVP with initial condition y(0) =3

Solution

o From the initial condition, we obtain 3 = ce®

e Solving, we find ¢ = 3

e The solution of the IVP is y = 3e”
Example Second-order IVP

o z(t) = ¢, cosdt + cysin4dt is a two-parameter family of solutions of the second-order DE

" +16x =0
+ Find a solution of the second-order IVP with initial conditions = (%)= -2, 2’ (§) =1
Solution
o Substituting for initial conditions and solving for constants, we find ¢;, = —2 and ¢, = 1/4

o The solution of the IVP is z(t) = —2cos4t + § sin 4t

Try it in Python: Solve initial-value problems symbolically with sympy.dsolve(...,
ics=...): Symbolic solution to ODEs

11
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1.3 Differential Equations as Mathematical Models

¢ A mathematical model is a description of a system or a phenomenon
o Differential equation models are used to describe behavior in various fields

— Biology
— Chemistry
— Physics

e Steps of the modeling process

Express assumptions
Assumptions in terms of DEs ,| Mathematical
and hypotheses formulation

!

If necessary,

a}ter assumptions Solve the DEs

or increase resolution
of the model

| '

Check model .
predictions with |« Olbt{;un
known facts Display predictions of the model solutions
(e.g., graphically)

Example Radioactive Decay

dA
¢ In modeling the phenomenon, it is assumed that the rate g at which the nuclei of a substance

decay is proportional to the amount A(t) remaining at time ¢ given an initial amount of
radioactive substance on hand A,

dA
— = kA, A(0) = 4

o This differential equation also describes a first-order chemical reaction

Example Draining Tank

12



o Torricelli’s law states that the exit speed v of water through a sharp-edged hole at the bottom
of a tank filled to a depth h is the same as the speed it would acquire falling from a height h,

2gh

o The volume V' of water leaving the tank per second is the area of the hole A, times the exit

speed

o The volume in the tank at ¢ is V(t) = A,

water surface

dV

h,

= —Ay\/2gh

in which A, is the constant area of the upper

o Combining expressions gives the differential equation for the height of water at time ¢

dh
dt V'2gh
Summary
Concept Key point
Order order of the highest derivative in the equation
Linear ODE a, (x)y"™ + -+ ay (2)y +ay(x)y = g(x): linear
in Y, y/v Ty y(n)
Solution a function ¢ on an interval I that reduces the

n-parameter family
Initial-value problem

Existence and uniqueness

13

ODE to an identity; explicit y = ¢(x) or
implicit G(z,y) =0

G(z,y,cq,,¢,) = 0 solves an n-th order ODE
ODE with

y(xo) =0, ¥ (z0) = v1, -+ ¥ (@) = Yy
Y = f(z,y), y(zo) = yo: if f and 9f /0y are
continuous on a rectangle containing (x,yg),
there is exactly one solution near x,



Concept Key point

dA
Models radioactive decay i —kA;  draining tank

dh A,
o —Twm

Worked Exercises

1.2: 1. y=1/(1+ce™®) is a one-parameter family of solutions of the first-order DE y' = y — 2.
Find a solution of the first-order IVP consisting of this differential equation and the given initial
condition:

Solution

vy= 1—4e*®

1.2: 3. y=1/(2% + ¢) is a one-parameter family of solutions of the first-order DE 3’ + 2zy? = 0.
Find a solution of the first-order IVP consisting of this differential equation and the given initial
condition. Give the largest interval I over which the solution is defined

Solution

14



import numpy as np
import matplotlib.pyplot as plt

X
y

np.linspace(-5, 5, 200)
1.0 /(x**2 -1)

threshold = 20
yly > threshold]
yly <-threshold]

np.inf
np.inf

plt.plot(x,y)
plt.scatter(2, 1/3, color='red")

plt.title(r'$y=\frac{1}{x"*2 -1}$")
plt.xlabel('$x$")
plt.ylabel('$y$")

plt.grid()
plt.show()
y=x21—1

15 A

10 A

> 07

0 -

-5

—4 -2 0 2 4

Figure 1.1: Exercises 1.2: 3

1.2: 7. xz(t) = ¢, cost + cysint is a two-parameter family of solutions of the second-order DE
2” +x = 0. Find a solution of the second-order IVP consisting of this differential equation and the
given initial conditions

Solution

15



x(t) = ¢y cost + cysint
I z(0)=—1, 2’ (0)=8
—1=c
8 =rcy
4
x(t) = —cost + 8sint

1.2: 17. Determine a region of the xy-plane for which the given differential equation would have
a unique solution whose graph passes through a point (z,y,) in the region.

dy 2/3
de y
Solution

Step 1: Identify the Function and Its Partial Derivative
Let:

fla,y) =y*?

Then the partial derivative with respect to y is:

of 2 14
oy Sy

Step 2: Analyze Continuity

o f(z,y) = y*/> is continuous for all real values of 2 and ¥

1/3

o However, 9f — 2-1/3 is undefined at y = 0, since y~ /3 is not defined at y = 0
oy 3Y

Step 3: Apply the Existence and Uniqueness Theorem

e Both f and 0f/0y are continuous in the half-plane y > 0 and in the half-plane y < 0

o Hence the theorem guarantees a unique solution through every point (x,y,) with y, # 0:
the region can be taken as either half-plane y > 0 or y < 0

o The theorem gives only a sufficient condition, so it says nothing at y, = 0. There uniqueness
actually fails: both y =0 and y = (z — z,)/27 satisfy v’ = 4?3 and y(z,) = 0

1.2: 29.

1. By inspection, find a one-parameter family of solutions of the differential equation zy’ = y.
Verify that each member of the family is a solution of the initial value problem zy" =y, y(0) =
0

2. Explain part 1. by determining a region R in the xzy-plane for which the differential equation
zy’ =y would have a unique solution through a point (zy,y,) in R

16



3. Verify that the piecewise-defined function

0, z<0
y =
z, >0
satisfies the condition y(0) = 0. Determine whether this function is also a solution of the
initial-value problem in part 1

Solution

1. By inspection, y = cx satisfies xy’ = x - ¢ = y for every constant c¢. Every member satisfies
y(0) =c-0=0, so the IVP zy" =y, y(0) = 0 has infinitely many solutions

2. In normal form y" = f(x,y) = y/x, and f and 0f/Jy = 1/x are continuous wherever = # 0.
So a region R is either half-plane z > 0 or # < 0; through any point (x,y,) with z, # 0
there is a unique solution. The initial point (0,0) lies in no such region, so the theorem does
not apply there, which is consistent with part 1

3. The piecewise function satisfies y(0) = 0, and it satisfies zy’ = y for z < 0 (0 = 0) and for
x>0 (z-1=2x). However, its left derivative at x = 0 is 0 and its right derivative is 1, so
y’(0) does not exist. Therefore it is not a solution of the IVP on any interval containing
z=0

1.3: 5. A cup of coffee cools according to Newton’s law of cooling. Use data from the graph of
the temperature 7T'(t) in figure to estimate the constants 7),, T, and k in a model of the form of
the first-order initial-value problem

dT
O =k -T,), TO)=T,
200
150 -
T
100 -
50 1
0 50 100

t (min)

Solution

« The solution of the IVP is T(t) =T, + (T, — T,,)e*
o T, =T(0) isread at t =0: T, ~ 175

17



o T, =lim, ,  T(t) is the level the curve approaches: T, ~ 75

e k follows from one more point on the curve. The curve reaches T' ~ 100 at ¢ ~ 17 min, so

1 T-T, 1. 100—75 In0.25
k=-ln—>" ~ 1 = ~ —0.08 min~!
“ro-T, Tt ims—15 17 i

(equivalently, k is the slope of In[(T' —T,,)/(T, — T,,,)] plotted against t)

1.3: 19. After a mass m is attached to a spring, it stretches s units and then hangs at rest in the
equilibrium position as shown in Figure (b). After the spring/mass system has been set in motion,
let z(t) denote the directed distance of the mass beyond the equilibrium position. As indicated
in Figure (c), assume that the downward direction is positive, that the motion takes place in a
vertical straight line through the center of gravity of the mass, and that the only forces acting on
the system are the weight of the mass and the restoring force of the stretched spring. Use Hooke’s
law: The restoring force of a spring is proportional to its total elongation. Determine a differential
equation for the displacement z(t) at time ¢

SIS S LSS S S S S S S S S A S S S S S S S S S S S S S S S S S S

———————————————————————————————————— xTr= 0
unstretched m
spring
equilibrium z(t) >0
position
m
(@) (b) (c)

Solution

o Equilibrium (Figure (b)): the spring is stretched by s and the weight is balanced by the
spring force (Hooke’s law, spring constant k)

mg = ks

o In motion (Figure (c)): the total elongation is s + = (downward positive), so the forces
on the mass are the weight mg (down) and the restoring force —k(s + x). Newton’s second
law gives

d*z
moy = mg — k(s +x) = mg — ks —kx
0

18



e Hence

d’x

Measuring z from the equilibrium position removes the weight from the equation
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2 First-Order Differential Equations

Learning objectives After this chapter you should be able to

e sketch solution curves from a direction field, and find and classify the critical points of
an autonomous equation dy/dx = f(y)

o recognize separable, linear, exact, homogeneous, Bernoulli and 3" = f(Az + By + C)
equations, and solve each by its method

e approximate a solution by Euler’s method and see how the step size h affects the error

e set up and solve first-order models: growth and decay, series circuits, the logistic

equation, radioactive series and predator-prey systems

2.1

e DEs can be analyzed qualitatively, allowing us to approximate a solution curve without

solving the problem
e Two approaches are:

— Direction fields

— Autonomous first-order DEs

e Direction fields:

— Slope of the lineal element at (x,y(z)) on a solution curve is the value of % at this

point

— Direction/slope fields of % = f(x,y) are collections of lineal slope elements that

Solution Curves Without a Solution

visually suggest the shape of a family of solution curves

dy .
For example, — =siny
dx

IR SRS S S SRR N

lAaAaAaAAAAA AR

NN NN NN

A N N N N
- =
P e el
AAAAAAAAAA

AAAAAAAAAA
AAAAAAAAAA
P ettt dadd

NN NN Y
MO
RN N N N N N Y
i e e
T I I T
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
i db g A A A B

TN NN NN

lAaAaarAaxa 227

- ~ |
SN NN NN
NN NN NNy

NN NN NN Ny

E SO TN S YT
Rt e e 2 2 e g
AAXAAAAAAANAX

Nt s s e
AN N N N N WY
NN NN NN

NN NN NNy
A QR NN
~\ S ShOSA A A A S

e
AANAAAAAAAT
AAAAAAAAAA

AAAAAAAAAA
-4 -2

0

AAAAAAAAAA
2 4

X

20




o Using the given computer-generated direction field, sketch, by hand, an approximate solution

imp
imp
plt

xX <

dy
dx

plt.
plt.
plt.

plt

plt.

plt

plt.
plt.
plt.

plt.

curve that passes through each of the indicated points:

dy _ o 2
dx - Y
(a) y(=2) =1
(b) y(—1) =—1
(c) y(0) =2
(d) y(0)=0
ort numpy as np
ort matplotlib.pyplot as plt
.style.use('ggplot"')
np.linspace(-2, 2, 20)
np.linspace(-2, 2, 20)
Y = np.meshgrid(x, vy)
= (X*X -Y*Y)
= np.ones(dy.shape)
figure(figsize=(5, 5))
quiver(X, Y, dx, dy, color='red")
plot([-2, -1, o, 0], [1, -1, 2, O], 'o', color="blue")
xlim([-2.2, 2.2])
ylim([-2.3, 2.2])
.xticks(np.arange(-2, 2.5, 0.5))
yticks(np.arange(-2, 2.5, 0.5))
xlabel('x")
ylabel('y")
show()
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Answer 1 (end of chapter) - Solution

4 _ f(y)

An ODE in which the independent variable does not appear explicitly

¢ Autonomous first-order DEs, =
dx

d

4 _ 1+ y? autonomous

dx

dy

Iz = 0.2zy nonautonomous

o Critical points, f(c¢) =0, are constant (or equilibrium) solutions of autonomous DEs

o A phase portrait (phase line) is made by putting the critical points on a vertical line, with
arrows pointing up or down depending on the sign of f(y) on the intervals between the points

o The horizontal lines y = ¢ through the critical points divide the zy-plane into sub-regions
(horizontal strips) R;

e Some conclusions can be drawn about nonconstant solution curves to autonomous DEs

— If a solution y(x) passes through (z(,y,) in sub-region R;, then y(x) remains in R,

— By continuity, f(y) cannot change signs in a sub-region R,

— Since f(y) is either positive or negative in R;, a solution is either increasing or decreasing
and has no relative extremum
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Example Phase portrait and solution curves

dP
— = P(a—bP
o (a )
P P
R3
v decreasing Py
a
1 O e e —
a
increasing Py Ry
0 Q--------- >
decreasing Py R,
\ 4
phase line tP-plane

Example Consider the autonomous first-order differential equation

and the initial condition y(0) = y,. Sketch the graph of a typical solution y(z) when y, has the
given values

(a) Yo < —1
(b)) —1<y,<0
(C) 0< Yo <1
(d) 1<y

Answer 2 (end of chapter) - Solution

Try it in Python: Draw direction fields for any dy/dz = f(x,y): Direction fields
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2.2 Separable Equations

o Consider Z—y = f(x)

x
d . : .
— When f does not depend on y, I = f(z), which can be solved by integration
x

— The solution y = /f(ac)d:v = F(x) 4+ ¢, where F(z) is an antiderivative (indefinite

integral)
— Some functions, termed nonelementary, do not possess an antiderivative that is an

elementary function

dy

e A first-order DE of the form e g(x)h(y) is said to be separable, or have separable
x

variables

— A separable equation can be rewritten in the form

1
dy = g(x)dx
™ g(x)

which is solved by integrating both sides

d
Example Solve a separable equation d—y =9y2—9, y(0)=0
x

e Separating and using partial fractions

g
(y—=3)(y+3)
\
1 1 1
—|————|dy=d
6[3/—3 y+3] Y v
o Integrating and solving for y yields
1 y—3
6 y13 =+
|} ¢ = Febar
B 1 — ceb”
L =

o Finally, applying y(0) =0 givesc=1

Example Solve the given differential equation by separation of variables

d
o 49 _ sin bx

dx
o dr+e3dy =0
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Answer 3 (end of chapter) - Solution

import sympy
from sympy import pi, dsolve
sympy.init printing()

X
y

sympy.Symbol('x")
sympy.Function('y")

eq = y(x).diff(x) -x *sympy.sqrt(l -y(x) *y(x))

dsolve(eq, hint='separable')

-
; 4 . . £
ylr) =s1n | O + -

Example Find an implicit and an explicit solution of the given initial-value problem

dy
o 27: —_ —1 :—]_
z o =y -y, y(—1)

dx

e 422 +1), x(r/4) =1

Answer 4 (end of chapter) - Solution

sympy.Symbol('t")
sympy.Function('x")

X r+
1l

eq = x(t).diff(t) -4 *(x(t)**2 +1)

dsolve(eq, ics={x(pi/4): 1}, hint='separable')

2(1) = tan r“ LT
H[\ l»’]

Try it in Python: Newton’s law of cooling and other first-order equations with sympy.dsolve,
including initial conditions: Symbolic solution to ODEs
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2.3 Linear Equations

d
A first-order DE of the form al(x)dfy + ay(z)y = g(z) is a linear equation in the dependent
x

variable y

e The DE is homogeneous when g(z) = 0 ; otherwise, it is nonhomogeneous

e The standard form of a linear DE is obtained by dividing both sides by the lead coefficient

2t Playy = f(2)

The standard form equation has the property that its solution y is the sum of the solution of the
associated homogeneous equation y; and the particular solution of the nonhomogeneous equation
Yp

Y=Yty

d
e The homogeneous equation % + P(z)y, =0 is separable, allowing us to solve for y,,
x

In |y, | :—/P(a:)dx+c = Yy, = Cexp (—/P(:z:)d:z:)

e Variation of parameters y, = u(z)y; can be used to find a particular solution y, of the
nonhomogeneous equation

it (4 Py ) u = @

h% dx
=0
_ /@ x u(x) = (@) x
e I st
(!
- @,
Yo = | )

Example Find the general solution of the given differential equation:

dy

« — 20 =0
d:v+ y

o Yy +2xy =213
dy

L] _ 2 :3
xdx—i- Y

e 2y +(1+2)y=e*sin2z
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Answer 5 (end of chapter) - Solution

Example Solve the given initial-value problem. Give the largest interval I over which the solution
is defined

dx
o Yy— —x =29 1)=5
g, =W vl)
@+ 4y — e, y(1) =10
de Y= » Yib) =
Answer 6 (end of chapter) - Solution

X
y

sympy.Symbol('x")
sympy.Function('y")

eq = (x + 1) *y(x).diff(x) +y(x) -sympy.log(x)

dsolve(eq, ics={y(1l): 10}, hint='1lst linear')

o -_[l'_:': ':.l":' — & T :_',:J

£ I

aifl | —
gl )

Example The given differential equation is not linear in y. Nevertheless, find a general solution
of the equation

o dr=(x+1y?)dy
o ydr+ 2z +2y—3)dy=0

Answer 7 (end of chapter) - Solution

Example The sine integral function is defined as

Si(z) = / St g
o t

where the integrand is defined to be 1 at x = 0. Express the solution of the initial value problem

d
B3 222y = 10sinz, y(1) =0
dx

in terms of Si(z)

Answer 8 (end of chapter) - Solution
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2.4 Exact Equations

o A differential expression M (x,y)dz + N(x,y)dy is an exact differential in a region R of
the xy-plane if it corresponds to the differential of some function f(z,y):

0 0
df(z,y) = a—idx + E);cdy

¢ Criterion for an exact differential: if M, N and their first partial derivatives are
continuous in a rectangular region R, then M dx + N dy is exact in R if and only if

oM _oN
oy Oz

o M(z,y)dx+ N(z,y)dy =0 is an exact equation if the left side is an exact differential

Example Solving an exact DE, 2xydz + (2% —1)dy =0

Answer 9 (end of chapter) - Solution

e Integrating Factor of the first-order linear DE

Wy Py = (@)
U

(P(z)y — f(x))dx +dy =0
I x I(z): Integrating Factor
I(z) (P(z)y — f(x))dz + I(x)dy = 0

To be an exact equation ﬂ

0 d
ay {I(z) (P(z)y — f(2))} = I(2) P(z) = ——I(z)

ﬂ I(xz) = exp </ P(x)dm)

Then
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d
Example Solve ﬁ —2zy =2, y(0) =1

dy
— —2xy =2
dx xy

U x e’
d 2 2
g;[e_w yl =2e7"

y = ce® + 2" / et dt
0

Jy0)=1-c=1

. 2 [T
y:@z 1+\/77T<\/77T/ €_tdt)
0

erf(x)
= e [1 + /mwerf(z)]

Example Determine whether the given differential equation is exact. If it is exact, solve it

e (2z—1)dz+ 3y +T)dy=0
(5 + 4y)dx + (4 — 8y?)dy = 0
o (2zy* —3)dz + (22%y +4)dy =0
(22 — y?)dx + (22 — 22y)dy = 0

Answer 10 (end of chapter) - Solution

X
y

sympy.Symbol('x")
sympy.Function('y")

eq = (2 *x -1) +(3 *y(x) +7) *y(x).diff(x)

dsolve(eq, hint='1lst exact')

o d I ¥ ] [} ] =]

| ) ) 1".-( 1 — {].I'._ 1 {].I'. i
— —. Ylar = —_ =
> R )
o) ol

D
)

1( 'J — “.r'1 * b

Yy | T | —
o]
) ]
Example Solve the given initial-value problem
e (z+y)dz+ 2zy+22—1)dy=0, y(1)=1
o (dy+2t—5)dt+ (6y+4t—1)dy=0, y(—1) =2

Answer 11 (end of chapter) - Solution

Example Solve the given differential equation by finding an appropriate integrating factor
o ylx+y+1lde+ (z+2y)dy=0

Answer 12 (end of chapter) - Solution
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2.5 Solutions by Substitutions

Substitution is often used to get a DE in a form that a known procedure can be used to find a
solution

¢ Reduction to separation of variables can be facilitated in the DE

dy

by substituting w = Ax+ By+ C, B#0

d
Example Solve the IVP d—y = (22 +y)? -7, y0)=0
x
d d d
Let w = —2z 4y, then o :—2+—y giving w29
dx dx dx

Answer 13 (end of chapter) - Solution

sympy.Symbol('x")
sympy.Function('y")

X
y

eq = y(x).diff(x) -(-2 *x +y(x))**2 +7

dsolve(eq, ics={y(0): 0})

« Homogeneous first-order DE

A first-order ordinary DE in the form:

dy _ M,y
dz N(z,y)

is of homogeneous type if both functions M (z,y) and N(x,y) are homogeneous functions of
the same degree n:

MMz, \y) = \"M(x,y), N(Az,Ay) = A\"N(x,y)
Thus, we can let ¢ = 1/x to simplify this quotient to a function f of the single variable y/x:

M(z,y) Mtz ty)  M(1,

N(z,y)  N(tz,ty) N(1,

AN ERES

):_f(y):_dy

dx
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The change of variables y = ux transforms the original differential equation into the separable
form:

Example Solve (22 + y?)dz + (2% — zy)dy =0
Answer 14 (end of chapter) - Solution

¢ Bernoulli DE:

y + P(x)y = Q(x)y™ where n#0 and n # 1

— Bernoulli equations are special because they are nonlinear differential equations with
known exact solutions

— The substitution u = y'~" reduces any Bernoulli equation to a linear differential equation

2
Example Solve y/ — ~y = —x2y?
T

Changing variables u = %, u = —y%y’ gives the equation
u+-—u==zx

x

Answer 15 (end of chapter) - Solution

X
y

sympy.Symbol('x")
sympy.Function('y")

eq = y(x).diff(x) -2 /x *y(x) +x**2 *y(x)**2

dsolve(eq, hint='Bernoulli')

¢ Riccati DE
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— Riccati equation is any first-order ordinary differential equation that is quadratic in the
unknown function. In other words, it is an equation of the form

’

Y = qo(x) + q1(x)y + go(x)y?

where ¢y(z) # 0 and ¢,(z) # 0. If gy(x) = 0, it is a Bernoulli equation, and if g,(z) = 0,
it is a linear equation

— The new variable v = yq, satisfies an equation

v =12+ R(z)v+ S(x)

where S(x) = ¢yqy and R(z) = ¢; + (ﬁ)

g2

— Substituting v = —%/, u satisfies the linear 2"¢ order ODE

u” — R(z)u" + S(z)u=0

A solution of this equation will lead to a solution y = —(;“2‘—; of the original Riccati
equation

Example Solve the given differential equation by using an appropriate substitution

(x —y)dx +xdy =0
zdx + (y —2z)dy =0
dy _y—=

de  y+x

d
xd—y:y+\/:r2— 2, x>0
Z

Answer 16 (end of chapter) - Solution

X
y

sympy.Symbol('x")
sympy.Function('y")

eq = X *y(x).diff(x) -y(x) -sympy.sqrt(x**2 -y(x)**2)

dsolve(eq, hint='1lst homogeneous coeff best')

T A

:| — _I"‘I‘I. |( || — .-['_I—:': |:_|--:| :I

Example Solve the given initial-value problem

dy
xy2% =y —a®, y(1) =2

dx
(z® + 2y2)@ =y, y(—-1)=1
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Answer 17 (end of chapter) - Solution

Example Solve the given differential equation by using an appropriate substitution

LN
de YT y?
d
e 31+ Zoty(P — 1)
dt
dy T
S Ir cos(z +y), y(0)= 1

Answer 18 (end of chapter) - Solution

Try it in Python: A Riccati equation reduced in sympy to a second-order linear (Airy)
equation by the substitution y = —u’/(g,u): Symbolic solution to ODEs

2.6 A Numerical Method

Numerical method: an algorithm for approximating the unknown solution to a DE

¢ Linearization approximates solutions within a small area around lineal elements in direction
fields

e The procedure of evaluating successive tangent lines is Euler’s method
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A .
Y solution curve

<~—
(xla yl)

slope = f(zo, yo)

S 4

L 5131:33()—|—h

4+—>

h

Example Consider y" = 0.1,/y + 0.422%, y(2) = 4 and approximate y(2.5) using h = 0.1

¢ Substituting into the general formula for Euler’s method gives

Yni1 = Ypn + b (0.1/y,, + 0.422)

¢ Considering the initial condition and n =0

yr =4+01(01v4+04-22) = 41800
Y, =418+ 0.1 (0.1V4.18+ 0.4 -2.1%) = 4.3768

ys = 5.0768
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X0 = 2.0
yo = 4.0
xf = 2.5

=0.1

int((xf -x0) /h) + 1

X = np.linspace(x0, xf, n)
y = np.zeros(n)
ylo] = ye

for i in range(1l, n):
y[i] = y[i -1] +h *(0.1 *np.sqrt(y[i -1]) +0.4 *x[i -1]**2)
print(f'x = {x[i]: 3.1f}, y = {y[i]: 5.4f}")

plt.figure(figsize=(4, 4))
plt.plot(x, y, 'o0")
plt.xlabel("$x$")
plt.ylabel("$ys$")
plt.title("$h=0.1$")

plt.show()

x = 2.1, y = 4.1800
Xx= 2.2, y= 4.3768
X = 2.3, y = 4.5914
X = 2.4, y= 4.8244
Xx = 2.5, y= 5.0768
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Figure 2.1: Euler’s Method

Example Use Euler’s method to obtain a four-decimal approximation of the indicated value.
Carry out the recursion, first using h = 0.1 and then using h = 0.05

Yy =2z-3y+1, y(1)=5; y(1.2)

Answer 19 (end of chapter) - Solution

Try it in Python: Euler’s method, Runge-Kutta and multistep methods: Numerical methods
for solving ODEs; adaptive solvers with scipy.integrate.solve ivp: Numerical integration
of ODEs using ‘scipy*

2.7 Linear Models

Example Series Circuits - For a series circuit containing a resistor R and an inductor L,
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®

- AWW—
R

Kirchhoff’s second law gives

di
L— +Ri=E(t
5 TRI=E®)

For a series circuit containing a resistor and a capacitor,

R

Q

Kirchhoff’s second law gives

. dq dq -
where ¢ = T Then RE + 6q =

Example The population of a community is known to increase at a rate proportional to the
number of people present at time ¢. If an initial population P, has doubled in 5 years, how long
will it take to triple? To quadruple?

Answer 20 (end of chapter) - Solution
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2.8 Nonlinear Models

Example The logistic model

e Verhulst proposed a model, called the logistic model, for population growth in 1838. It does
not assume unlimited resources. Instead, it assumes there is a carrying capacity K for the
population

o This carrying capacity is the stable population level. If the population is above K, then the
population will decrease, but if below, then it will increase

o For this model, it is assumed that the rate of change % of the population y is proportional

to the product of the current population y and K —y

dy

A K —
o ay(K —y)

2.9 Modeling with Systems of First-Order DEs

Example Radioactive Series:

kl k2
X—Y —Z

e The decay of the initial element X is described by

dx

e The second element Y is produced by the decay of X and is lost through its own spontaneous
decay

dy
ar kyx —koy

e The stable element Z is generated from the decay of Y

dz_

dt koy

Example Consider the Lotka-Volterra predator-prey model defined by

Z—f = 0.1z + 0.02zy
dy

—Z = 0.2y — 0.02

7 0.2y — 0.025zy

where the populations z(¢) (predator) and y(¢) (prey) are measured in the thousands and z(0) = 6
and y(0) =6
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o Use a numerical solver to graph z(t) and y(t)

# Lotka-Volterra predator-prey model
from scipy import integrate

a, b, ¢, d=-0.1, 0.02, 0.2, -0.025

def f(t, xy):

X, Yy = Xy
return [a *x +b *Xx *y, c *y +d *x *y]

# Initial condition and Time span
xy0 = [6, 6]

tf = 400

t eval = np.linspace(0, tf, 5*tf)

# Numerical Solver
sol = integrate.solve ivp(f, [0, tf], xy0, t eval=t eval)

t = sol.t
xy t = sol.y.T

e Use the graphs to approximate the period of each population
fig, ax = plt.subplots(l, 1, figsize=(6, 5))

ax.plot(t, xy t[:, 0], 'r', label="Predator")
ax.plot(t, xy t[:, 1], 'b', label="Prey")

ax.set xlabel("Time")

ax.set _ylabel("Number of animals")
ax.set xlim(0, tf)

ax.set ylim(0, 12)

ax.legend()

plt.show()
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Figure 2.2: Lotka-Volterra predator-prey model

Answer 21 (end of chapter) - Solution

Try it in Python: The Lotka-Volterra and Lorenz systems solved with solve ivp, with
phase-plane plots: Numerical integration of ODEs using ‘scipy*

Summary
Type Form Method
Autonomous y = f(y) critical points f(c) = 0; the
sign of f between them gives
stability (phase portrait)
d
Separable y = g(z)h(y) /h(y> = /g(:z:) dz; check
Yy
the constant solutions h(c) = 0
Linear Y + P(z)y = f(z) integrating factor
I(z) = el Pde. —[Iy] =If
Exact Mdr+ Ndy=0, M,=N, find f with f, = M, f, = N;
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Type Form

Method

Not exact M, # N,

Homogeneous M, N homogeneous of the
same degree

Bernoulli Yy + P(x)y = f(z)y"

y = f(Az+ By + C)

Fuler’s method Y = f(@,y), y(zg) =yo

integrating factor

p(z) = o (M,~N,)/Ndz if

(M, — N,)/N depends on x
only; similarly

u(y) = el Ne=M,)/Mdy

y=ux (or z=vy) —
separable

u=y'™ — linear

u = Ax + By+ C — separable
Yni1 = Yp + 1 f(2,0,)

Worked Exercises

Solve the given differential equation by separation of variables

22: 1. W _inse
dx
Solution

) = sin bz

dx

\’
dy = sinbx dx
\

1
y:—gcos&n—l—c

2.2: 3. dx+e3®dy=0

Solution

dy = B

1
3z
== +
Y e c

d
2.2: 21. d—y — x4/ — 2
i

Solution
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1
———dy=uxdx
V1—19y?

4
. 1 4
arcsiny = ix +c

4

(374
Y = sin 5&0 +c

In dividing by /1 — y? we assumed |y| < 1; the constant functions y = 1 and y = —1 are also
(singular) solutions

2.2: 25. Find an implicit or an explicit solution of the given initial-value problem

dy
279 — 4y — 1) = —1
7e = Y2y y(=1)
Solution
1 —
—dy = 2:6 dx
x
4
1
Inlyl=— (; +ln|x|> +c

2.7: 41. Evaporating Raindrop As a raindrop falls, it evaporates while retaining its spherical
shape. If we make the further assumptions that the rate at which the raindrop evaporates is
proportional to its surface area and that air resistance is negligible, then a model for the velocity
v(t) of the raindrop is

dv _3(k/p)
dt  (k/p)t+r,

Here p is the density of water, r is the radius of the raindrop at ¢ = 0, k < 0 is the constant of
proportionality —T = 4mr?k, and the downward direction is taken to be the positive direction
(a) Solve for v(t) if the raindrop falls from the rest

(b) Show that the radius of the raindrop at time ¢ is r(t) = (k/p)t + r,

(

c) If r, = 0.01 ft and » = 0.007 ft at time ¢ = 10 sec after the raindrop falls from a cloud, determine
the time at which the raindrop has evaporated completely

Solution

(a)
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do 3k/p)
dt — (k/p)t+r,
| multiply by the integrating factor

|3
u(t) gp(t+’r)—|—c(t+r)3
Ak 0 P 0
J v0)=0 — c——%ré
4
_9/)( ) o
v(t) = | —t+T 1—
(*) 4k 0 { (’;t—i-ro)]
(b)
4
m:§7rr3p
|3
dm dr
L — Al p—
ar P
%:4#7‘2]@
ar _k
dt  p

k k
r(10) = ’ x 10+ 0.01 = 0.007 = ’ = —0.0003

I3
0.01
r(t) = —0.0003t +0.01 =0 = t =

5.0003 ~ 33.3 sec

1. Find an explicit solution of the given initial value problem

V1—y?2de—V1—a22dy =0, y(0) =V3/2

Solution
Step 1: Rearrange the Equation

We write the equation in differential form:

V1—y2dr=V1—2x2dy
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Separate variables:

Step 2: Integrate Both Sides

/ der / dy
V1—x2 1— 2
These are standard integrals:

/ dr inz+C
. ——— = arcsinx
V1—a2

d
. /y = arcsiny + C'

Vi-y?
So:
arcsinx = arcsiny + C

Step 3: Solve for the Constant Using the Initial Condition

V3

We're giVen y(O) = -5, 80 plug inr= 0, Yy = @I

arcsin(0) = arcsin (?) +C

O0=-+C=0C=—

T m
3 3

Step 4: Write the Explicit Solution

From earlier:

. . ™
arcsinr = arcsiny — g

Solve for y:

. . U
arcsiny = arcsinx + —

Now apply sin to both sides:
. . ™
Yy = sin (arcsmx + §>

3
or, expanding the sine, y = z + 7\/ 1 — 22

2
.. . . T dy __ cos(arcsinz+m/3)
This is a solution only where cos (arcsmaj + g) > 0, because 47 = — iz must equal
\/l—yQ . T T . . . 1
N 0. Hence arcsinz + § < 7, i.e. the solution is defined for —1 <z < 3
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2. Find an explicit solution of the given initial value problem

d
% =—ylny, y(0)=e
Solution
Step 1: Separate Variables
We want to isolate y and x:
d 1
ad A —ylny y = —dzx
dx ylny
Step 2: Integrate Both Sides
Let’s handle the left-hand side:
Let u = Iny, then:
1
du _ 1 du=—dy
dy vy
So:
1 1
dy=—-du= du
ylny U U

Thus, we have:

dy du
= [ — =lIn|lny|
ylny U

So now integrate both sides:

d
/ i :/—dac = Injhyl=—2+C
ylny

Step 3: Solve for y(x)
Start with:

In|lny|=—x+C

Exponentiate both sides:

|Iny| =e ¢ = Ae™®, A>0

So:

Iny =+Ae™*
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We drop the + by using a general constant B = + A, so:

Iny =Be™® = y=eB"

Step 4: Apply Initial Condition y(0) = e

Plug in:

Final Answer:

This is the explicit solution satisfying the differential equation and the initial condition y(0) = e

3. Solve the given initial-value problem

@_ 3z + 2y

=272 u(=1)=—1
dx 3:U—|—2y+2’y< )

Solution
Step 1: Make a Substitution

Let us simplify the expression by setting:

u =3z + 2y
Differentiate both sides with respect to x:
M 3422
Now solve for % from this:
dy _ 1 (du _ 3>
de 2 \dx

But also, from the original equation:

So equating both expressions:

So:
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du n 2u
dx u+2

Step 2: Simplify the Right-Hand Side

We simplify and so:

du bdu+6

dz U+ 2

Step 3: Separate Variables and Integrate

We separate:

u—+ 2
Su + 6

du = dx

Let’s integrate the left-hand side. Let’s simplify:

u+ 2 1 4 1 4
du = - 4+——|du=-u+—=Inlbu+6|+C
/5u+6 " /[5 5(5u+6)] “ 5u 25 n [5u |

So:

1 4
33:5u—|—2—51n|5u+6|+0

Step 4: Substitute Back u = 3z + 2y
Recall u = 3z 4+ 2y. So we substitute:
1 4
x = g(3x+2y) +2—51n\5(3x+2y)+6| +C

This is an implicit solution

Step 5: Apply the Initial Condition y(—1) = —1

Recall u =3z +2y,soat x = —1, y = —1:
u=3(-1)4+2(-1)=->5=5u+6=—-25+6=—19

Then:

1 4 4
1= (=5 + —In(1 -1l
5( 5)+25n(9)+0é0 25119

Final Answer:

L (32 4+ 29) + - In [5(32 + 2y) + 6] — —n 19
r = —|\ox — 11 XT — —1n
5 YT o5 Y 2

4. Solve the given differential equation
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Solution
Step 1: Make a Substitution
Let’s simplify the expression using substitution.
Let:
du dy
u=rty dx + dx

From the original equation:

d
U tan®(z + y) = tan® u
dx
So:
d
au =1+ tan®u = sec® u
dx

Step 2: Separate Variables and Integrate

du

T:dib = cosfudu=dz
sec? u

So integrate both sides:

1 2 1 1
/COSzudu = / +CL<u)du == [u+ 2sin(Qu)]

So:

1 1
§u+ Zsin(Qu) =z+C

Step 3: Substitute Back u =z 4+ y

1 1
5(:13—1—3/)4— isin(Q(x—i—y)) =x+C

where C' is a constant of integration. This is an implicit solution to the original differential
equation

5. Find the solution of period 27 of the equation

Yy + (cosx)y = sin 2z

Solution

Step 1: Solve Using the Integrating Factor Method
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Integrating Factor

u<x) — efcos:cdx _ esina:

Multiply both sides of the ODE by pu(z) = eS"%:

sinx, sin x

eMMTy + eMTcosxy =€ sin 2z

Left-hand side becomes:
di <esina:y) — esinw sin 22
T

Step 2: Integrate Both Sides

With s =sinz, ds = cosx dx and sin 2z = 2sin x cos z, the integral is elementary:

/eSi” sin 2z do = /23 esds =2(s—1)e® = 2(sinx — 1) 522
So:

y(x) = e "% (2(sinz — 1)e¥"* + C) = 2(sinz — 1) + Ce 507

Step 3: Impose Periodicity

Both 2(sinx — 1) and e~ %% have period 27, so every solution has period 27, whatever the value
of C:

y(z) = 2(sinx — 1) + Ce 502

—sinx

(The periodicity can also be seen without evaluating the integral: e is 2m-periodic and
j(fﬂ esntsin 2t dt = 0, because the integrand changes sign under t = 7 —t.) Check: y = 2sinx —2
gives y' + (cosx)y = 2cosz + 2sinx cosx — 2 cos x = sin 2x

6. Find the solution of period 27 of the equation

Yy + 3y =cosx

Solution

Step 1: General Solution via Integrating Factor

This is a first-order linear ODE. Let’s solve it using the integrating factor method.
Let:

_ oJ3d 3

=€

()
Multiply both sides of the equation by e3%:
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d
¢y 4 8¢y = ¢ cosw = T (¢¥y) = ¢ cosa
X

Now integrate both sides:

ety = /63“5 cosz dx

Step 2: Compute the Integral

3x
/63“ coszdr = 61—0(3cosa:+sinx) +C

Thus:

3z

1
ety = e—(3 cosz +sinz) +C = y(r) = —(3cosx + sinz) + Ce 3

10 10

Step 3: Impose Periodicity

We are asked to find a solution with period 27. Let’s analyze:

e The term 1—10(3 cosz + sinz) is clearly 2m-periodic
o But the term Ce 3% is not periodic unless C' = 0

So to obtain a periodic solution, we must take: C' =0

Final Answer:

1
y(x) = E(?) cosz + sinx)

7. Solve the given differential equation by using an appropriate substitution

% = sin(z + y)
Solution

Step 1: Use Substitution

Let:
du dy
u=Tty dx + dx
Substitute into the derivative of wu: J
ﬁ =1+sinu

Step 2: Separate Variables

We now have the separable equation:
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du

——— =dx
14 sinu
We simplify the left-hand side:
1 - 1—sinu ~ l—sinu 1—sinu
1+sinu (1 +sinu)(l—sinu) 1—sinu  cos?u

Now integrate:

/se(:2 udu = tanu, /secutanudu =secu

So:

du
——— =tanu —secu = tanu —secu =2z + C
1+ sinu

Step 3: Substitute Back u =z +y

tan(z +y) —sec(x +y) =z + C

This is the implicit general solution to the differential equation. In separating variables we divided
by 1+ sinwu, so the constant solutions sinu = —1, i.e. y=—z — § + 2kw, must be added

8. Find a general solution of the equation
ydx + (22 + 2y — 3)dy = 0
Solution

ydr + 2z + 2y —3)dy =0

\
dx 2 3
— + (1 + 7> x=-
dy y y
U
CZ/ [:L“ y%y] = JyeY
\

3 1
T =— (1 — 7> +Cy2e¥
) Y

or
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ydx + 2z + zy — 3)dy =0

b oxye?
y?evdx + ye¥(2x + xy — 3)dy = 0
\
g‘i =y’e? — f(z,y) = y*evz + h(y)
\
af dh dh
I ey on al a0y
9y ye¥(2x + xy) + 0y — a 3ye
U
hly) =—=3e'(y—1) — f(z,y) =y’e’z—3e’(y—1)=C
\
T = 3 (1 — 1> +Cy2ev
Y Yy

9. Solve the differential equation

xv@ + 0% =322
dx
Solution p
xvl + 02 =32z
dx
{3
dv 1 32
— 4+ ==
dr x v
du dv
=2, = =—
bu=vs, dx Yz
d 2
L Zu =64
dr =«
N8
d
I (uz?) = 6422
|3
64 n R . 64 N C
U= —x+ — v = —r+ —
3 2 3 xz2
10. Solve the initial-value problem
dy 1

Z42(t+ 12 =0 0) = —
dt+(+)y . y(0) 3

and give the largest interval I on which the solution is defined:

Solution
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dt
I
dy
y
|3
1 1
V=mragre YO =73
|3
- ! 4<t<?
YT o)t 14y

Answers

Answer 1 (Section 2.1)
Isoclines y = 4+ (slope 0): solutions rise where |y| < |z| and fall where |y| > |z|.

(a) rises, has a maximum on y = —z and a minimum on y = z, then rises again  (b) (—1,—1) is
a local maximum; to the right the curve falls to —oo

(c) falls with slope —4, has a minimum on y = x, then rises  (d) the origin is an inflection point,
3
y~xs/3

Answer 2 (Section 2.1)

Critical points y = —1 (unstable), y = 0 (semi-stable), y = 1 (asymptotically stable); inflection
points at y = +£1/v/2.

(a) decreases, y — —1 as ¢ — —oo and y — —oo at a finite z  (b) increases from —1 to 0
(c) increases from 0 to 1~ (d) decreases to 1 as  — oo

Answer 3 (Section 2.2)

(1) y=—Lcosbz +c

(2)y=3e+c¢

(3) y =sin(42? +¢), plus the singular solutions y = +1

Answer 4 (Section 2.2)

1 1
(1) Implicit: In|y| = —1 — = —In|z|;  explicit: y = —e "/, <0
x x

3 3
(2) Implicit: arctanz = 4t — Zﬂ; explicit: = = tan <4t — %) , T <t< —

Answer 5 (Section 2.3)
(1) y=ce ™, —co<z <00

2
T —%Jrce* , —00o < x <00

pex 0<z<oo (or—oco<z<0)
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(4)y:€7(c—%0082m), 0<z<oo

Answer 6 (Section 2.3)

49
(1)x:2y2—€y, 0<y <o
zlnx —xz + 21
2)y=——"—"——
()y rz+1

Answer 7 (Section 2.3)

, 0<orz <o

(1) z=—y*>—2y—2+ce¥
3 3 c
2)z=-——F5+—5e?
y vy

Answer 8 (Section 2.3)

10 . .
Y= ?[Sl(x)—&(l)], 0<z<oo
Answer 9 (Section 2.4)

2 . ¢
Yy—y=c de y= 5

- (o #21)
Answer 10 (Section 2.4)
(1) Exact: 22 —2+ 2y + Ty =c
(2) Exact: S22 + 4oy — Sy° =
(3) Exact: 2%y?> —3x +4y=—c

(4) Not exact (M, = —2y # N, = 2z — 2y); it can be solved by the substitution y = ux of
Section 2.5

Answer 11 (Section 2.4)

(1) $28 + 2y +ay® —y =3

(2) 4ty +t2 — 5t +3y> —y =8

Answer 12 (Section 2.4)

e(zy+y?) =c

Answer 13 (Section 2.5)

y = 2z — 3tanh 3z

Answer 14 (Section 2.5)

(z+y)? =Crev/®

Answer 15 (Section 2.5)

e
5+ C’

Answer 16 (Section 2.5)

(1) y = z(c—Injz|)

(2) ln\y—x|+y7%:c, plus y = x

Yy plus y = 0 (lost when substituting u = 1/y)

(3) 1In(z? + y?) + arctan Y_¢
x
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(4) y = zsin(Inz + ¢), plus the singular solutions y = +x
Answer 17 (Section 2.5)
(1) y=2 (8 —3Inxz)'/3

(2) 22 +y? = 22*%; explicitly y = —zv222 —1, z < —%

Answer 18 (Section 2.5)

(1) y* =1+ %

(2) y2=1+c(1+¢*), plusy=0

3)y= 2arctan(x +v2 — 1) —x

Answer 19 (Section 2.6)

h=01: y(1.2) ~2.9800; h=0.05 y(1.2)~ 3.1151

Answer 20 (Section 2.7)

Triplesint =5 h173 ~ 7.92 years; quadruplesint=>5 2 10 years
In2 In2

Answer 21 (Section 2.9)

Both populations are periodic with the same period, T' & 45 (time units)
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3 Higher-Order Differential Equations

Learning objectives After this chapter you should be able to

e use superposition, the Wronskian and fundamental sets to build the general solution
Yy =y +y, of a linear equation

« solve homogeneous equations with constant coefficients and Cauchy-Euler equations
from the characteristic (auxiliary) equation

e find a second solution by reduction of order, and particular solutions by undetermined
coefficients and by variation of parameters

 solve boundary-value problems with influence and Green’s functions

o model spring-mass systems and recognize resonance, and treat nonlinear equations by
substitution, Taylor series or numerically

3.1 Theory of Linear Equations

e In an initial-value problem (IVP), we seek a solution y(zx) of an n'" order linear DE so
that y(x) satisfies initial conditions at x,
— n' order linear DE: a,,(x) # 0

dn y
dx”

dy

dn—1y
+ al(x)%

dl-n,fl

L(y): Linear Operator

an(‘r> +an—1(‘x) +6L0((L‘>y :g(‘T)

— Initial conditions

y(fE()) = Yo, y/<$0) =Y y(nil)(x0> =Yn

o Boundary-value problem (BVP) consists of solving a linear DE of order 2 or greater, in
which the dependent variable y or its derivatives are specified at different points

— For example,

— Boundary conditions

Y(To) = yo, y(T1) =¥
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e The sum, or superposition , of two or more solutions of a homogeneous linear DE is also a
solution

e Any set of n linearly independent solutions y,, ¥y, -, ¥, of the n'® order homogeneous linear
DE on interval [ is a fundamental set of solutions

o If two functions are linearly dependent, then one is a constant multiple of the other (otherwise,
they are linearly independent)

« n solutions y;, ¥, -, ¥y, of an n'" order homogeneous linear DE on an interval I are linearly
independent if and only if their Wronskian is nonzero for every z in I:

Y1 Yo " Yn
y/ y/ e y/
W<y17y27"'7yn> = El 52 n #0
—1 —1 —1
ygn ) yén ). y%" )

« General solution of n'™ order homogeneous linear DE is
Y(@) = 191 (2) + catp () + - + Y, (2)

where yq,Y,,,y, is a fundamental set of solutions and ¢;, ¢ = 1,2,---,n are arbitrary
constants

« General solution of n'® order nonhomogeneous linear DE is
y<T) =Y (T> + ng2<51/'> + e Cn,yn(m) + y])<:l;)

where y;,95, 9, is a fundamental set of solutions, y, is a particular solution, and ¢;, i =
1,2,---,n are arbitrary constants

Example Given that z(t) = ¢; coswt + ¢y sinwt is the general solution of 2”7 + w?z =0 on the
interval (—oo,00), show that a solution satisfying the initial conditions z(0) = xy, 2’(0) = x4, is
given by

xl .
x(t) = xy coswt + — sinwt
w

Answer 1 (end of chapter) - Solution

Example Determine whether the given set of functions is linearly dependent or linearly independent
on the interval (—oo, 00)

fl(x) =, fQ(J/‘) = -'EQ, f3<$> = 4217—3:[‘2

fi(z) =5, fy(x) = cos®x, fy(x) =sin’z

Answer 2 (end of chapter) - Solution
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Example Verify that the given functions form a fundamental set of solutions of the differential
equation on the indicated interval. Form the general solution of the equation

y// o y/ _ 12y — 0’ 673m’ 6490’ (—OO, OO)

Yy’ —2y +5y=0; e*cos2zx, e*sin2zx, (—o0,00)

Answer 3 (end of chapter) - Solution

Example Verify that the given two-parameter family of functions is the general solution of the
nonhomogeneous differential equation on the indicated interval

Yy — Ty + 10y = 24e®; y = c1€** + ¢, + 6e%; (—00,00)

Y’ — 4y 44y = 2e* 4 —12; y = c1e*® + cowe?® 4 2%e®* + 1 —2; (—00,00)

Answer 4 (end of chapter) - Solution

3.2 Reduction of Order

¢« Reduction of order can be used to reduce a linear second-order DE with known solution
y, into a linear first-order DE, which can be solved for a second solution y,

o Applying reduction of order y, = u(z)y, to the standard form of a second-order linear
homogeneous DE

y" + P(x)y +Q(x)y =0
gives

yu” + (291 + P(z)y;)u’ =0
J Xy, v =w
(yiw) = —(yiw)P(x)
|3

)= [ - ( il da

vi (@)

Example The indicated function y; (x) is a solution of the given equation. Use the reduction of
order to find a second solution y,(z)

o Y —4dy +4y=0; y, =e**
o Yy’ +16y =0; y; = cosdx
e Yy —y=0; y, =coshz
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Answer 5 (end of chapter) - Solution

Example The indicated function y, (z) is a solution of the associated homogeneous equation. Use
the reduction of order to find a second solution y,(x) of homogeneous equation and a particular
solution y,,(z) of the given nonhomogeneous equation

Y-y =2 y =

Answer 6 (end of chapter) - Solution

3.3 Homogeneous Linear Equations with Constant Coefficients

The general solution of ay” + by’ + cy = 0 is found by substituting y = ¢”* and solving the
resulting characteristic equation ap? + bp + ¢ = 0 for roots p; and p,

o Casel p; and p, are real and distinct

_ ,P1T Do
Y =ciel’ +cyel

e Case Il p; and p, are real and equal

y = cyeP1? 4 cowePr”

e Case III p, and p, are complex conjugate: pi,py = o + 13

y = e’ (cqcos S + cysin )

Example Solve y” +w?y =0 and y” —w?y =0

Answer 7 (end of chapter) - Solution

Example Solve 3y” +5y” + 10y’ —4y =0

Answer 8 (end of chapter) - Solution

from sympy import Symbol, init printing
from sympy.solvers import solve
init printing()

x = Symbol('x")
solve(3*x**3 +5*x**2 +10*x -4, x)

| - -

2, =1 —V/3i, =1+ 3i

Example Find the general solution of the given second-order differential equation
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. 4y”—|—y’=0
ey —y —6y=0
o v 48y + 16y =0

Answer 9 (end of chapter) - Solution

Example Find the general solution of the given higher-order differential equation
° y/// _ 4y// _ 5y/ — O
° y/// _ 5y// + 3y/ + gy — 0

Answer 10 (end of chapter) - Solution

Example Solve the initial-value problem
y" +12y" +36y" =0, y(0) =0, y'(0) =1, y"(0) = =7

Answer 11 (end of chapter) - Solution

Try it in Python: Characteristic equations and general solutions with sympy: Symbolic
solution to ODEs

3.4 Undetermined Coefficients

Method of undetermined coefficients can be used to obtain a particular solution y,

¢ The underlying idea is a conjecture about the form of y, based on the kinds of functions
making up the input function g(x)

e Limited to nonhomogeneous linear DEs where

— Coefficients a;, i = 1,---, n, are constants
— g(z) is a constant, a polynomial function, e**, sin Sz or cosfz, or finite sums and
products of these functions

o There are models of y,, for various functions

g(z) Form of y,,
1 1 (any constant) A
2 bx+7 Ax+ B
3 322-—2 Az?> + Bz +C
4 22—z +1 Az3+ Bz? +Cx + FE
5 sindx Acosdx + Bsindx
6 cosdx Acosdx + Bsindx
7 e5w Ae5x
8 (9x —2)ed (Az + B)e>”
9 a2%ed (Ax? + Bz + C)ed®
10 e3*sindx Ae3” cos 4x + Be3” sin 4x
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g(x) Form of y,,

11 5z?sin4ax (Az? + Bz + C) cos 4z + (Ex? + Fr + G) sin4x
12 2e3% cosdx (Ax + B)e3® cosdx + (Cx + E)e3* sin 4z

o Finally, the general solution is obtained from the superposition of y; and y,

Example Solve y” + 4y = xcosz

Answer 12 (end of chapter) - Solution

o If g(x) consists of a sum of, say, m terms of the kind listed in the table, then the assumption
for a particular solution y,, consists of the sum of the trial forms

o If y, contains terms that duplicate terms in y,, then that y, must be multiplied by z",
where n is the smallest positive integer that eliminates that duplication

Example Solve y” — 6y’ + 9y = 622 + 2 — 12€3*

Answer 13 (end of chapter) - Solution

xT

Example Solve y® +y” =1—z2e”
Answer 14 (end of chapter) - Solution

Example Solve the given differential equation by undetermined coefficients
o ¥y +2y +y=sinz+ 3cos2z
o Y +2y — 24y =16 — (z + 2)e’®
o y" —6y”" =3 —cosx

Answer 15 (end of chapter) - Solution

Example Solve the given initial-value problem

o Yy +dy=-2, y(r/8)=1/2, y'(7/8) =2

e 5y +y =—6x, y(0)=0, y'(0) =10
A’z 20 i B , B
W%—w x = Fysinwt, z(0)=0, 2’(0) =0

Answer 16 (end of chapter) - Solution
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3.5 Variation of Parameters

The method of variation of parameters can be used with linear higher-order DEs

o This method always yields a y,, provided the homogeneous equation can be solved

e This method is not limited to the types of input functions constraining the method of
undetermined coefficients

To adapt the method of variation of parameters to a linear second-order DE

ag(x)y” + ay(2)y" + ag(x)y = g(z),
we put the above equation in the standard form

Y+ Pa)y +Qx)y = f(x)

To solve,

o Find the homogeneous solutions ¥y, ¥,

e Seek a particular solution of the form

Yp = Uy (2)y; + us(2)ys

yy + P(x)y, + Q(x)y, = f(z)

M Yp = U1Yy + Ul

d / / / /
—[y1u] + yous] + P(x)[yu] + yous] + yiu| + yyus = f()

dx

let y,u] + yous = 0, M then yju] + yousy = f(x)

L] = L

Yio Yal [uh f(z)

I
ulz/ﬁ//ldx:— y—WQ/ (z)dz, uzz/g/éd:p: y—wlf (z)dz
Y1 Ys 0 Yo Y1 0
where W = |7, “¢|, W, = o W =17

yiovys| ! ‘f(fv) 17 R (VA (€

1
Example Solve y” —y = -

Answer 17 (end of chapter) - Solution

The method can be generalized to the standard form of n'" order linear DE. A particular solution
is
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Yp = uy (2)y; + Ug(2)yg + - + u, (2)y,
where

uk:/g//kdm, k=1,2,--,n

Example Solve each differential equation by variation of parameters

e y' +y=-secx
e Yy +y=sinzx
oy +y=cos’zx

e 3y’ — 6y + 6y =c®secw

Answer 18 (end of chapter) - Solution

Example Solve each differential equation by variation of parameters subject to the initial conditions
y(0) =1, y'(0)=0

o 4y’ —y= ret/?

oy —2y +y=c%sec’x

oy +2) —8y=2e —¢®

Answer 19 (end of chapter) - Solution

Example Solve each differential equation by variation of parameters

62:1:

o y//_4y:7
T

o 2y + 2y +y=4yx

Answer 20 (end of chapter) - Solution
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3.6 Cauchy-Euler Equation
The Cauchy-Euler equation is a linear DE of the form

n n—1
a. " d Y +a I,n,fl d Y
n n—1¢ dpn—1

dy
T + ot agr——+agy = g(x)

dx

where a,,,a,_ 1, -,a, are constants and the exponent of the coefficient matches the order of

differentiation

y = z? is a solution of second order Cauchy-Euler equation whenever p is a solution of the auxiliary
equation

agp® + (a3 —ay)p +ag =0

e Case I: Distinct Real Roots, pq, py

Yy =c Pt 4 coub?

o Case II: Repeated Real Roots, p; = p,

y=cxl +cyxPiine

e Case III: Complex Conjugate Roots, p;,ps = a + i3

y =z [cycos(flnx) + cysin(fIn )]

Example Solve 2%y’ — 3xy’ + 3y = 2zte”
Answer 21 (end of chapter) - Solution

Example Solve the given differential equation
o 22y —2y=0
e xy’ +y =0
o 2%y +ay +4y=0

Answer 22 (end of chapter) - Solution

Example Solve the given differential equation by variation of parameters
. my” _4y/ — 1,4

. ny”—i—:cy’—yzlnx

Answer 23 (end of chapter) - Solution
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3.7 Nonlinear Equations

e Nonlinear equations do not possess superposability

Example Verify that y; and y, are solutions of the given DE but that c¢;y; + cy¥ys is, in general,
not a solution

Answer 24 (end of chapter) - Solution

e The major difference between linear and nonlinear DEs of order two or higher lies in the
realm of solvability. Nonlinear higher-order DEs virtually defy solution. This means that
there are no analytical methods whereby either an explicit or implicit solution can be found

o There are still things that can be done; we can always analyze a nonlinear DE qualitatively
and numerically

o Nonlinear second-order DE F(y,y’,y”) = 0 can be reduced to two first-order equations by
means of the substitution u = 3" and can sometimes be solved using first-order methods

Example Solve y” =2z(y’)? and yy” = (y/)?

Answer 25 (end of chapter) - Solution

e In some instances, a solution of a nonlinear IVP can be approximated by a Taylor series
centered at z

Example Solve y” =z +y—y?, y(0) = —1, 3/(0) = 1 by using

/O 7 O ///0
y(@) =y(0) + yl(, Jot y;, Jp2 1 ¥ 3<| .

Answer 26 (end of chapter) - Solution

Example The dependent variable y is missing in the given differential equation. Solve the equation
by using the substitution u = 3’

V)P 10

Answer 27 (end of chapter) - Solution

Example The independent variable x is missing in the given differential equation. Solve the
equation by using the substitution u = y’
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vy +(y)?+1=0

Answer 28 (end of chapter) - Solution

Example Consider the initial-value problem

vy +yy =0, y0)=1, y'(0) =-1

1. Use the DE and a numerical solver to graph the solution curve
2. Find an explicit solution of the IVP. Use a graphing utility to graph this solution
3. Find an interval of definition for the solution in part 2

Answer 29 (end of chapter) - Solution

Example Show that the substitution u© =y’ leads to a Bernoulli equation. Solve this equation

Answer 30 (end of chapter) - Solution

3.8 Linear Models: Initial-Value Problems

2nd

Several dynamical systems are modeled with linear 2"“-order DEs with constant coefficients and

initial conditions at ¢
o Spring/Mass Systems

— Free Undamped Motion
— Free Damped Motion
— Driven Motion

d*x dx
moy = —kx _BE + f(t)

z(0) =z,

£(0) =z
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[+ s

unstretched

equilibrium
position
mg—ks=0

motion

Example Show that the solution of the initial-value problem

dzx 2 ’
ﬁ—l-w x = Fycos~t, x(0) =0, 2/(0) =0

Fy

is z(t) = — — 3

(cosyt — cos wt)
w

Answer 31 (end of chapter) - Solution

F,
Example Evaluate lim 0

cos vyt — coswt
T 3 (cosy )

Answer 32 (end of chapter) - Solution

Try it in Python: The damped harmonic oscillator solved symbolically, including the
critically damped limit v — 1: Symbolic solution to ODEs

3.9 Linear Models: Boundary-Value Problems

Example Temperature in a Ring
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A

v

The temperature u(r) in circular ring is determined from the boundary-value problem

v du
TW + e 0, u(a) = uy, u(b) =u,

Answer 33 (end of chapter) - Solution

3.10 Green’s Functions

3.10.1 Influence Function

e We shall consider the self-adjoint form

o) 5] + atoyu = —1ta) s8)

The function p(z) is continuously differentiable and positive, and ¢(z) and f(x) are continuous
fora<z<f

e The homogeneous second-order differential equation

da
dx

dv

pla) 5]+t =0 (SH)

has exactly two linearly independent solutions v, (x) and vy(x): any solution of (SH) can be
written in the form

v(@) = cyvy () + cvy()

where c¢; and ¢, are constants
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¢ We now consider the function

wla) = @) [ " 0y(€)£(€) dE — vy () / " (6)1(6) de
Differentiating w, we have
W k@) [ (@0 ds—uala) [ 0O SO de + re)unls) — e @)] So)
«@ & =0
—ui@) [ (OO d—vy(a) [ oi(©)(6)de
e Then

dr — ~ ~ " J, de ~ ~ = ©
—q(z)vy —q(z)vy
+ (@) [v (2)vy () — vy (2)vy ()] f(2)

where
d
- {p(@) [0 (2)vy(2) — v (@), ()]}
= L p(@)ef ()] 0a(a) — - [P0 )] vy (2) + ()0} (20 (2) — pla)e
—q(z)v (2) —q(z)vy ()
Y

K is constant

e We have shown that w satisfies the equation:

= [ 2] + atare = ~K 1)

Moreover, as r — «
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o Dividing by the constant K, we find that the function

u(z) = / " R(r.€) (6 de (IN)
where
&) = vy (2)vy(§) — vy ()1 (§) ___ 4 (2)vy(§) — va(z)vy(§)
R(z:¢) K 2(@) [V (@) (@) — v ()0 ()]

is the solution of the initial value problem

i [p(x)ix} +q(z)u=—f(x) forx >«
u(a) =u'(a) =0

o Since the denominator of R(x,&) is a constant, the function R(x, &) satisfies the homogeneous
equation (SH) as either a function of = or £. In fact,

o For a fixed value of £, R(x,&) is completely characterized as the solution of the homogeneous
initial value problem

d dR
dr [P(T)dlj} +q(x)R =0 forxz>¢
Rym:E =0
R -
e p(§)

o The function R(z,§) describes the influence on the value of u at x of a disturbance(impulse)
concentrated at &. It is sometimes called the influence function, or the one-sided Green’s
function

o If the values of u(«) and u’(«) are prescribed to be other than zero, we must simply add a
suitable solution c¢;v; (x) 4 cyvy () to the expression (IN)

Example Consider the problem

uw +u=—f(x) forx>0

Solution wu(z) = w(z)+ v(x)

(1) w(x)
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w’ +w=—f(x) forx >0
w(0) =0
w'(0) =0

For a fixed value of £, the influence function R(x, &) satisfies

d*R

W‘FR:O for x > &
Rl =0
R| =1

=& =

Thus R(z,£) =sin({ —z) and the solution is

(2) v(x)

v +v=0 for >0
v(0) =1
v’ (0) = —1

4

v(x) = cosx —sinx

3.10.2 Green’s Function

e Here, we consider a two-point boundary value problem:

% [p(:c)jﬂ +q(z)u=—f(x) fora<z<p (P1)
u() = u(B)=0

Writing the general solution in the form
u(w) = [ R(a,€) S €+ eyur (@) + cyono)

we obtain the two equations

101 (@) + cavg(a) = 0

B8
e10y(B) + ¢yup(B) = — / R(B.€) J(€) de

«

These two equations determine a unique pair of constants ¢; and ¢,, provided the determinant
of their coefficients is not zero; that is, provided
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D = vy (a)vy(B) — va(a)vy(B) #0

o We assume this for the moment. Then
B
o= 2 [ Ris.6 s de
x B
= [ R s ac+ 5 [ R sie) e
B
o == [R5, 1(6) de
x B
= [ Re a0 s as
o The solution can then be written as

u(z) = /j {R(%@ 4 Lalo)u (@) —

D
4 /;j vy (@)vy (@) 1_)

U (“)”2(I)R<ﬁ,§>} £(6) de

v1l@)03() s ) fie) de

e We find after some algebraic manipulation that

G(ﬂ?,f) — R(ZL',§) + Ug(()é)’(ﬁ(l') — UI(Q)UQ(:E>R(67€)

D
_ vy (2)v,(§) — va(x)vy (§) 9 T vy ()vy (z) — vy (@)vg (@) v1(B)v9(§) — va(B)v1(§)
K D D K
_ [v1 (@) v (§) — va()vy ()] [v1(2)v5(B) — vy (z)vy (B)] for £ < z
KD -

Glo,€) = vy (a)vy () ;Ul ()vy() R(B,¢€)
_ [vy () vy (@) — vy (@)vy ()] [01(B)v5(§) — vy (B)vy (§)] for € >z
KD B

o Then the solution of the two-point boundary value problem (P1) can be written in the form
¥:
u(e) = | Gla,€) 1(6)de (GR)

o The function G(z,§) is called the Green’s function of the problem (P1). It is symmetric.
That is

G(z,€) = G(¢,2)
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e To determine the Green’s function, we note that for each & it satisfies the following boundary
value problem

] +awe =0 ooz

dx
G’ = G‘JE:B =0
G| - G|

r=«

r=£+0 r=£—0 =0
1

¢ w=6-0 —  p(¢)

_ ’|
r=£+0

Example Consider the problem

"=—f(zx) for0<z<1
0)
1)

IS
|

U

(0) =0
(1) =0

u

Solution

G"=0= G=azr+b
‘U’ G‘I:O:G‘zzlzo

e (§)x for z < ¢
G@,8) = {a2(§)(1 —x) forz>¢

I G(z,9)=G(&x)
a(§) = A(1=¢)
ay(§) = A
Y F i loce 0=
—AE—AQ - =-1—-A=1
U

Gla &) = (1—=&x forax<E
A E1—=x) forz>¢

ed -1

The solution is

uw) = [ e1-w)p©ac+ [a-gr riae
0

T

o Two-point boundary value problems with more general boundary conditions can be treated
in the same manner. We consider the problem

% [p(g;);hﬂ +qx)u=—f(z) fora<z<p
—pq v’ (a) + oqu(a)

» (P2)
ot (B) + oau(B) =0
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e The Green’s function G(z,€) is derived as before, provided the condition

D =[—pyvi(a) + oqv ()] [112v5(B) + 0905 (8)]
— [ vy(@) + o1y ()] [19v] (B) + 0901 (B)] # 0

is satisfied

o The Green’s function G(z,§) is the solution of the problem

d dG
e [p(:n)dx} +q(x)G=0 forx#¢
—H G/|x:a +oy G‘x:a = H2 G/|x:5 + 03 G|x:5 =0
Glocero = Cloe g =0
/ / o 1
G |w:§+0 -G |m:£70 - _@

It still satisfies the symmetry relation

G(z,8) = G(&,x)

Example Consider the problem

Solution wu(z) = w(x)+ v(x)

(1) w(x)
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G"=0
U
G=azr+b
U Cloco=Gloor1 + 002Gl =0
G(:c,f):{al(f)x for x < &
as(&)[1 +05(1 —z)] forz>¢
I cz9=ce)
a;(§) = Al +0y(1 = ¢)]
a,(§) = A
el

1
—Aoy6 —All+o0,(1—¢)]=—-1—- A= 1+ oy

e
x=£+0 rz=£—0

4

[I+o,(1=¢)|x for v < ¢
G(z,€) = { o N

75[11?;179”)] for x > ¢

The solution is

wie) = [ SRR g ae s [ EEGEREL g a

(2) v(x)

v =0 for 0<a<1
v(0) =0
v (1) +oyv(l) =1

e

Example Consider the problem
r?u” +2rv’ —n(n+ Du=—r?F(r), 0<r<R

uw(R) =0, |u| < o0

Solution
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dr | d
\
G = c;r™ + cor~ (D)
J G|,y = bounded , G|,_p =0
aq(p)r" forr < p
G<Tap> = r\—(ntl) r\"
{a2<p> () "= ()] gorr>p

I G(r,p) =G(p,7)

ay(p) = Ap"
4 G/r o0 /|T:p 0 :_1/02
A [_<n+1) <7> <n+2>_n<g>n 1} —Anp”1[<g> (n+1) (g)T :_p12 o (2n+1)Rn+1
\
G(r, p) = {(27%1)12 (12): (1@_:13 - (%) forr<p
2nt+1)R (%) (%) — (%) forr > p

The solution is

3.11 Solving Nonlinear Models
« In order to analyze an n'® order IVP numerically, we express the n'" order ODE as a system
of n first-order equations

e For example,
d*y , )
= f(@,9,9"), y(xo) =vo, ¥ (x0) =1

7
Ly =u

Solve : y/ -
u = f($7 y7 u)

subject to : y(xo) = Yo, U(%) =Y

Example Use a numerical solver to obtain the solution curves satisfying the given initial
conditions:

d?z dﬁ

3 _
ﬁ—i_dt—i_m.—i_x =0
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Solution

import numpy as np
from scipy.integrate import solve ivp

def

tf =

t ev

soll
sol2

func(t, y):

return [y[1],

14

-y[0]

d’z  dx 3
et T
U
T=1u
U=—x—2°—u

-y[0]**3 -y[1]]

al = np.linspace(0, tf, 200)

solve ivp(func,
solve ivp(func,

[0, tf], [-3, 4], t eval=t eval)
[0, tf], [0, -8], t eval=t eval)

import matplotlib.pyplot as plt
style.use('ggplot')

plt.
plt.

plt.
plt.
plt.
plt.
plt.
plt.

plt.

figure(figsize=(6, 4))

plot(soll.t, soll.y[0],
plot(sol2.t, sol2.y[0],

axis((o, tf,
xlabel('t")
ylabel('x")
legend()

show()

-3, 3))

'b-', label=r'$x_0=-3,\; \dot{x} 0=4%")
'r-', label=r'$x 0=0,\; \dot{x} 0=-8%"')
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t
Figure 3.1: 2% 4 92 L0400 g
gure o.1. —— I X xr~ =
& atr " dt

Try it in Python: Nonlinear second-order models as first-order systems with solve ivp:
Numerical integration of ODEs using ‘scipy‘; the double pendulum: Double Pendulum

3.12 Solving System of Linear Equations

When physical systems are coupled, the mathematical model of the system usually consists of a set
of coupled DEs
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myEy = —kyxy + ky(2y — 24)

MoZy = —ky(Ty — 1)

Linear systems with constant coefficients can be solved by uncoupling the system into distinct
linear ODEs in each dependent variable

Example Solve the above equation under the assumption that k; = 6, ky = 4, m; = 1, and
mq = 1 subject to

21(0) =0, 21(0) =1, 2,(0) =0, 25(0) = —1
kl, k2, ml, m2 =6, 4, 1, 1
def func(t, y):
return [y[1], -(k1 + k2)/ml * y[0] + k2/ml * y[2],
y[31, k2/m2 * y[0] - k2/m2 * y[2]]

tf = 14
t eval = np.linspace(0, tf, 200)

sol = solve ivp(func, [0, tf], [0, 1, O, -1], t eval=t eval)

plt.figure(figsize=(6, 4))

plt.plot(sol.t, sol.y[0], 'b-', label="$x 1$')
plt.plot(sol.t, sol.y[2], 'r-', label='$x 2%$")
plt.axis((0, tf, -0.6, 0.6))
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plt.legend()
plt.xlabel('t")
plt.ylabel('x")

plt.show()

0.6 -
—_ X1

—_ X5
0.4 -

0.2 -

-0.2 -

—0.4 -

_06 nl 1 1 1 1 1 1 1

Figure 3.2: Coupled Spring/Mass System

Try it in Python: Coupled spring-mass systems integrated numerically: Numerical integra-
tion of ODEs using ‘scipy*

Summary

Topic

Form

Result

General solution

Reduction of order

Constant coefficients

Undetermined coefficients

linear, order n

Y’ + P(x)y’ + Qx)y =0, y
known

ay” + by + cy =0,

ap? +bp+c=0

constant coefficients; ¢:
polynomial, e**, sin, cos
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Yy, Y, independent iff
W #0
e~ [ Pdx

Yo =Y / ———dx

2 1 y%
01617112 + Cerzw; (Cl +CZ.’IJ)€p1I;
e** (¢, cos B + ¢y sin fx)
Yp of the same form as g,
multiplied by ok if it
duplicates y;,
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Topic

Form

Result

Variation of parameters

Cauchy-Euler

Green’s function

Spring-mass

Nonlinear

y" + P(x)y + Qx)y = f(x)

ax®y’ +bxy +cy=0, y=aP

d
—m[pu/]—l—qu:—f with BCs

ma” + Bz’ + kx = f(t)

9 Or T missing

Yo f
Yp = U1y T UaYs, uy = _2W7
)y = uf

e xP1 4 coxP2; 2P1(cy + ¢y Inz);
x [cl cos 5lna:)+c2 sin(fIn x)]

/Gw{ ) dt,

G( G(& )
pure resonance:
2" + w?zx = F coswt gives

—9 ¢ginwt
w

u =y’; if x is missing,
du

Yy ZU@

Worked Exercises

1. Solve the given differential equation

Solution

Step 1: Solve the homogeneous equation

Divide through by 3:

3y — 6y +30y =0

Yy’ —2y 4+ 10y =0

y” — 6y’ + 30y = 15sinx + €% tan 3z

This is a linear equation with constant coefficients. The characteristic equation is:

PP —2p+10=0

Solve using the quadratic formula:

p=1+3i

So the general solution to the homogeneous equation is:

yp(x) = €* (¢q cos 3z + ¢, sin 3x)
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Step 2: Find a particular solution
The nonhomogeneous term is:
15sinz + e* tan 3x

We'll treat each part separately:

(a) 15sina:

We use the method of undetermined coefficients
Guess:

Yp1(7) = Acosz + Bsinz

Plug into the left-hand side of the homogeneous operator and simplify

3y” — 6y’ + 30y = (27TA —6B) cosz + (6A + 27B) sinz

We want this equal to the right-hand side: 15sinx
So 27TA—6B =0, 6A+ 278 =15, which give

2
A==
17
9
B=—
17

(b) e”tan3ux:

tan 3z is not one of the input functions of the method of undetermined coefficients, so we use the
method of variation of parameters

We now solve:

1
vy’ =2y + 10y = gew tan 3x

The fundamental solutions to the homogeneous part are:

e y; = e cos3w
e Yy, =e¥sindx

We apply the method of variation of parameters:

pr(x> = uy (2)y; () + uy(2)ys ()

where:

i _Uf
’U,l— W
uy = 9
2 W
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Compute the Wronskian W

w =% Y2| _ 3.2
Yoy
Compute u,’, uy’
7_—ezsin3az-%eztan3x_ 032 tan 3
uy = 302 = —gsin3ztan3z
, e’”cos?)x-%e’”tan&n 1 3
Uy = o2 = gsin3z
Now integrate:
1 [1—cos?®3 1
uy(z) = 9/(3;3;;;1::de =5 (sin 3z — In | sec 3z + tan 3x|)
(2) 1/. ard 1 5
Uy(x) = = [ sin3xdr = —— cos 3z
2 27
so that
1
Ypa = UrYy + UglYy = —ﬁew cos 3z In | sec 3z + tan 3z
Step 3: General solution
7 ( 3z + '3)+2 +9' T cos 3z In | sec 3x + tan 3x|
=e" (¢ cos3x + cy8in3x) + — cosx + —— sinx — —e” cos 3z In | sec 3z + tan 3z
v ! 2 17 17 27

2. Solve the given differential equation

y' =2y +y=4x% -3+ le®

Solution
Step 1: Solve the homogeneous equation

The associated homogeneous equation is:

y' =2y +y=0

This is a linear equation with constant coefficients. Its characteristic equation is:

pPP—2p+1=0 = (p—12=0

So we have a repeated root: p =1

Thus, the general solution to the homogeneous equation is:

yn(x) = (¢ + cpw)e”
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Step 2: Find a particular solution

We now look for a particular solution to:

x

y77_2y7+y:4x2_3+i
X

This is a nonhomogeneous term with two parts:

e fi(z) =422 — 3 (a polynomial)
o fo(x) = €*/x (a non-polynomial term)

We’ll compute the particular solution as:

yp = ypl + yp2

(a) 422 -3

Since the right-hand side is a polynomial, we use undetermined coefficients. Try a solution of the
form:

Ypn = Az® + Bz + C
Substitute into the differential operator:
Ypr” — 20y + Yy = 2A —2(2Az + B) + (Az® + Bz + C)
Set this equal to the right-hand side:

Ax? + (—4A+ B)x + (2A—2B+C) = 42> — 3

Match coefficients and so:
Yp1 () = 4x? + 162 + 21

h) —
v <
This is not suitable for undetermined coefficients — instead, we use variation of parameters.

We already have two linearly independent solutions to the homogeneous equation:

oy =¢€”
o Y, =ze®
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Let:

Where:
o n@) - @)
! W (y1,9s)
o n@) - )
2 Wy

Compute the Wronskian

€T

Wonw) = e (1 —T—ex)em =e"(1+a)e” —ze” e = (1 + 2 —1) =€
Then:
_xew i _eQI
y Tz . o
Uy = o = o T -1 = u =-x
u7_e””-%_l = uy, = In|z
So:

yp2(x) = Uy Yy + Ugyy = (—z)e” + 1In x| (ze®) = ze®(In|x| — 1)

Step 3: General solution

The term —zxe® is a solution of the homogeneous equation and can be absorbed into cyze”:

y = (c; + cow)e® + 42 + 162 + 21 + ze® In |z

3. Find a member of the family of solutions of

' +y +V/x=0

whose graph is tangent to the x-axis at x =1
Solution

We are given the second-order linear nonhomogeneous differential equation:

xy”—l—y’—i—\/E:O

and the condition that the solution’s graph is tangent to the x-axis at x =1

This implies:
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o The solution satisfies y(1) =0
o The slope is zero at z =1, so y’(1) =0

Step 1: Solve the homogeneous differential equation

We can treat this as a linear second-order ODE:

xy” +y =V

This is a linear ODE in standard form:

Use standard method for linear homogeneous equations

Let 4y = u, then y” =/, so:

So the general solution of the homogeneous equation is:

yp(z) =c;Inx + ¢,

Step 2: Find a particular solution to the nonhomogeneous equation

We need a particular solution y,, to:

1
y// + 7y/ — *5671/2
X

We can use variation of parameters, since we already have two independent solutions to the
homogeneous equation:

Yy =lnz, y,=1

Compute the Wronskian:
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The particular solution is:

1 (—z~1/?) Inz- (—z1/?) 4
=1 S W — 1. 2 iy = ——g3/?
Yp nx/ e dx + / “1/x dx gx

Step 3: General solution
3/2

4
y(x) =cyInx +cy — g%

We are told the graph is tangent to the x-axis at = 1. Compute y(1) and y’(z):

4 4 4
y(1) =c;lnldcy— (132 =04cy— = =0=cy =
9 9 9
, 2 2
y(l):C1—§:0:>01:§
The solution is
2 4 4
y(z) = glnx+§ §x3/2

4. Find all solutions of the following equation:

y' +y=tanz, (—1/2<z<7/2)
Solution
Step 1: Solve the Homogeneous Equation
First, solve the homogeneous part:
Yp +yp =0

The characteristic equation is:

pPPH1=0=p=+i

So the general solution of the homogeneous equation is:

Yp(x) = ¢y cosx + ¢y sinx

Step 2: Find a Particular Solution y,(z)

We now need a particular solution to the nonhomogeneous equation:

y" +y=tanx

We use the method of variation of parameters. So the particular solution is:

87



Yp = Uy () cosT + uy(w)sinz

Where:

, sinx - tanx . , cosx -tanw
u(r) = ————— = —sinztanz, uy,(r)=———— =cosxtanz
w

w

Integrate:

.2
ul(x):—/sm xdac, uz(x):/sinmdx:—cosx

COST

Now compute u; (z):

. 2 2
1— 1
/sm :Uda::/cosxdx:/< —cosx) daz:/secxdx—/cosxdaz
coS T CcoS T cosS T

Therefore:

uy(r) = —(In|secx + tanz| —sinz) = sinz — In |sec x + tan z|

Now plug into:
Yp = uy(T) cosT + uy(w)sinz
So we get:

Y,(7) = —cosxIn|secx + tan 7|

Step 3: General Solution

Combine homogeneous and particular solutions:

. T T
y(x) = ¢y cosx + ¢, sinx — cosx In | sec x + tan x|, —3 <z < 5

5. Solve the given initial-value problem on the interval (—oo,0)

dz?y” +y =0, y(—1) =2, y'(-1) =4

Solution
Step 1: Identify the Type of Equation

This is a Cauchy-Euler equation. Since the interval is z < 0, define:
t

x=—e" sot=In(—x)

Then:
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e ylz)=Y(t)
e Chain rule:

de  dt dx  zdt’ d2?  dzx

dy dY dt 1dY de_d<1dY> 1dY 1d%Y

cat) S 2@ T2ae

So:

L (Y Y
= W TER T
Now plug into the original equation:
1
4a?y” +y=0= 422 - [—Z(Y”—Y’)] +Y=0=4Y"-Y")4+Y =0
x
Thus we get the constant-coefficient equation:
4”7 —4Y’+Y =0
Step 2: Solve the Constant-Coefficient ODE
1
4”7 —4Y' 4+ Y =0=4p? —4p+1=0=p = 3 (repeated root)
So the general solution is:
Y (t) = (A + Bt)et/?
Recall z = —e' = t = In(—z), so:
Y(t) =[A+ Bln(—=z)] - (—x)/?

Thus:

y(z) = v/—x[A+ Bln(—2)], <0

Step 3: Apply Initial Conditions
Step 3.1: Evaluate y(—1)

y(—1) =VI(A+Blnl) = A= A=2

Step 3.2: Compute y'(x)

Since - In(—z) =1

Now evaluate at z = —1:
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We already found A = 2, so:

4=-1-B=B=-5

Final Answer:

y(z) =+v—2(2—5In(—2z)), z<0

This is the unique solution on the interval (—oo, 0) satisfying the initial conditions

6. Find all solutions of the following equation:

Yy +y=secx, (—m/2<zx<7m/2)

Solution
Step 1: Solve the Homogeneous Equation

First, solve the homogeneous equation:

Y +yp =0

Its characteristic equation is:

pP4+1=0 = p=-+i

So the general solution to the homogeneous part is:

yp(T) = ¢ cosx + cysinx
Step 2: Find a Particular Solution Using Variation of Parameters
The Wronskian is:

cosr sinx

W = =cos’x +sinz =1

—sinx cosx

Formulas for variation of parameters:
Yp = Uy () cos T + uy(z) sinz
where:

sinx - secx COS T - sec T
uy'(z) = —— = —tanwx, uy’(z) = — = 1
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Integrate both:

ul(a:):—/tanxd:zzln|cos:1:|, Uy () :/1d1‘::1:

So:

Yy, =cosx-In|cosz| +sinz-x

Step 3: General Solution

The general solution is:

: . 7T T
y(x) = ¢, cosx + ¢y sinx + cosz In|cosz| + rsinx  for — 5 <T<yg

This is the full set of solutions to the given equation

7. Find a homogeneous Cauchy-Euler differential equation whose general solution is given:

y=c; +cr+cyrine

Solution
Step 1: Recall the Form of a Cauchy-Euler Equation

A homogeneous Cauchy-Euler equation of order 3 has the form:

3,

23y + ayx®y” + ajxy’ +agy =0

Our goal is to determine such coefficients a4, a;, a, so that the general solution matches the given
one

Step 2: Find Linearly Independent Solutions

The given general solution:

y(x) =c; +cor +cgrlne
has three linearly independent components:
ey =1

¢ Y =17
e ys=vxlnz

We note:

e y; = 11is constant
e Yy, = is a power of z
e y; = xlnz suggests a repeated root
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The general solution of a Cauchy-Euler equation with constant coefficients is of the form:

y(x) =2", a"lnz, etc

Given the presence of x In x, this suggests the repeated root » = 1. So the solution corresponds to
the roots of the indicial (auxiliary) equation:

r—0)(r—1)2=0=r3-2r24+r=0
Note that r3 — 2r? 4+ r is the auxiliary (indicial) polynomial, not the list of coefficients of

the differential equation: for 2" we have z3(2™)” = r(r — 1)(r — 2)z", 2%(z")” = r(r — 1)a",
x(x") = ra". The coefficients are found in Step 3

Step 3: Use the General Indicial Form

For a third-order Cauchy-Euler equation, the general form of the indicial equation is:

r(r—1)(r—2)+ayr(r—1)+a;r+a;=0

Comparing coefficients:

ril=1
e —=34a,=—2=ay,=1
T:2_a2+a1:1j2_1+a1:1:>a1:0

:aozo

So the equation is:

:L,Syna + I'Qy” =0

8. Solve 2y”" +2y +y=4x
Solution

Step 1: Homogeneous part

2y"+2y +y =0

by=er

9 1 1.

2p°+2p+1=0 —>p:—§i§z
\

1, 1, 1
y1 =€ 2" cosgm, Yy =€ 2 sin g

Step 2: Nonhomogeneous part: Method of variation of parameters

1 1 .
W= e 2% cos %x e 2%gin %x _ 1
T 1t 1 P D 1. o137 9¢
se 2 (c082x+81n2x) se s (cos 5T 311123:) 2
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1
1y .1
W, = 0 e 2¥singw
2\/5 1 1

1
= -2V e~ 2% gin im

e 3% (cos 5T — sin 53:)

N[

1

_1 1
e 2% cossx 0 1
=2y/xe 2% cos 3%

2

- —56*%3” (cos 3z +singz) 2z

=
|

=

W ; 1
ulz/w}dm:—4/\/562’”sir12zdx

1
UQZ/WV[//Qda:ZZL/\/Ee;mcostdaz

P

Y= 1Yy + Co¥Ys + U Y + UgYs

The integrals for u; and u, are not elementary, so y, is left in integral form (for example, with
lower limit 0 and the upper limit x)

Answers

Answer 1 (Section 3.1)

x(t) = xy coswt + % sinwt

Answer 2 (Section 3.1)

(1) Linearly dependent: 4f; —3fy, — f3 =0

(2) Linearly dependent: f; —5fy, —5f; =0

Answer 3 (Section 3.1)

(1) W =7Te® +0; y=ce 3 +cyel

(2) W =2e* £0; y=e"(cqcos2z + cysin2z)

Answer 4 (Section 3.1)

(1) W(e?,e5") = 3e™ # 0 and y, = 6e” satisfies the equation

(2) W(e**, ze**) = e # 0 and y, = x?e** + 2 — 2 satisfies the equation

Answer 5 (Section 3.2)

(1) yo = ze?”

(2) y = sindzx
(3) y, = sinhx
Answer 6 (Section 3.2)

2z

2 _ _ 2 —
TYp=g Y= el o -

Y =¢€

Answer 7 (Section 3.3)
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Yy +w?y=0: y=ccoswr+ cysinwz

Y —wly=0: y=c e +cpe

= C, coshwx + Cy sinh wx
Answer 8 (Section 3.3)

y=cedfe® (02 cos v/3x + ¢y sin \/ga:)
Answer 9 (Section 3.3)

(1) y=c; +cpe

(2) y =3 +cye™?®

(3) y = (¢ +cpw)e™

Answer 10 (Section 3.3)

(1) y=c; +cye° +c3e®

(2) y=cre™ + (cg + ca)e™®

Answer 11 (Section 3.3)

Answer 12 (Section 3.4)

1 2
Y = ¢; COS 2x + ¢y sin 2z + gfncosxjL §sinm

Answer 13 (Section 3.4)

2 8 2
y = c;€3% + cyred® + §:c2 + §a: + 37 623"
Answer 14 (Section 3.4)
1 1
Y =c, + T+ ez 4+ e + 61‘3 + <§:L“3 + 322 + 123:) e
Answer 15 (Section 3.4)

1 9 12
(1) y=(¢; + cpx)e ™ — 3 cos T — % cos 2z + % sin 2z
_ 2 1 19
(2) y=ere ™+ et — 2 — (et + e ) e
1 6 1
(3) Y=c +cr+ 0366“” — 11'2 — 37 coszx + 3—7sinx

Answer 16 (Section 3.4)
1
(1) y = V2sin 2z — B
(2) y = —200 + 200e~*/% — 322 + 30x

F F
(3) 2(t) = —L sinwt — —2 tcoswt

2w? 2w
Answer 17 (Section 3.5)
¥ sinh(z — ¢
y = Clex + Czeix + / Slrl(tl‘) dt

To

Answer 18 (Section 3.5)
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(1) y=rc cosz+ cysinz + coszln|cosz| + zsinz

1
2) y=c,CO0ST + Ccysinx — -z COSx
1 2 9

1 1
3 =, COST + CoSINT + — — — cos 2x
Yy 1 2 27 6

1
(4) y = e®(cq cosz + ¢y sinx) + gex (coszIn|cosz|+ xsinx)

Answer 19 (Section 3.5)

1 1 3 1
(1) y= <§x2 -t 1) e®/? + Zeﬂvm
(2) y=(1—2x)e” — e In(cos z), —g <z < g
25 4 1 1
3 — =7 2z T o—4x _ ~ 2z - -z
( ) y 366 + 96 46 + 96

Answer 20 (Section 3.5)

1 1 x 4t
1) y= 0162‘” + cze’%’ + 162” Inx — 462””/ %dt, x>0

0

x—t
dt

(2) y=e?(c;cos L +cysin ) + 4/ Vit em(#=1/2 gin
0

Answer 21 (Section 3.6)

y=c,x+ cow® + 2x(x —1)e*, x>0
Answer 22 (Section 3.6)

(1) y =gz + ey

2)y=c¢ +cyInz

(8) y=rcycos(2lnz) + ¢y sin(21lnz)
Answer 23 (Section 3.6)

1
(1) y=c; +c2°+ 53;5 Inx

(2) y:clx+c—2—ln:p
x
Answer 24 (Section 3.7)

Y1, Yo satisfy the equation, but for y = c;y; + coye:  (¥7)? — vy
C]_CQ - O
Answer 25 (Section 3.7)

1 T 1
1 ith u = y: = —Zarctan = =a?), y= —1
(1) Withu =9": gy aarcana—i—cz(c1 a®), y 5 In
1
—+¢y (;=0), andy=c
x

(2) y = cperr
Answer 26 (Section 3.7)

2 1 1
y(w)w—1+x—x2+§x3—§x4+5x5
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Answer 27 (Section 3.7)
y=In|cos(c; — )| + ¢y

Answer 28 (Section 3.7)

(x+cy)? +y?> =c¢; (arcs of circles)

Answer 29 (Section 3.7)

¢ (77 :L') 7r< <37r
= - — = ——<r < —=
y=rmy o) Ty 2

Answer 30 (Section 3.7)
22+ (y—cy)? =¢;, and y = c (from u = 0)
Answer 31 (Section 3.8)

E

_ 0
x(t) = g (cosyt — cos wt)

Answer 32 (Section 3.8)

F,
lim z(t) = Y tsinwt (pure resonance)
Y—w 2w

Answer 33 (Section 3.9)

ln(r/a)’ w<r<b
In(b/a)

u(r) = ug + (ug — ug)
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4 The Laplace Transform

Learning objectives After this chapter you should be able to

o compute Laplace transforms from the definition and by linearity, and find inverse
transforms with partial fractions

e solve initial-value problems for linear equations with constant coefficients, including
piecewise and impulsive forcing

e use the translation theorems, derivatives of transforms, convolution and the transform
of a periodic function

 solve systems of linear differential equations by the Laplace transform

4.1 Definition of the Laplace Transform

e Let f be a function defined for t > 0. Then the integral
) = [ fede=Fos)
0

is the Laplace Transform of f provided the integral converges. The result is a function of s

Example Evaluate £{1}, £{t}, and £{e 3!}

Answer 1 (end of chapter) - Solution

Example Evaluate £{f(t)} for f(t)

0, 0<t<3
2, t>3

Answer 2 (end of chapter) - Solution

e ( is a linear transform

Llaf(t) + Bg(t)} = aL{f(t)} + BL{g(t)} = aF (s) + BG(s)

Example Find £{f(t)} by first using an appropriate trigonometric identity f(t) = sin® 2t
Answer 3 (end of chapter) - Solution

Example Find £{f(t)}
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1, 0<t<1
1, t>1
t, 0<t<1
1

. t>1

. )
. f)

- {sint, 0<t<nr

0, t>w

Answer 4 (end of chapter) - Solution

Example Find £{f(t)}

o f(t)y=¢et""

o f(t)=elcost

o f(t) =tcost

o f(t) =sin3tcos3t
e f(t) =sin*t

Answer 5 (end of chapter) - Solution

Transform

Try it in Python: Laplace transforms and inverse transforms with sympy: Sympy: Laplace

4.2 The Inverse Transform and Transforms of Derivatives

o If F'(s) represents the Laplace transform of f(¢), then f(¢) is the inverse Laplace transform

of F(s)

e £7!is a linear transform

J(t) = £H{F(s))

LHaF(s) + BG(s)} = aL™H{F(s)} + BLTHG(s)} = af (t) + By(t)

Example Find the given inverse transform

()
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1
AR Erant
452 +1

ey
s2+2

Answer 6 (end of chapter) - Solution

—254+6
Example Evaluate £} {H}

s2 44
Answer 7 (end of chapter) - Solution

¢ Transforms of derivatives

L{f ()} = sF(s) — f(0)
L{f" ()} = s*F(s) — sf(0) — £(0)

£ {CCZWJ;} depends on F(s) = £{f(t)} and the n — 1 derivatives of f(t) evaluated at ¢t =0

o If f is piecewise continuous on [0,00) and of exponential order, then

lim £{f(t)} =0

§—00

e The Laplace transform of a linear DE with constant coefficients becomes an algebraic equation
in Y(s)

Example Use the Laplace transform to solve the IVP

d
diz + 3y = 13sin2t, y(0) =6

Answer 8 (end of chapter) - Solution

Example Use the Laplace transform to solve the given initial-value problem

oy +y=+2sinVv2t, y(0)=10, y'(0)=0
R 2y/// + 3y// o 3y/ o 2y — 67t, y(O) =0, y/(0> = 0, y’/((]) =1

Answer 9 (end of chapter) - Solution

Try it in Python: Solving an initial-value problem by Laplace transform, step by step in
sympy: **Example 1** and Solving ODEs using Laplace Transformation
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4.3 Translation Theorems

e First Translation Theorem

If £{f(t)} = F(s) and a is any real number, then

Lle ™ f(t)} =F(s+a)

2
Example Evaluate £{e‘2t cos4t} and £1 {(38++3§)2}

Answer 10 (end of chapter) - Solution

¢ Second Translation Theorem
If £{f(t)} = F(s) and a > 0, then
CLf(t— a)U(t—a)} = e F(s)
e Alternative Form

oo

£{g(t) t—a}= e g

st'+a) gt 4 a) dt’

I
S—>
8

e L{g(t+a)}

Example Find either F(s) or f(t)
o L{tel%}

L{t10e T}

L{e' sin 3t}

A
i)

Answer 11 (end of chapter) - Solution

Example Solve y +y = f(t), y(0) =5, where

f(t>:{0, 0<t<nm

3cost, t>m

Answer 12 (end of chapter) - Solution
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4.4 Additional Operational Properties

Derivatives of Transforms: If F(s) = £{f(t)} and n=1,2,-, then

L0} = (-1 F(s)

t
Convolution Theorem: fxg= / f(r)glt—7)dr
0

Li{f g} = L{f()}L{g(t)} = F(s)G(s)

Transform of a Periodic Function: f(t+1T) = f(t)

i) — / et £ (1) dt
0

1—esT

Example Evaluate £{tsinwt}
Answer 13 (end of chapter) - Solution

Example Solve z” 4+ 16x = cos4t, x(0) =1, z/(0) =1

Answer 14 (end of chapter) - Solution

1
Example Evaluate 1571 {M}

Answer 15 (end of chapter) - Solution

t
Example Evaluate £ {/ f(r) dT}
0

Answer 16 (end of chapter) - Solution

¢
Example Solve f(t) =3t —¢! —/ f(r)et="dr for f(t)
0

Answer 17 (end of chapter) - Solution

Example Find the Laplace transform of the periodic function
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2
LB} = 1 / eE() dt = <1+1>
0

Example Evaluate the given Laplace transform

o £{te 10}
o L {tcos2t}
o L {tegt sin 6t }

Answer 18 (end of chapter) - Solution

Example Use the Laplace transform to solve the given initial-value problem

o Yy +y=tsint, y(0)=0
e Yy +9y=rcos3t, y(0) =2, y'(0) =5

Answer 19 (end of chapter) - Solution

Example Find the convolution f * g of the given functions. After integrating, find the Laplace
transform of f g

o f(t)=4t, g(t) =32
. flt)=et glt) =

Answer 20 (end of chapter) - Solution

Example Find the Laplace transform
o L{etxelcost}

Answer 21 (end of chapter) - Solution
Example Evaluate the given inverse transform

© S o)

102


https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf

Answer 22 (end of chapter) - Solution

Example Use the Laplace transform to solve the given integral or integrodifferential equation

. f(t)+2/tf(7)cos(t—7)d7—4e_t+sint
0

d t
. W 10 —/ e’4Ty(t —7)dr, y(0) =5
dt a
Answer 23 (end of chapter) - Solution

Example The Laplace transform £ {e*tz} exists, but without finding it solve the initial-value
problem

o Yy +9 =3, y0)=0, y'(0)=0

Answer 24 (end of chapter) - Solution

Example Solve the integral equation
t
e f(t)y=¢! —|—et/ e " f(r)dr
0

Answer 25 (end of chapter) - Solution

Try it in Python: Derivatives of transforms and the convolution theorem in sympy: Deriva-
tives of Transforms, Convolution; an ODE with variable coefficients: **Example 2**

4.5 The Dirac Delta Function

Unit Pulse

0, 0<t<ty—a
S(t—ty) =< 5=, tg—a<t<ty+a
0, t>ty+a
4y 4y _
< 2a >
1]
2a
: , 4
to—a to ty+a t g
(a) (b) 6, asa—0

103


https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_4_4.pdf
https://seoultechpse.github.io/EngMath/x_sympy_Laplace_transform.html#sec-laplace-derivatives-of-transforms
https://seoultechpse.github.io/EngMath/x_sympy_Laplace_transform.html#sec-laplace-derivatives-of-transforms
https://seoultechpse.github.io/EngMath/x_sympy_Laplace_transform.html#sec-laplace-convolution
https://seoultechpse.github.io/EngMath/x_sympy_Laplace_transform.html#sec-laplace-example-2

¢ The Dirac Delta Function

o(t —tg) = Clblg(l) 0, (t — 1)

4
. —stg 13 et e ™
10— t0)h = Jiry 600 tu)) = 7 iy ()
— e—sto

When t, =0, £{6(t)} =1

Example Solve y” +y =4(t —2m) subject to y(0) =1, y'(0) =0
Answer 26 (end of chapter) - Solution

Example Use the Laplace transform to solve the given differential equation subject to the
indicated initial conditions

o Y —3y=0(t—2), y(0) =
o Yy +y=4(t—2m), y(0) =
e Y 4+y=06(t—7/2)+d(t—37/2), y(0)=0,y(0)=0

Answer 27 (end of chapter) - Solution

4.6 Systems of Linear Differential Equations

e When initial conditions are specified, the Laplace transform reduces a system of linear DEs
to a set of simultaneous algebraic equations in the transformed functions

Example Double Pendulum
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[ E
D
o]

Linearization For small displacements §; and 6,,

(mq + m2>l16"1 + m2l29”2 + (mqy +my)gb, =0

Solve the system when

my =3,my, =1,l; =1, =5, and g=10

0,(0) =1,60,(0) = —1,6,(0) = 0,6,(0) = 0

Answer 28 (end of chapter) - Solution

Example Use the Laplace transform to solve the given system of differential equations

T=-—r+Y
y =2z, 2(0)=0, y(0)=1

T=x—2y
y=>5x—y, x(0)=-1, y(0)=2

%+ — 2 =1
t4+y—3z—3y=2, z(0)=0, y(0)=0

Answer 29 (end of chapter) - Solution

Summary
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Property

Formula

Definition

Basic transforms

Derivatives

First translation
Second translation

Derivatives of transforms

Convolution

Periodic function

Dirac delta

sy = [ " fe st dt = F(s)
0

1 n a
= = ey =
: s
L{sinkt} = sl £{cos kt} = e

ﬁﬁ}z&ﬂ@—fwx

L{f"} = s*F(s) —sf(0) — f'(0)
L{e ¥ f(t)} = F(s +a)
L{ft—a)U(t —a)} = e *F(s),
L{gt)U(t—a)} = 3‘:%{96 +a)}
L)) = (1" T F(s)
L{fxg}= F)GU,

f*g_/ F(r)glt— ) dr

0 — P
0

fE+T) = f(t)
L{o(t —ty)} = e st

Worked Exercises
1. Solve the system

r+y=t
dr+y =0

Solution

Step 1: Take Laplace transforms

L{z’} +Y(s) = L{t} = sX(s)

4X(s)+ L{y’} =0=4X(s) +

Step 2: Solve the algebraic system

From equation (a):

Substitute into equation (b):

—2(0)+Y(s) =

at x(0) =0, y(0) =2

1 1
2 = sX(s)+Y(s) = 2

(sY(s) —y(0)) =0=4X(s) +sY(s) =

106



s(4—s?)
Then, from (a):
1 1 2s—1
Y(8>:372_8X(8>:372_4 32

Step 3: Partial fraction decomposition

For X(s),
-1 3 )
X&) =5 T 3= Tsz+ s
For Y (s),
Y(s) = 1 5 + >

2. Solve the system

IL’” + y// — 62t

2z + vy = —e?

Solution

Step 1: Apply Laplace Transforms

L{x" +y"} = L£{e*} = 2 X(s) + s*Y (s) =

s—2

L2207 + 47} = £{—e?'} = 25X (5) + 52Y(s) = — !

Step 2: Solve the system algebraically
Subtract (b) from (a):

1 1
(82X + s2Y) — (25X + s2Y) = —— — (_ )
s—2 s—2
2

(s —2)(s2 —2s)

= X(s) =
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Now substitute into (a) to find Y(s):

1 2
Yis) = s2(s—2) (s —2)(s2—2s)

Step 3: Simplify and compute inverse Laplace transforms

2 1 1 1
X = = —
)= =97 =2s) " 25 35-2) T 5_0)p
Take inverse Laplace:
Recall:
1 2 3 1 3 1
Y(s) = — = — —
() s2(s—2) s(s—2)? 4s 282 4(s—2) (s—2)?
Thus:
3 1 3
)= —= ¢ *Qt—t2t
y(t) = -7 —5t+ e

Check: 2" +y” = (2e% +4te?!) + (—e?! —dte?) = 2t 22/ +y” = 4te?’ —e?! —4te? = —e?'| and
y(0) =y'(0) =0

3. (a) Show that y = e~** is a solution of the initial value problem

dy
7 T2t 0, y(0)

(b) Find Y(s) = £ [e*tQ] by applying the Laplace transform to the above differential equation

: 2 [ e
Hint) erfc(t) = ﬁ[ e " du
Solution (a)
Step 1: Plug into the differential equation
Let y(t) = et
Then:

dy d

ay _ a2 — 9 42
G te

Now substitute into the equation:

d
di; + 2oty = —2te ¥ +2e ¥ =0
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Step 2: Check initial condition

y(0) =’ =1
Solution (b)
Step 1: Take Laplace transforms
Let Y (s) = £{y(t)}
Apply Laplace transform:
dy dy
L’{dt 4 ty} SY(5) — y(0) —2°- =0
Given y(0) = 1, the transformed equation becomes:
ay 1
— = —[sY(s)—1
= V() 1]
Step 2: Solve the first-order linear ODE
We solve:
ay 1 1
2 Z5V(s) — =
s 2V g
This is a first-order linear ODE for Y (s). Standard form:
av _ly__1
ds 27 T2
Use integrating factor:
ps) = e
Multiply both sides:
ay 1 1
ety Lot
LHS becomes derivative of the product:
d 1.2 1 12
% (6 4 Y) = —56 4

Now integrate both sides:

/js (6_5521/) ds = /—;e_iSst

. . . _ 1.2 .
There’s no elementary antiderivative for e~7%", so we integrate from 0 to s:
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Step 3: Determine C

The initial condition y(0) = 1 has already been used. The constant is fixed instead by the fact
that every Laplace transform satisfies Y (s) — 0 as s — co. Since e*’/* s o0, the bracket must
tend to 0:

Hence, with u = 2w,

1 & e s
Y(s) = 2ei82/ e—iugdu = 6152/ e—”2dv = \g%ef erfc (%)

Therefore:

L{e ) = \g?ebf erfc <g>

4. One definition of the gamma function I'(«) is given by the improper integral
INa) = / tote tdt, a >0
0

(a) Use this definition to show that I'(a 4+ 1) = al'(«)
(b) Find £ [t*]
Solution (a)

Start with T'(a+ 1)

F(a+1):/ te tdt
0

We'll use integration by parts:
o Let u=1t"=du=at*'dt

e Letdv=cetdt =>v=—e"t
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Then:

o
Mla+1) = —t% > + at® e tdt
0 0

=0+ a/ tele—tdt
0
= al'(«a)

Solution (b)

L{t*} = / e sttxdt
0

du

S

u
Make substitution u = st =t = —, dt =
s

Then:

£{to) = /Ooo esti0 gt — /0°° ()"

1 oo
= u®e “du
Sa+1 b

r 1
::Ajfgjlgz, o >>——1,S >0
gatl

For a =n=0,1,2,-+, T'(n+1) =n! and this reduces to £{t"} = n!/s" "
5. Solve the given differential equation

Yy +2y +y=(0t—Dult—1)+5(t—5), y(0)=0, y'(0) =0

Solution

v +2y +y=(@t—1u(t—1)4+46(t—5), y(0)=0,y(0)=0

Y
e—S
(s2+25+1)Y = = +e 5%
Y
v e e 0" 2, 1.2 1 sy e oS
= = | — €
s2(s+1)2  (s+1)2 s 82 s+1  (s+1)2 (s+1)2
Y

yt) = [-3+t+ (t+ e V] wt—1)+ (t —5)e Pu(t —5)

6. Solve y” +4y +3y=¢'6(t—1), y(0) =0, y'(0) =2

Solution
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Y +4y +3y=e'(t—1), y(0)=0, y'(0) =2
4
(82 +45+3)Y(s) —2=ee®
2 e

Yo = e+ TGor0e19)°
I

y(t)y=et —e 3t + g [e=(tD) — =301 y(t — 1)

—S

7. Use the Laplace transform to find the numerical value of the improper integral

oo
/ te 2t sin 4t dt
0

Solution
F(s)= £t sindt] = / t sindte st dt
0
N[}
d 4 8s
F = ——-— pr—
(5) ds <32 + 42> (s2 +42)2
i3
1
F(2)= —
Answers

Answer 1 (Section 4.1)
1 1 1
1 = — = — —3t = — —
L{1} . (s >0), £L{t} = L{e "t} o (s >—3)

Answer 2 (Section 4.1)

2e738

=2

Answer 3 (Section 4.1)
8
s(s% + 16)
Answer 4 (Section 4.1)

2¢e7° —1
1) —
(1) =

1—¢e*
52
1+e 78
3 [
(3) s24+1

Answer 5 (Section 4.1)

L{sin? 2t} =

(2)
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e’ s—1 2 —1

L{e"T} = Lletcostl = ——~ — Lltcostl = —
{e™} s—1’ {ef cost} (s—1)2+1’ {teost} (s2+1)2
3 24

L{sin3tcos3t} = ————, L{sin*t} =
{sin 8t cos 3t} s? +36’ {sin”} s(s?2+4)(s? +16)

Answer 6 (Section 4.2)
2

%, t—2tt, 1+3t+ th + ét?’, %sm%, cos V2t + \}ﬁsm\/it
Answer 7 (Section 4.2)

—2cos2t 4 3sin 2t

Answer 8 (Section 4.2)

y = 8¢ 3t —2cos 2t + 3sin 2t

Answer 9 (Section 4.2)

(1) y = 10cost + 2sint — \/2sin /2t
1 ) 8 1
9) y— —et 4 ot _Spt/2 =2
(2) y 5¢ + 3¢~ 5¢ + 3¢
Answer 10 (Section 4.3)
s+2 25 +5
L{ecosdty = —————  L7F =(2—t)e
te st} = o 4 16 {(s+3>2} e

Answer 11 (Section 4.3)

1 10! 3
(s—10)2" (s+7)1" (s—1)249

3
(1—t)et, 5—t—bet—dte ! — ith’t

Answer 12 (Section 4.3)

I G 0<t<m
YT set+ 3¢7(7™ 4 3(cost +sint), t>m
Answer 13 (Section 4.4)

. 2ws
,C{t Slnwt} = m

Answer 14 (Section 4.4)
1 . 1 .
T = cos4t + 1 sin 4t 4 §t51n4t

Answer 15 (Section 4.4)

sin wt — wt cos wi
2w3
Answer 16 (Section 4.4)
F(s)
s
Answer 17 (Section 4.4)

fit)=3t2—t3+1—2¢?
Answer 18 (Section 4.4)
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1 s?—4 12(s — 2)
(s+10)2" (s> +4)*"  [(s—2)2 +36]°
Answer 19 (Section 4.4)

1
1) y= 5 (tsint —tcost + cost —e™)

5 1
(2) y=2cos3t+ gsin?)t + 6tsin3t
Answer 20 (Section 4.4)

) feg=t, £{f=g}= "5

1
s2—1

(2) f*g=sinht, L{fxg}=
Answer 21 (Section 4.4)
1 s—1
s+1 (s—1)2+1
Answer 22 (Section 4.4)
t2

o1
€ 2

Answer 23 (Section 4.4)

(1) f(t) = (4 — Tt + 4t?)e?

(2) y=40—e"2 (35 cosh v/3t + 204/3 sinh \/gt)
Answer 24 (Section 4.4)

y(t) = /t e sin3(t — 1) dr
0

Answer 25 (Section 4.4)

f(t) =e*

Answer 26 (Section 4.5)

y=cost+4sintU(t—2m)

Answer 27 (Section 4.5)

(1) y=e2Ut—2)

(2) y =sint +sintU(t — 27)

(8) y=—costU(t—Z)+costlU(t—3T)

Answer 28 (Section 4.6)

1 2 3 1 2 3
0,(t) = 708 ﬁt—k Zcos2t, 0y(t) = 5 cos %t— 5 cos 2t
Answer 29 (Section 4.6)

1 2 1
(1) z= 3 (et —e2t), y= get + ge_%

) 7
(2) x = —cos3t — gsin?)t, y = 2cos 3t — gsin3t
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5 Series Solutions of Linear Differential Equations

Learning objectives After this chapter you should be able to

o find power series solutions about an ordinary point, and the interval on which they
converge

e classify singular points, and solve about a regular singular point by the method of
Frobenius using the indicial equation

e solve Bessel’s and Legendre’s equations and equations reducible to them

 use the properties of J,,, Y,, I, K, and P,: recurrence relations, Rodrigues’ formula
and orthogonality

5.1 Solutions about Ordinary Points

e A power series in x — a is an infinite series of the form

o
ch(x—a)” =cytc(z—a)+cy(z—a)?+ -
n=0

Such a series is also said to be a power series centered at a

e A power series is convergent if its sequence of partial sums converges

— Convergence of power series can often be determined by the ratio test. Suppose that
¢, # 0 for all n, and that

Cppr (@ —a)""!

¢, (x —a)n

Cn+1

Cp

lim = |z —a| lim =L
n—oo

n—oo

If L < 1, the series converges absolutely, if L > 1, the series diverges, and if L = 1, the
test is inconclusive

— Every power series has a radius of convergence, R. If R > 0, a power series

ZZO:O ¢, (x —a)™ converges for |z —a| < R

— A function f is analytic at point a if it can be represented by a power series in © — a
with a positive radius of convergence

— Power series can be combined through the operations of addition, multiplication, and
division

e Consider the linear second-order DE

as(2)y” + ay(2)y" +ag(z)y =0, ay(x) #0
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— Divide by ay(x) to put into standard form

y" 4+ P(x)y +Q(z)y =0

— Point z, is an ordinary point of the DE if both P(x) and Q(x) are analytic at x,. A
point that is not an ordinary point is a singular point of the equation

— If ¢ = 2 is an ordinary point of the DE, we can always find two linearly independent
solutions in the form of a power series centered at z

— A series solution converges at least on some interval defined by |x — x| < R, where R
is the distance from z to the closest singular point

Example: Solve y” + 2y =0

e Since there are no finite singular points, two power series solutions are guaranteed, centered
at 0, convergent for |z| < oo

¢, x" and the second derivative y” = 22012 c,n(n —1)z""2 into the

. . PR— oo
e Substituting y = ano
DE gives

[e.¢] oo
Yy +ay = Z c,n(n—1)z" 2 + Z c,x"
n=2 n=0

oo
=2, + > [(k+1)(k+2)c 0 + ¢ ] 2% =0
k=1
e The coefficient of each power of x must be set equal to zero:

Cr—1
= —_— =1.2.3. ...
¢y =0 and ¢y 9 Gkt 2) k ,2,3,

C
“="5.3
C
‘=5
C
e =15 =0
C__c3: Co
6 56 2:-3-5-6
7 6-7 3-4-6-7
Cy
T TT8 T

o After grouping the terms containing ¢, and the terms containing ¢;, we obtain y = ¢y, (z) +
c1Ya(2)

(_1)11 73N
~(3n—1)(3n)

) (-1 w1
yz(a:)—$+;3,4,6,7...(3n)(3n+1) "

yi(x) =1+
;23-5'6
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Try it in Python: Taylor series of functions with sympy.series: Series

5.2 Solutions about Singular Points

e Consider the linear second-order DE

(z —20)%y" + (z — 2)p(2)y + q(z)y =0
— Point z; is a regular singular point of the DE if both p(x) and ¢(z) are analytic at x
— A singular point that is not regular is an irregular singular point of the equation

o To solve a DE about a regular singular point, we employ Frobenius’ Theorem

— If z, is a regular singular point of the standard DE, there exists at least one nonzero
solution of the form

0 0
y=(@—z0)" Y ez —m)" =D cnlw—a)""
n=0 n=0

where r is a constant, and the series converges at least on some interval, 0 <z —zy < R

— After substituting y = ZZOZO ez —x into a DE and simplifying, the indicial
equation is obtained, a quadratic equation in r that results from equating the total

coefficient of the lowest power of x to zero

>n+r

— The indicial roots are the solutions to the quadratic equation and are then substituted
into a recurrence relation

Suppose that r = z, is a regular singular point of a DE and the indicial roots are r;
and ry: 1y > 7y

e Casel

r; and ry are distinct and do not differ by an integer,

o0

U1 (‘T) = Z Cn(‘r - 'CUO)T%H‘l
n=0
00

Yo (IE) = Z b'n,('x - x0>n+'r'2
n=0
e Casell

ry — 79 = N, where N is a positive integer,

(&)

yi(x) =) c,lw—mg)"71, ¢y # 0
n=0
yo(2) = Cyy (z) In(z — z0) + Z by (= 20)" "2, by # 0

n=0
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e Case II1
N =T9,

yi(x) = Z (@ —2)" ", g # 0

n=0
Yo () = yy (@) (@ — o) + > b, (& — ap)" "
n=0
Example: Solve 2zy” + (14+2)y' +y =10

o Substituting y = >.°° ¢, """ gives

n=0 "

22y + (1+2)y +vy

=2 Z(n +7r)(n+1r—1)c,z" 1 + Z(n +7)e,z" T+ Z(n +7)c, x4+ Z c "t
n=0 n=0 n=0 n=0

=a” |r(2r —Degz ™ + Y [(k+7+1)(2k +2r + 1cgyy + (b + 7+ Degla | =0
k=0

which implies

r(2r—1)=0
(k+r+1)2k+2r+1)cy +(k+7r+1)c, =0, k=0,1,--

o We see that the indicial roots are r; = % and r, =0

1 Cy,
= — = — k=0,1,2
Tl 27 Ck+1 2(](34—1)7 ) Ly
C
7’2—07 k+1 _2]{;_’7_17 k 071727'
o For 1"1:%,
c
a=-57
_ )
2= 7997 2.
T 7937 3.3
_ s G
AT T T 9ry
_ (=1)"cq
“n 2np)
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e For ry =0,

CIZ_CTO
__4%9 _ %

2 3 1-3
__ & _ %

ST 75 T1.3.5

B

4 7 1-3-5-7

—1)"
c ( )Co

" 135 7-(2n—1)

e The series solutions are

5.3 Special Functions

The following DEs occur frequently in advanced studies in applied mathematics, physics, and
engineering

¢ Bessel’s equation of order v, solutions are Bessel functions

2y +ay + (22 — vy =0

e Legendre’s equation of order n, solutions are Legendre polynomials

(1—22)y” —2zy +nn+1)y=0

5.3.1 Bessel Functions

e Because x = 0 is a regular singular point of Bessel’s equation, there exists at least one
solution of the form y =3 ¢, z"*"

22y +ay + (2® — 12y

[&.°] [&.°] -
n+r+2 _ .2 n+r
+ Cc,x v Cpx
n=0 n=0

=co(r? —v?)a" +a” ch[(n +7r)? —v3a" + 2" chx"+2 =0

n=1 n=0

= Z cp(n+r)(n+r—1)z"" + Z e, (n+r)atr
n=0 n=0
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2

e The indicial equation is 7> —1? = 0 so that the indicial roots are r; = v and 7, = —v. When

ry=v2>0,

o0 o0
v n v n+2
x E e,n(n+2v)z" +x g C,T
n=1 n=0

=¥ |+ 2w)eyz+ Y [(k+2)(k+2+20)cp + ] 22| =0
k=0

Y
¢,
= = k=0.1.2. -
a=0 %= Ty h s ) 151 %
Y
(33:65267:“‘:0,
Con—2
=22 _ i k42=2
C2n 22n(n +v) * "
e Thus
P VI
27221 (14v)
C —‘——44444£§L44447
1T 22.2. (24 )
_ Co
2412014 v)(2+v)
C S
67 22.3.(34v)
_ o
2601231+ v)(2+v)(3+v)
—1)"
Cop = (—=1)"cg

2l (1) (24 v) - (n4v)

o It is standard practice to choose

1
O 2r(1 +v)
thus,
_ (="
"o 22ntvplT(14+ v +n)

Co

Note I'(v)= / e ®dz, T(v+1)=vl(v)
0

import numpy as np
from scipy.special import gamma, factorial

import matplotlib.pyplot as plt

X
|

= np.linspace(-3.5, 5.5, 2251)
gamma (x)

<
1l
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def gamma plot():
fig = plt.figure(figsize=(6, 4))

plt.plot(x, y, 'b', alpha=0.6, label=r'$\Gamma(x)$"')

k = np.arange(1l, 7)

plt.plot(k, factorial(k -1), 'ko', alpha=0.6,
label=r'$(x-1)!,\; x = 1, 2, 3\cdots$"')

plt.xlim(-3.5, 5.5)

plt.ylim(-10, 25)

plt.grid('true")

plt.xlabel('x")

plt.ylabel(r'$\Gamma(x)$"')

plt.legend(loc="'lower right')

plt.show()

gamma_plot()

25
201
15 -
10 -

X

-

5_

y

=3 — T(x)
e (x-1)!,x=1,2,3 -
_10 T T T T T T T T T
-3 -2 -1 0 1

2 3 4 5
X

Figure 5.1: Gamma Function

e Bessel Functions of the First Kind

The series solution y; = 22:1062nx2"+” is usually denoted by J,(z)
s <f]_>” T\ 2ntv
@)=Y e ()
/(@) ;nlf(1+u+n) 2
Also, for the second exponent r, = —v
S (_1>n T\ 2n—v
NS i S e
/(@) ;nlf(l—y—i—n) 2
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— When v =0, Jy(z)
— When r; —ry, = 2v is not a positive integer, J,(x) and J_,(x) are linearly independent
— When r; —r, = 2v is a positive integer, there are two possibilities

* When v = m = positive integer, J_,,(z) is a constant multiple of J,, () : J,,(z) =
(=)™ T ()

* When v is half an odd positive integer, J,(x) and J_, (z) are linearly independent

Example Solve 2?y” +zy’ + (22 — 1)y =0

Answer 1 (end of chapter) - Solution

¢ Bessel Functions of the Second Kind

If v # integer

Y, () = cosvmd,(x) — J_, ()

sin vm

J,

,(z) and Y, (x) are linearly independent solutions of

2y’ +ay' + (2 =)y =0

As v — m (an integer),

Y, () = lim Y, (x)

m
v—m

J,,(x) and Y, (x) are linearly independent solutions of
2y’ +ay + (22 —m?)y =0
e Hence for any value of v, the general solution of Bessel equation can be written as

Y= CIJI/<'T> =+ CQYV<$)

Y, (x) is called the Bessel function of the second kind of order v

Example Solve z2y” + 2y’ + (22 —9)y =0
Answer 2 (end of chapter) - Solution
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5.3.1.1 Properties of Bessel Functions

e When m is integer

“ =3 (5

n=0
= (@) = (=) (2)

= I (=2) = (=1)"J,, ()

0, m>0
Jm<0):{1 m =0

— lim Y, (z) = —o0
x—0T

from scipy.special import jv, yv

plt.

fig

axl

for

axl.

ax1l.
axl.

ax2

for

ax2.
ax2.
ax2.

ax2.

plt.

style.use('ggplot')

plt.figure(figsize=(6, 8))

fig.add subplot(211)

np.linspace(0, 20, 200)

m in range(5):

y = jv(m, x)

axl.plot(x, y, label=f'$J {m}(x)$")

axis((0, 20, -0.6, 1))

set ylabel('$J m(x)$")
legend()

fig.add subplot(212)

m in range(5):

y = yv(m, Xx)

ax2.plot(x, y, label=f'$Y {m}(x)$")
axis((e, 20, -3, 1))

set xlabel('x")

set ylabel('$Y m(x)$")

legend()

show()
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1.0 -
— Jo(X)
0.8- — L)
— J2(x)
0.6 -
— J3(x)
0.4 - Ja(x)
X oa-
£ 0.2 —
~
0.0 -
-0.2 -
—0.4-
—06 al 1 1 1 1 1 1 1 1
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
1.0 -
0.5 -
0.0- \&SQ&WA
-0.5 -
X _1o-
S
-1.5- — Yo(x)
— Yi(x)
—2.5- — Y3(x)
Ya(x)
—30 al 1 1 1 1 1 1 1 1
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

X
Figure 5.2: Bessel functions

¢ Differential Recurrence Relation
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) =Y v (3)

’I’L

:VT; F((l—l—z/—i—n) (7)2n+y+xz nr 1+V+n)(

k 2k+v+1
=vJ,( —:L“Z]{“_\((Q_:LW( )k

— 1], () — 2, ()

and

Example Jj(z)=—J,(z)
Answer 3 (end of chapter) - Solution

5.3.1.2 DEs Solvable in Terms of Bessel Functions
o Parametric Bessel equation of order v
22y +ay’ + (?2? — 1)y =0
H t=ax, a>0

y=cJ, (o) + Y, (ax)

o Modified Bessel equation of order v

2y +ay' (2 + %)y =0

Ht:ix
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¢ Yet another equation

y =z [cJ,(bx°) + Y, (bx°)]
e The aging spring

mi + ke =0, a>0

2 |k
“ P— 76—041‘//2
« m

A’z dx
2 2, _
S d82+sds—|—s =0

e Spherical Bessel Functions:

When solving the Helmholtz equation in spherical coordinates by separation of variables, the
radial equation has the form

22y +2zy + (22 —n(n+1))y=0

The two linearly independent solutions to this equation are called the spherical Bessel functions

Jn and y,

™

) =\ Yry ) = (O T

when v =n + % is half an odd integer, that is, j:%, j:%, j:g,

Let’s consider the case when v = %,

< (—q)n 2\ 2n1/2
ale) = HZ:O ! T(1+ 1+ n) <§>

where
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1
r(3)=va
3 1 1 1 1
I'f=)=T(1+=]==-T(=]| ==
(5)=r(1+3)=5r(35) =3v7
5 3 3 3 3 3-2 3!
r(2Y=r(1+2)=2r(2) =2 /n=2""% 3!
<2> (*2) > (2) VT = G VT = VT
7 5 5 5 5-3 5-4-3-2 5!
r(L)=r(1+2)=2r(2) = - el
(2> <+2> 2 (2) V=V
1 (2n 4+ 1)!
I‘<1+§+n>: 22n+1n!ﬁ
Hence
0 " .7,' 2n+1/2_ 2 o (_1)71 onil 2 )
el Z: ;ﬁ&;w (3) _V%EZ;@n+nﬁ ~ Ve S

2
Example Show that J_;(z) =4/ —cosz
T

Answer 4 (end of chapter) - Solution
from scipy.special import spherical jn
plt.style.use('ggplot')
fig, ax = plt.subplots(figsize=(6, 4))
x = np.linspace(np.finfo(np.float32).eps, 10, 200)
for n in range(5):
y = spherical jn(n, x)
ax.plot(np.append(0, x), np.append(0, y),
label=f'$j {n}(x)$"')
ax.axis((0, 10, -0.4, 1.0))
ax.set xlabel('

ax.set ylabel ('
ax.legend()

$x$")
$j_n(x)$")

plt.show()
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1.0-

— Jo(x)
0.8 - — j1(x)
— Ja(x)
0.6 - — J3(x)
Ja(x)
. 04-
x
.S
- 0.2-
0.0 -=—— %
-0.2 -
—04 I 1 1 1 ] ]
0 2 4 6 8 10

Figure 5.3: Spherical Bessel Function

Example Find the general solution of the given differential equation on (0, c0)

o 22y +ay + (22— §)y=0

° xy// + y/ + xy — 0
o 2%y +ay + (922 —4)y =0
o 2y’ +ay — (1622 + 5)y =0

Answer 5 (end of chapter) - Solution

Example Find the general solution of the given differential equation on (0, c0)
o 22y +2zy + P2ty = 0; y = 2 V2u(x)
o xy”" +2y +4y=0

Answer 6 (end of chapter) - Solution

Example Verify that I,(z) =i7"J,(iz) is a real function

Answer 7 (end of chapter) - Solution

Example Express the general solution of the given differential equation in terms of the modified
Bessel functions

vy’ +y —Tr3y =0
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Answer 8 (end of chapter) - Solution

Example First express the general solution of the given differential equation in terms of Bessel
functions and then express the general solution in terms of elementary functions

22y +day + (22 +2)y =0

Answer 9 (end of chapter) - Solution

Example Derive the following result

/9” rdo(r)dr = xJ,(x)
0

Jo(z) = J_1(2) = —Ji ()

Answer 10 (end of chapter) - Solution

Example Use the solution of the aging spring equation ma” + ke~ *x = 0 to discuss the behavior
of z(t) as t — oo in the three cases

e ¢;#0,¢5=0
061:0702#0
001#0,02#0

Answer 11 (end of chapter) - Solution

5.3.2 Legendre Polynomials

e Since x = 0 is an ordinary point of Legendre’s equation, we substitute the series y = Z;’i 0 cja:j

to get
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(1—22)y” —2zy +nn+1)y =
[n(n +1)cy + 2¢5] + [(n — 1)(n + 2)¢; + begl

+ . [(G+2)(+Dejia+(n—G)(n+j+ l)cj]xj =0

j=2
N2
¢ = _n(n;— 1)60
(n—1)(n+2)
3= — 6 1

(n—7)(n+75+1) .
Ciyg=—— . c., j=2,3,4,
G+2G+1n 77

e The recurrence relation yields

_ n(n+1)
02——TCO
o (=20t (0= 2nn+ Dn+d),
1 4-3 2 4! 0
. __(n—4)(n+5)c __(n—4)(n—2)n(n+1)(n+3)(n+5)c
6~ 6-5 47 6! 0
. __(n—l)(n+2)c
3 3! 1
. 7_(n—3)(n+4)c :(n—3)(n—1)(n+2)(n+4)c
5 5.4 3 5! !
oo n=5)n+6) _ (n=5)(n—-3)(n—-1)(n+2)(n+4)(n+6)
’ 7.6 o 7! !

o Thus for at least |x| < 1, we obtain two linearly independent power series solutions:

i (z) = ¢, [1 B n(n2—'|- 1)$2 n (n—2)n<n4—!i— 1)(n+3)x4 B (n—4><n—2)n(n64!— 1)(n+3)(n+5)m6m
n—1)(n+2 n—3)(n—1)(n+2)(n+4 n—>5mn—-—3)(n—1)n+2)(n+4
Yo () = ¢ [x_ (2))(!>x3+ (n —3)( )5§ Jn+d) 5 (n—5)(n—3) )7(' )(n +4)

— If n is an even integer, the series y, (x) reduces to a polynomial of degree n with only
even powers of x

— If n is an odd integer, the series y,(x) reduces to a polynomial of degree n with only
odd powers of x

e Hence, for a nonnegative integer n, one of the two solutions is a polynomial

For example, if n = 4, then

45, 2457 ,

yi(x) =co |1 = -z

35
_ _ 2 4
51 1 } = [1 10x* + 3 T
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It is traditional to choose specific values for ¢, or c¢;, depending on whether n is an even or

odd positive integer, respectively

— Forn=0, ¢, =1, and for n = 2,4,6, -,

o= (_1)n/21 23 (n—1)

2. heem
— Forn=1, ¢g =1, and forn=3,5,7,--,
1.-3..m

= (=2~ 2 7
e =(=1) 2. 4(n—1)

e For example, when n =4, we have

2l 35

yi(z) = (=1) 9.4

¢ Legendre Polynomials

1
1— 1022 + §x4 = g(35954 — 3022 + 3)

These specific n-th degree polynomials are called Legendre polynomials and denoted by

P(x)
Py(z)=1
P(z)==
Py(z) = %(3952 _1)
Py(x) = %(5;&” — 3x)
P,(z) = %(35x4 — 3022 + 3)
1

Py(z) = é(63335 — 7023 + 152)

from scipy.special import eval legendre
fig, ax = plt.subplots(figsize=(5, 5))

x = np.linspace(-1, 1, 100)
for n in range(6):
y = eval legendre(n, x)
ax.plot(x, y, label=f'$P {n}(x)$")

ax.axis((-1.1, 1.1, -1.1, 1.1))
ax.set xlabel('x")
ax.set _ylabel('$P n(x)$"')

ax.legend(loc="'lower left', bbox to anchor=(1, 0))

plt.show()
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~0.75 - — Ps(x)
P4(x)
~1.00 - — Ps(x)

—-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00
X

Figure 5.4: Legendre polynomials

Properties of Legendre Polynomials

- P,(—z) = (=1)"P,(x)
-P(1)=1

- P = (1)

— P.(0)=0, nodd

— P/(0) =0, n even

Rodrigues’ Formula

The Legendre polynomials can also be represented using Rodrigues’ Formula,

1 dn n
Py(w) = g o (@ = 1) (RF)

This can be demonstrated through the following observations

— The right hand side of (RF) is an n-th order polynomial

— Treating (2% — 1)” = (x—1)"(x+1)™ as a product and using Leibniz’ rule to differentiate
n times, we have

d’n

d—(as —D)™"(x+1)" =nl(x+1)" + terms with (x — 1) as a factor
$TL

nl2m
so that P, (1) = ST
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— If h(z)=(1—2%)", then h'(z) = —2nz(1 —2%)"", so that

(1—2*)h +2nzh =0
Now differentiate n + 1 times, using Leibniz, to get
(1—2?) R("+2) —2(n + 1)zh(*+) — QM

\
(1 —22) hn+2) — 22h(+1) 4 p(n + 1)A™ =0

R + 2nzh("*Y) 4 2n(n + 1)A™ =0

— As the equation is linear and P, (z) oc h™)(z), P, (z) satisfies the Legendre equation of
order n

(1—2?)P/(z) —2zP)(x) + n(n+ 1)P,(z) =0

¢ Integral Relations

1
2
P, P, de =0, ——, k<l
/1 e (2) Py () dz AT S

1 2r
P (z)P.(v)dx = 04,1, , s<r
/1 e —1)(2r 4+ 1)

¢ Recurrence Relation

The Legendre polynomials satisfy the following recurrence relation

(n+1)P, () =2n+ 1)zP,(x) —nP,_;(x)

Consider the polynomial xP,(z). It has degree n + 1 and is thus in the linear span of
Py,-, P,,;. We can hence write 2P, (z) as a linear combination of the first n + 2 Legendre
polynomials:

xP,(z) = coPy(w) + ¢ Py () + - + cn+1Pn+1(x)

— Thus

/ 1 2P, (z)P,(z)dz = ¢, / 1 P2(z) dz

-1 -1

2k+1 (!
— ¢ = 2+ / P, (z)P,(z) dz
-1

These integrals vanish unless £k = n + 1 and for this case, we can use

on—1 (! n
= [ aP@)P @ de = o
—1
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— Hence

.’L'Pn($> = cnflpnfl (l‘) + cn+1pn+1<x)

n n+1
= o1t g (@)

This is what we wanted to prove

Example Use the recurrence relation and Py(z) = 1, P;(z) = z, to generate the next six Legendre
polynomials

Answer 12 (end of chapter) - Solution

Example Show that the differential equation

2

A7y dy :
smﬁﬁ +cost9@ +n(n+1)sinfy =0

can be transformed into Legendre’s equation by means of the substitution = cos6

Answer 13 (end of chapter) - Solution

Example Find the first three positive values of A for which the problem

(1—22)y” — 22y’ + Ay =0

y(0) =0, y(x), y'(z) bounded on [—1,1]

has nontrivial solutions

Answer 14 (end of chapter) - Solution

e The differential equation

2

1—=x

(1—22)y” — 22y + |n(n+1) — sly=0

is known as the associated Legendre equation. When m = 0, this equation reduces to
Legendre’s equation. A solution of the associated equation is

m

Ppr(a) = (1 - 222 P, (a)

where P, (z), n = 0,1,2,--- are the Legendre polynomials. The solutions P)*(x) for m =
0,1,2,--, are called associated Legendre functions
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Example Answer the following questions

o Find the associated Legendre functions P{(z), PY(z), Pl(z), P}(z), Pi(z), Pi(x), P(x),

and Pj(z)

o  What can you say about PJ*(x) when m is an even non-negative integer?

o What can you say about P)*(z) when m is a non-negative integer and m > n?

o Verify that y = Pll(z) satisfies the associated Legendre equation when n =1 and m = 1

Answer 15 (end of chapter) - Solution

Polynomials

Try it in Python: Legendre and Chebyshev polynomials as numpy.polynomial classes:

Summary

Topic

Key result

Ordinary point

Regular singular point

Frobenius cases (r; > ry)

Bessel

Parametric and modified Bessel

Bessel recurrences

Legendre

Legendre properties

P, @) analytic at z,: two independent solutions
> e, (x —xy)™, convergent at least up to the
nearest singular point

(r — xy) P and (z — 7,)?Q analytic:
y=>.¢,(x—xy)"", r from the indicial
equation

ry — 1y & Z: two series; 1, — 71y = N:

Yo = Cyy In(x — xg) + by, (x — 2)" 172

ry =7y Yo =y In(x —3) + 3 by(x — 1)
22y +ay + (22 =12y =0:
y=cJ,(x)+¢cY, (z) (J_, instead of YV, if v is
not an integer)

22y” + 2y’ + (a?2? —v?)y = 0:

o, (ax) + Y, (ax);

2y oy — (22 +12)y = 0 oL, (2) + 6K, ()

d v v d —v
g [$ Ju] =T Jy 1, % [I Ju]
(1—2?)y” — 22y +n(n+ 1)y =0:

Poa)= T (2 1y

= 9npl dgn
(n+1)P, ; =(2n+1)zP, —nP, ,,
1

—V
-z JV+1

n

2
PP dr=6,—
/1 RELAT = Opg
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Worked Exercises

1. The differential equation

zy" +(1—2)y +ay=0

is known as Laguerre’s equation
(a) Find two linearly independent solutions for 0 < x < oo
(b) Show that there is a polynomial solution of degree n, in case o = n is a non-negative integer
(c¢) These solutions are naturally called Laguerre polynomials and are denoted by L, (x). Rodrigues’
formula for the Laguerre polynomials is

et dn

T nldan

xz"e

—T

Ly (z)

Use this formula to find the Laguerre polynomials corresponding to n =0,1,2,3,4

Solution (a)

Let’s apply the Frobenius method to solve the differential equation near the regular singular point
atx =0

Step 1: Frobenius Series Assumption

Assume a solution of the form:

oo [e.¢]
y(x) =" Z a,rh = Zakxk”, ay # 0
k=0 k=0

Then,
V(@)=Y ak+ ek
k=0

y’(x) = Z ap(k+7r)(k+7r—1)zkr2
k=0

Step 2: Substitute into the Equation

Substitute into the original equation:

vy’ + (1 —2)y +ay

= Z ap(k+7)(k+7r—1)akr1 4 Z ay,(k + r)zhtr=1 — Z ay(k +r)zhr + Z a,zhtT =0
k=0 k=0 k=0 k=0

Group and simplify:
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o0 oo
Z ay(k+r)2xhr=1 4 Z ap(a—k—r)zhFm =0
k=0 k=0

Step 3: Indicial Equation

The lowest power of z is 2"~ !. Its coefficient is:

Set this to zero:

Step 4: Recurrence Relation

Now use r = 0, so:

Zakﬂk‘%- )2 +ap(a—k) 2k =0
k=0

So the recurrence relation is:

(o — k)
Qg1 = —m%

Choose ay = 1 (arbitrary constant), this gives a general form:

(—D*a(a—1)(a—k+1)
(K1)?

ak —

Thus the first solution is

[e.@]

x) = Z a,z®

k=0

When the indicial equation has a repeated root » = 0, the second solution has the form:
Yo(2) = yy(z) Inz + Z bya®
k=0

We plug this into the original equation. This leads to

21—y + O [(k+ )%y + (@ — k)] 2* =
k=0

Solution (b)
When a = n,
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(—1)kn!

ke T

ak:

For k > n, we get a;, = 0, so the series terminates. The series becomes a polynomial of degree n:

L —1)kn!
ne) =Y e = L@

k=0
The second linearly independent solution is of the form:
yol@) = L (@) nw + 3 dyat
k=0

Solution (c)

To find the Laguerre polynomials L, (x) for n =0, 1,2, 3,4, we will use Rodrigues’ formula.

e’ do 0,—x T —x
Lo(x)zoldxo(me J=e"e =1
em d xX xX —r __
Ll(x):—l!—dx (ze®)=e* - (1—x)e*=1—=x
e d® 5, 2
2<):2ld$2( e*)=1-2z+ -z

3 1
Li(x)=1-3x+ §$2 — 6903

2 1
L,(z) =1—4x + 322 — §x3 + ﬂx‘l

2. The differential equation

(1—=2?)y" —ay’ +a*y =0

where « is a parameter, is known as Chebyshev’s equation
(a) Find two power series solutions centered at the ordinary point 0

(b) When a = n is a nonnegative integer, show that Chebyshev’s differential equation always
possesses a polynomial solution of degree n

(c) These solutions are naturally called Chebyshev polynomials and are denoted by 7', (z). Rodrigues’
formula for the Chebyshev polynomials is
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T, (r)=(=1)" 2"n! V1—g2—— d _(1 —a?)n1/2

Use this formula to find the Chebyshev polynomials corresponding to n = 0,1,2,3

Solution (a)

We are to find two linearly independent power series solutions centered at x = 0, which is an
ordinary point (i.e., the coefficients of y” and 3’ are analytic at = = 0)

Step 1: Assume a Power Series Solution

Let’s assume a solution of the form:

oo
x) = Z apxk
k=0

Then compute the derivatives:

x) = ik‘akm’k—l, ikz — 1)a,z*2
k=1 -

k=2

Now substitute y,y’,y” into the differential equation:

o0 o0 o0 o0
Z k(k —1)a,z" Z k(k —1)a,z" — Z kaaz® + Z ayrk =
- - k=1 k=0

k=2 k=2

Shift the first term to match powers of 2* and combine all terms and simplify the coefficients:

Z [(k+2)(k+ 1Dag, + (& —k*)a,] 2 =0
k=0

Set each coefficient of ¥ to 0, we get the recurrence relation:

B o? — k?
W2 T T ) (k1 1)k

Step 2: Build Two Linearly Independent Solutions

We choose a, and a; arbitrarily to construct two independent solutions

« First solution: even powers only (let ay =1, a; = 0)

Then the series becomes:

Y1 () = ag + a2 + ayzt + -

Use recurrence:
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And so on
 Second solution: odd powers only (let a, =0, a; = 1)

Then the series becomes:

Yo(2) = a2 + azz® + agx® + -

Use recurrence:

And so on

Two linearly independent power series solutions centered at x = 0 are:

2 2 _ 4)o2
yi(z) = a, [1 - %1'2 Ll o }

o —1 , (a®~1)(a®~9) ,
Yo(x) = a4 [x— o+ 20 " _}
In general,
a f<_1>k<a2—<2k—2>2> (02— (k=47 (® = 2)0?
e (2k)! 0 = G2x0g
a . (_1>k(a2_(2k—1)2) (a2_(2k_3)2)._.(a2_1)a . )
e 2k 1 1) | = g1y

4

oo oo
_ ~ ok ~ 2k+1 _ ~ A
Y =aqg E Q" + aq E Aoy1% = agy;(T) + a1ys(x), Gy =a; =1
k=0 k=0

Solution (b)

Let @ = n, a nonnegative integer. Then the recurrence becomes:

B n2 —k2
2 T T ) (k1 1)k

Observe that when k = n, we get:
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n2 —n2 0
a = - =
2 n+2)(n+1) "

If we start with a, # 0, and define the even-power solution:

y(z) = ag + ayx?® + agxt + -

then for even n, the recurrence will produce:

a,.o = 0 = the series terminates at z"

So, the solution is a polynomial of degree n

Similarly, if a; # 0, the odd-power series will terminate at ™ when n is odd. Thus, we get a
polynomial solution of degree exactly n

These solutions (suitably normalized) are known as the Chebyshev polynomials of the first kind,
usually denoted T),(x). The other series (odd powers when n is even, even powers when n is odd)
does not terminate, so only one of the two solutions is a polynomial

Solution (c)

Let’s define:

folz) = (1—2?)"2, then T,(x)=(—1)" (2;;!! V1—2?. d%fn@;)

e n=0~0
dO
We hayve: fo(x):(1—112)71/2, but @fozfo

To(z) = % V1 —x2. (1 _1;2)71/2 -1
e N = 1
fil@)=(1—z2)"2 = (1 —22)1/2

Differentiate:

i o 21/2_1 _ e2\—1/2 o -

Now plug into the formula:

rin = 2 Vi () =
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e n=2
fala) = (1 —a?)??
Differentiate twice:
First derivative:
Fy(@) = 30— )2 - (<20) = —32(1 — 2?1
Second derivative:
5 (x) = d%[—Sx(l — x2)1/2] =-3(1— 332)1/2 + 322 (1 — x2)_1/2

Now plug into Rodrigues’ formula:

22.9|
Ty(a) =~ VI—a2- ff(x)

(4)!
4.2 ‘ (
=5 Vi-2 [—3(1 — 2?)V/2 + 322 (1 — 22)~1/?]
=222 -1

L] n:3

fole) = (1—a?)""

We’ll compute the 3rd derivative and plug it into the formula:

(o) = (1) S VI £ )

8.6 [
_ _ﬁ . m [451’(1 — LIJ2)1/2 _ 151,3(1 _ ;172)71/2]
- 4I3 — 3z

3. If n is an integer, you can use the substitution R(z) = (az) /2 Z(z) to solve the differential
equation

d2R dR
2 2,.2 R =
w—$2+2x—+[ax —n(n+1)] =0

Find the general solution of the differential equation on the interval (0, co)
Solution

Step 1: Apply the substitution

Let:

We compute derivatives of R(z):

143



e First derivative:

Using the product rule:

dr ~ dx

dR_d(l

Now differentiate:

dR ., ( 1
g2 32y —1/2 7> )
o =a < 57 (x) + (x)

e Second derivative:

Differentiate again:

d2
dﬂf; — o 1/2 [ix—5/2z(x> _ x_3/22’($) + x—l/zzn(m)}

Step 2: Plug into the original equation

Now substitute R, R’, R” into the equation:
2?R” +2zR’ + (a2 —n(n+1)) R=0
Thus the equation becomes:
a—1/2 l:x3/2zl/ +$1/2Z/ + <Oé2.%'3/2 _ (n<n+ 1) + i) I‘_1/2> Zj| =0

Factor out z'/2:
1 1
a1/2x1/2 [:cZ” +7Z + (a% — W) Z] =0

So the reduced equation is:

xZ" + 7' + (azw—)Zzo

Step 3: Change variable to standard form
Let’s define:

oy o A2 Bz A2
U=ar dr ~ Yau dz2 T Y a2

Plug into the reduced equation and simplify:

1 1
uZﬂ_,_Z/+(u_n(n+)+4)Z:0
U
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Now multiply through by wu:

w?Z" +uZ + (v = (n(n+1)+31))Z=0

ST

Step 4: Identify the equation

This is Bessel’s equation of order v, where:

=nn+1)+1 = v=y/nn+1)+i=n+

N =

(because n is an integer, and this square root simplifies nicely)

So we now recognize:

w2 +uZ' + (W —(n+3$HHZ =0

Final Answer

The general solution is:

1

R(x) = Jax

[AJn+1/2(O[I) + BYn+1/2(01$)}

4.  Use the indicated change of variable to find the general solution of the given differential
equation on the interval (0, co)

1
51323/// + (Oz21‘2 — 2 Z) y=0, y= \/Eu(x)
Solution
Step 1: Compute derivatives of y = v/zu(x)
o First derivative:
1
y = ixfl/Qu(x) + 212 ()

e Second derivative:

1
y// _ _1x73/2u(x) 4 x*l/Qu/(x) + xl/Qu//<$)

Step 2: Plug into the original equation

Now the full equation becomes:

1 1
(—Zazl/zu + 232 + 335/2u”> + <a2:n2 — 2+ 1) Y2y =

Group like terms and factor out z/2:
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22 (220 + zu’ + (a?2? —v?)u) =0

Since /2 > 0 on (0, 00), we divide both sides:

2?u” + 2u’ + (a?2? — v u =0

This is a parameterized Bessel differential equation
Final Answer

The general solution is:

y(@) = V& [AJ,(az) + BY, (az)]

5. When n = 0, Legendre’s differential equation has the polynomial solution y = Py(z) = 1. Use
reduction of order to find a second Legendre function satisfying the DE on the interval (—1,1)

Solution
Step 1: Use reduction of order
Let:

So we’re seeking a second solution y,(z) = v(x), where y; (z) = 1 is a known solution
Step 2: Plug into the equation

Start from the reduced equation:

(1—22)y” —2z2y’ =0

Since y = v(z), we compute:

So the equation becomes:

(1—2?*)v” —2z0" =0

This is a first-order ODE in v’ if we let w = ¢v’. Then:

(1—2*)w’ —2zw =0 (a linear first-order equation in w)

Step 3: Solve for w

We rewrite the equation as:
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This is a linear first-order ODE. Use integrating factor:

w(x) = exp (—/ 1 322 dx)

Let u =1— 2% = du = —2zdx

Then:
2 1
/ ’ d:c:—/du:—lnll—xz\
1 — 22 u
So:
M(x) _ eln\lwa\ _ |1 _$2|
but on (—1,1), 1 — 22 > 0, so
plr) =1—a?
Now solve:
d 2
%(w-,u,(:c)):o:w(l—:): ):C:>w:m
Recall w = v, so:
, c 1
V=10 :>U<£L')—C/1_w2dl‘
So:
C. |1+z
v(x) 5 n‘l—x +

Step 4: General solution

We already had y;(z) = 1, and now we have:

1

(o) = o) = 51

1+z
1—z

) (valid on (—1,1) where the log is real)

6. When n = 1, Legendre’s differential equation has the polynomial solution y = P;(z) = x. Use
reduction of order to find a second Legendre function satisfying the DE on the interval (—1,1)

Solution
Step 1: Use reduction of order
Let:
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Plug into the differential equation:

(1—2?)(v"z +20") — 2z(v'z + v) + 2(vz) =0
Expand and simplify:
(1 — 220 + (2 — 422’ =0
Step 2: Let w =1, then solve
Let w =", so w’ = v”. Then:
(1 —z2?)w + (2 —42%)w =0

We rewrite as:

w4+ ———Fw=0

Step 3: Solve a first-order linear ODE

. . . 2 — 4a? 2 1 1 . . .
Partial fractions give ———— = — — + ——, so the integrating factor is
z(1—22) 2z 1—2 14z

pw(z) =exp(2In|z| +1In(l — ) +In(1 + 2)) = 22(1 — 2?), —l<z<1
Now solve the equation:

d C

gz W) =0=weple) =C=w= a0

Now integrate to find v:

dr 1 1

1 1. 1
:C(———i—fln +$>+D
r 2 11—z

Final Answer:

Taking C' =1, D =0, the second linearly independent solution for n =1 on (—1,1) is

z. 1+

Ys(x) = zv(2) = 5111 -

—1 (up to constant multiples)

This is the Legendre function of the second kind @, (z). Check: g} = $In{H2+ L o/

11—z 1—22>

and (1 — 2?)y) — 2zyh + 2y, = 125 — 228 _9=0

T 1—x
7. Find the general solution of the differential equation on the interval (0, co)

2y’ +y=0
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Hint) Use the substitution y(z) = vzu(x), 2\r =2z
Solution

By using y(z) = vru(r) and 2./r = z, the differential equation becomes

1
y/:ﬁu—i-\/%u/
7 1 1 / V4
Yy =— u+ —=u +\zu
T

CEAVEREY
4

1
x\/a?u/’—i-\/fu’—l—( m—m>u:0
_dudz 1 du

YT dzde T Vadz
o d <du> dz 1(12711 1 du

= \@) dr = rdz  myide
I3
d?u

du
20 U at 2 _ _
z Z2+z Z+(z u=0

The general solution of the above differential equation on the interval (0, c0) is

u(z) = ¢ J1(2) + ;Y1 (2)

Thus the general solution on the interval (0, c0) is

y(z) = 1 Vo, (2v/x) + V21 (2V/)

8. The equation

y” —2xy +2ay =0

where « is a constant, is called the Hermite equation.
(a) Find two linearly independent solutions for —oo < 2 < 0o
(b) Show that there is a polynomial solution of degree n, in case a = n is a non-negative integer

Solution

(a)
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y” —2xy + 20y =0
o0

Il y= Z cxz®, o =0 is an ordinary point

chk — 1)z —Qchk‘a} +20<chx

2¢y + 20y + Z [(k+2)(k+1)cpe —2(k—a)g]zb =0

4
Cy = —acy, C ———2<a_k) c
e U TV D
4
. :(_2)k(a—(2k—2))(a—(2k—4))~-(a—2)ac .
2k (2k’)' 0 2k~0
o (op@mGE D) (@GR 8)am)
2k+1 <2]€+1)' 1 2k+1%1
4

~

o0 o0
_ ~ 2k N 2k+1 _ o
Y=~ E Cop ™" + Cq E Cog+1% =cYo(7) + yyi(z), co=¢ =1
k=0 k=0

(b) If n is an even integer, the first series terminates, whereas y,(z) is an infinite series. For
example, if n = 4, then

4 4—2)4 4
Yolz) = co [1—2 x +22(4!)x4} =Cy [1—4x2+§x4]

Similarly, when n is an odd integer, the series for y, (x) terminates with ™. For example, if n = 5,
then

y1(@) = ¢ [$—2<5;1)x3+4(5_2§5_1)x5} = [m—gm’ + 145 5}

That is, when n is a nonnegative integer, we obtain an n-th degree polynomial solution of Hermite
equation

9. Find the general solution of the differential equation on the interval (0, c0)

22y” 4+ 2zy’ + (a?z? —n(n+1))y =0, n is an integer

1
Hint) Use the substitution y(z) = —=z(x)

NG

Solution

1
By using y(z) = ﬁz(x), the differential equation becomes

1\ 2
x22" +x2 + {042152 <n+§> ]z:O
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The general solution of the above differential equation on the interval (0, 00) is

2(@) = e,y (0@) + &Y, ) (az)

Thus the general solution on the interval (0, c0) is

1 1
y(x) = Clﬁer% (ax) + c2ﬁYn+%(aaz)

Answers

Answer 1 (Section 5.3)

/2 .
y=cyJyo(x) +eod yp(x) = — (¢ sina + ¢y cosx)
Answer 2 (Section 5.3)

y = c1J3(x) + cp¥3(x)

Answer 3 (Section 5.3)

d
Put v =0 in e [V, ()] = —a~VJ, ()

Answer 4 (Section 5.3)

With I' (% + n) - ég:;)l" /7, the series becomes \/272 W = \/zcosx
Answer 5 (Section 5.3)

(1) y=c1Jy3() + o d_y3(2)

(2) y =1 Jo(2) + Y ()

(3) y = c1J5(32) + ¢, Y5 (3)

(4) y = c11y5(4x) + ¢ Ky 5 (4)

Answer 6 (Section 5.3)

sin ax COS ax
(1) y=a? [ClJl/Q(ax) + Czj—l/z(ax)] =0 +C

(2) y =22 [e; 1 (4V7) + oY1 (/)]
Answer 7 (Section 5.3)

[\V]

X T

s 1 T\ 2n+v
I,(x)= Z DTG0 (—) , a series of real (and positive) terms for x > 0

2

n=0

Answer 8 (Section 5.3)

V7
y = Cllo (21'2 + C2K0 7

Answer 9 (Section 5.3)

5
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sin x CoS T
2 +Co 2

y =32 [01J1/2(33) +02J71/2($)] =0 .

Answer 10 (Section 5.3)
d

Integrate p [rJy(r)] = rJy(r) from 0 to z; Jj = J_; follows from o [¥ ], = x¥J,_; with v =0,
T

and J—l — 7‘]1

Answer 11 (Section 5.3)

As t — oo the argument s = %\/k/me*o‘t/2 — 0

(1) z(t) = ¢; (the mass comes to rest)  (2) |z(t)| — oo, growing almost linearly in ¢ (3) the
Y, term dominates, so |z(t)| — oo

Answer 12 (Section 5.3)

Py=1(32%—1), Py=3(5a®—3z), P,=g(352*—302?+3), P;=4(632°—702°+ 15z)
Py = 15(2312% — 315" 4+ 1052% —5), P, = $-(42927 — 6932° + 3152° — 352)

Answer 13 (Section 5.3)

2

d d
With & = —sinfy, and =7 = sin? 0y,,—cosfy,, theequation becomessinf [(1 —z?)y,, — 22y, + n(n+ 1)y

Answer 14 (Section 5.3)

A=2, 12, 30 (n=1,3,5; the solutions are P;, P;, P;)

Answer 15 (Section 5.3)

P)=1, P’ =z, P} =(1—2*)'2, P} =32(1—22)Y2 P?=3(1—2?
Py =3(522 —1)(1 —2*)V?, P =152(1 —2?), P} =15(1—22)%?2

m even: P! is a polynomial of degree n; m >mn: P" =0

152



6 Matrices

Learning objectives After this chapter you should be able to

o perform matrix algebra, and solve linear systems by Gaussian and Gauss-Jordan
elimination

e use the rank to decide whether a system is consistent and how many parameters its
solution has

e evaluate determinants by cofactor expansion and their properties, find inverses, and
use Cramer’s rule and the LU factorization

« find eigenvalues and eigenvectors, compute matrix powers with the Cayley-Hamilton
theorem, and approximate eigenvalues by the power method

o diagonalize matrices, orthogonally diagonalize symmetric matrices, and apply matrices
to quadratic forms, codes, least squares and compartmental models

6.1 Prerequisites

o Vector Spaces (Section 9.6)
o Gram-Schmidt Orthogonalization Process (Section 9.7)

6.2 Matrix Algebra

e A matrix is any rectangular array of numbers or functions

ay; Ap2 Q1n
Qg1 Qoo Aoy
Am1 G2 Amn

— The numbers or functions in the array are entries or elements
— An n X n matrix is a square matrix of order n

e Column and row vectors are n X 1 and 1 x n matrices

ay
2 (a ay o oa)
a.n
¢ Equality of Matrices
A= (aij)mm and B = (bij)mxn are equal
if a;; = b;; for each i and j
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Matrix Addition
Scalar Multiplication

Properties of Matrix Addition and Scalar Multiplication

Suppose A, B, and C are m x n matrices and k; and k, are scalars. Then

A+B=B+A
A+B+C)=(A+B)+C
(kiky) A =k (kyA)
ki (A+B)=FkA+kB
(ky + ko) A = k1A + kyA

Matrix multiplication

p
k=1

where A is an m X p matrix, B is a p X n matrix, and AB is the m x n matrix
— In general, AB # BA
— Associative Law: A (BC)=(AB)C
— Distributive Law: A(B+C)=AB + AC

Transpose of a Matrix

11 G " Oy
AT — | @12 Q22 ™ o
a1n  Q2p Umn
Properties of Transpose
(A7) = A
(A+B)" = AT + BT
(AB)" = BTAT
(kA)" = kAT

Special Matrices

— In a zero matrix, all entries are zeros

— In a triangular matrix, all entries above or below the main diagonal are zeros (lower
triangular or upper triangular)
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— In a diagonal matrix, all entries not on the main diagonal are zeros

— A scalar matrix is a diagonal one where all entries on the main diagonal are equal.
If those entries are 1’s, it is an identity matrix, I (or I, when there is a need to
emphasize the order of the matrix)

— An n x n matrix A is symmetric if AT = A

2 -3 -1 6
Example If A= (_5 4> and B-( 3 2),

find (a) AB, (b) BA, (c) A%, (d) B2

Answer 1 (end of chapter) - Solution

Example Show that if A is an m X n matrix, then AAT is symmetric

Answer 2 (end of chapter) - Solution

Example In matrix theory, many of the familiar properties of the real number system are not
valid. If a and b are real numbers, then ab = 0 implies that a = 0 or b = 0. Find two matrices
such that AB =0 but A#0and B+#0

Answer 3 (end of chapter) - Solution

Example Let A and B be n x n matrices. Explain why, in general, the given formula is not
valid

(A+B)? =A%+ 2AB + B?

Answer 4 (end of chapter) - Solution

Example Find the resulting vector b if the given vector a = (1, 1) is rotated through the indicated
angle 0 = /2

Answer 5 (end of chapter) - Solution

Example Verify that the quadratic form az? + bxy + cy? is the same as

Answer 6 (end of chapter) - Solution

Try it in Python: Matrix operations with numpy: Matrix and vector operations; exact
(symbolic) matrices with sympy: Linear algebra
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6.3 Systems of Linear Algebraic Equations

e General Form

A system of m linear equations in n unknowns has the general form

by

Q91T + AooTo + -+ Ao Ly = bQ

a1 + A19To + -+ A1, Ty =

U1y + ) +ot AynTyn = bm

 The coefficients of the unknowns can be abbreviated as a;;. The numbers b,, by, -+, b,, are
called the constants of the system. If all the constants are zero, the system is said to be
homogeneous, otherwise it is nonhomogeneous

ap; Q2 A1p Ty by
Qg1 QAgg Qon Lo by
A= : » X = : ) b = :
aml CLm,2 amn ‘Tn bm
Ax=D

e A linear system of equations is said to be consistent if it has at least one solution and
inconsistent if it has no solutions. If a linear system is consistent, it has either

— a unique solution (that is, precisely one solution), or
— infinitely many solutions

Ay Ay Ay

/

o o
7

/

/ !
(a) Consistent

(b) Consistent
infinitely many solutions

(c) Inconsistent
no solution

unique solution

e Augmented Matrix

ap; G2 ay, | by
Qg1 Qg9 A9y | by
A1 A2 A, bm

o A system can be solved with elementary operations (row reduction for matrices) on an
augmented matrix
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ElementaryOperations Meaning

R;; Interchange rows i and j
cR; Multiply the row ¢ by the nonzero constant c
cR;, + R; Multiply the row ¢ by ¢ and add to the row j

¢ In the Gaussian elimination, we row-reduce the augmented matrix until we arrive at a
row-equivalent augmented matrix in row-echelon form

— In consecutive nonzero rows, the first entry 1 in the lower row appears to the right of
the 1 in the higher row

Example Solve

2 6 1\ [z 7
12 1| |a|=]-1
5 7 —4 T3 9

Using row operations on the augmented matrix, we obtain

—2R, + R,

(26 1 7)R12<12—1 —1)—5R1+R3(1 2 -1 —1)
12 —-1|-1|=|26 1| 7 = 0 2 3|9
57 —4] 9 57 —4| 9 0 -3 1|14
3Ry ( 1 2 -1)-1 3Ry+R; ( 1 )

=0 1 3| 2 = |0

1| 14 0

—1
9
2
)

The last matrix is in row-echelon form. We can make the last matrix above to be in reduced

O =N
[Soies »I—l
“‘gw\w .I_n

O =N
— NI =

row-echelon form

Example Solve

157



1 3 -2 T —7

Using row operations on the augmented matrix, we obtain

*4R1+R2 *R2+R3
1 3 —2|=7\ —2R,+R, (1 3 —2[-T\ —LlRr, (1 3 —2|-7
4 1 3| 5 = 0 —11 11 33 = 01 —1]|-3

2 =5 7|19 0 —11 11| 33 00 0] 0

In this case, the last matrix implies that the original system of three equations is really equivalent

to two equations
—3Ry+R, 10 1 2
= 01 —-1]-3

00 0] 0

If we let 3 =1t, z; = —t+ 2 and z, =t — 3, then we see that the system has infinitely many
solutions

Example Solve

() ()

Using row operations on the augmented matrix, we obtain

—4R, + R, —Ry + Ry
(1 1 1)_231+33(1 1 1) —1R, (11 1)
4 —1|-—6 — 0 —5|—10 — 0 1| 2
2 —3| 8 0 —5| 6 0 0]16

The system has no solution

¢ A homogeneous system of linear equations is always consistent. The solution consisting
of all zeros is called the trivial solution. A homogeneous system either possesses only the
trivial solution or possesses the trivial solution along with infinitely many nontrivial solutions

¢ A homogeneous system possesses nontrivial solutions if the number m of equations
is less than the number n of unknowns (m < n)
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Example Find the positive integers x,, z,, =5, and x, so that

x,CyHg + 2509 — 25CO, + 2,H,0

Because the number of atoms of each element must be the same on each side of the last equation,
we have:

Atom

C 2, = x4

H 6:61 = 2$4

O 2372 = 2$3 + .',U4

R12
2 0 ~1 010 R23 6 0 0 =210 row operations 100 _% 0
6 0 0 20| =02 -2 —-1|0 = 010—%0
02 -2 —1/0 20 -1 0|0 001 —2|0

Then when we let x, =t, z; = %t, Ty = gt, T3 = 2t If wepickt =6, 1, =2, 5 =T, Tg = 4,
fU4 :6

Example Use either Gaussian elimination or Gauss-Jordan elimination to solve the given system
or show that no solution exists

Ty — Ty =11
4.%1 +3x2 =-5

9.’1}1 +3$2:—5
2.%'1 +x2:—1
.1‘1—.%'2—%‘3:—3

2331 + 3332 + 5$3 = 7
ﬂ?l — 2$2 + 3$3 - _11

Ty +Ty+x3=0
T+ 2o+ 323 =0

Ty — Ty — Ty =8

I1—$2+$3:3

—$1+$2+x3=4

Answer 7 (end of chapter) - Solution

Example Balance the given chemical equation:
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C.H, + 0, — CO, + H,0

Cu + HNOg — Cu(NO,), + H,0 + NO

Answer 8 (end of chapter) - Solution

Example Compute the given product for an arbitrary 3 x 3 matrix A

010 1 00
1 00 01 0JA
0 01 0 ¢ 1

Answer 9 (end of chapter) - Solution

Try it in Python: Solving linear systems numerically and symbolically, condition numbers,
and least squares: System of Linear equations

6.4 Rank of a Matrix

o The rank of an m x n matrix A, rank(A), is the maximum number of linearly
independent row vectors. If a matrix A is row equivalent to a row-echelon form B, then

— the row space of A = the row space of B
— the nonzero rows of B form a basis for the row space of A, and
— rank(A) = the number of nonzero rows in B

o Consistency of Ax=Db
— A linear system of equations Ax = b is consistent if and only if rank(A) = rank(A|b)

— Suppose a linear system Ax = b with m equations and n unknowns is consistent. If
rank(A) = r < n, then the solution of the system contains n —r parameters. This means
that we have the unique solution when r =n

1 a’/12 a/lr a/lT-'rl a/ln bi

1 .“ : /7 .“ /7 b/

ayp Gy Gy | by " : a27:+1 . a?” 2
row operations :

el I B I R N W P PR I

) ’ ) 0O 0 0 O 0 0O 0 1|0

Am1 Om2 mn bm : : : : : : : :

0O 0 0 O 0 0O 0 1|0
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Ax=Db

T

Consistent Inconsistent
rank(A) = rank(A|b) rank(A) < rank(A|b)
Unique Solution Infinitely Many Solution
rank(A) =n rank(A) < n

n —r arbitrary parameters in solution

Example Find the rank of the given matrix

2 1 3
6 3 9
1 3
-1 =3 =3

DN O
S = =N
WD O =~
—_

o WOt
QWi = N

Answer 10 (end of chapter) - Solution

Example Determine whether the given set of vectors is linearly dependent or linearly independent

111 — <1,273>7 UQ — <].,0, ].>7 u3 - <].,_1,5>

u, =(1,-1,3,-1), uy, = (1,—1,4,2), ug = (1,—1,5,7)

Answer 11 (end of chapter) - Solution

Example Suppose the system Ax = b is consistent and A is a 5 x 8 matrix and rank A = 3.
How many parameters does the solution of the system have?

Answer 12 (end of chapter) - Solution

Example Let A be a nonzero 4 x 6 matrix

1. What is the maximum rank that A can have?
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2. If rank(A|b) = 2, then for what value(s) of rank(A) is the system Ax = b, b # 0,
inconsistent? Consistent?

3. [Ifrank(A) =3, then how many parameters does the solution of the system Ax = 0 have?

Answer 13 (end of chapter) - Solution

Example Let v, v,, and v5 be the first, second, and third column vectors, respectively, of the
matrix

2 1 7
A= 1 0 2
-1 5 13

What can we conclude about rank(A) from the observation 2v; + 3v, — v = 07

Answer 14 (end of chapter) - Solution

6.5 Determinants

¢ Determinant of a 2 x 2 Matrix

a;; A2

det(A) = S

= Q11099 — A1209;

¢ Determinant of a 3 x 3 Matrix

a2 s Qg Q23 Qg Qg3 Qg1 Ggo
_ _ 1+1 142 143
det(A) = |ay; azy  ags|=ay;(—1) + aq5(—1) + a;3(—1)

Q3o dg33 a3p dass Az agg

a a a
31 @32 0433
e Determinant of a n x n Matrix
_ h
det A = E (—1)%ay, ag, -+ ay,
where the summation is over all permutations [, l,, ---, [, of 1, 2, ---, n and the sign accords

with the parity of the permutation
e Cofactor and Minor
The cofactor of a;; is the determinant
Cij = <_1)i+jMij

where M;; is the determinant of the submatrix obtained by deleting the i-th row and the j-th
column of A. The determinant M,; is called a minor determinant
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¢ Cofactor Expansion of a Determinant: Laplace Development

Let A = (%j) be an n x n matrix. For each 1 <¢ <n, the cofactor expansion of
nxn

det(A) along the i-th row is

det(A) = Z i, Ciy
k=1

For each 1 < j <n, the cofactor expansion of det(A) along the j-th column is

k=1

Example Suppose

2 3 4
A= 1 -1 2
-2 3 5
Evaluate the indicated minor determinant or cofactor
Answer 15 (end of chapter) - Solution
Example Evaluate the determinant of the matrix
3 5
-1 4
1—-Xx 3
2 2—A
Answer 16 (end of chapter) - Solution

Example Evaluate the determinant of the given matrix by cofactor expansion

-2 -1 4
-3 61
-3 4 8

IS I

1
Y
3

W

Answer 17 (end of chapter) - Solution
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6.6

Properties of Determinants

If AT is the transpose of the n x n matrix A, then det(AT) = det(A)

a;; G2 Qi3 ay1p Qg1 A3y
Qg1 Qgp Q23] = [G12 (oo 0A3g
Q31 Q32 Q33 Q13 Qg3 a3z

If any two rows (columns) of an n X n matrix A are the same, then det(A) =10

a1 Q12 Q33
ay; Gy ag3 =0
Qaz1 Q32 a3z

If all the entries in a row (column) of an n x n matrix A are zero, then det(A) =0

a1 Q12 Qi3
0 0 0[=0
Q31 Gzg 0433
[f B is the matrix obtained by interchanging any two rows (columns) of an n X n matrix A,
then det(B) = —det(A)
Qg1 Qg2 QAo3 app Qo2 Qg3
ay; G Qi3 = — Q21 G2 Qg3
Q31 Q32 Q33 Q31 Qgzz A3z

If B is the matrix obtained by multiplying a row (column) by a nonzero real number k,
then det(B) = kdet(A)

a1 Ao Qi3 Q11 Q12 Q33
kagy kagy kagg| =klag; agy aogg
az;  G3zz Q33 Q31 Qgzp 0a33

If A and B are both n x n matrices, then det(AB) = det(A) - det(B)

a;p Q2 Qi3 by; by byg ap; arp apgl|bir bz byg
Qg1 Qg Go3 bay  bag bog || =|a21 aos  aogg||bay bag  bog
a3y Q32 0A33 bs; b3y bag a31 Qgp  Agg)|bsy bsg  bag

Suppose B is the matrix obtained from an n x n matrix A by multiplying a row(column) by
a nonzero k and adding the result to another row(column). Then det(B) = det(A)

an a2 as app G2 G3
Qg1 Qg2 Qg3 =021 Q22 Qo3
kagy + asy  kagy + asy  kagg + ass gy Q32 G33
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o If A is an n x n triangular matrix, then det(A) = a aq9 - ay,,

a;; O 0
Ay; Q9o 0| =aqqa99a33
a3y Q32 0G33

Alien Cofactors

e Suppose A is an n x n matrix. If a,;,a,9,,aq,, are the entries in the i-th row and
Cp1,Cpay -+, €y, are the cofactors of the entries in the p-th row, then

Zaikcpk =0 for 7 # p
k=1

o Ifayj,a95,-,a,; are the entries in the j-th column and C,,, Cy,, -+, C,,,, are the cofactors
of the entries in the p-th column, then

Zaijkp =0 forj#p
k=1

Example State the appropriate theorem(s) in this section that justifies the given equality

12 |34
347 |1 2
—5 6 _| 1 6
2 -8 |6 -8
12 3 12 1
42 18{=62 1 3
59 —12| |5 9 —4

Answer 18 (end of chapter) - Solution

Example Evaluate the determinant of the given matrix using the result

a; Gz as
€ Cy Cy

1. A

a3 Q9 ap
by by by

2a; ay, ag

2c; ¢y c3
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da; —2a3 ay, ag
2c; —c3 %CQ %03

Answer 19 (end of chapter) - Solution
Example Consider the matrix

1 1 1
A= T Y z
y+z x+z xT+y

Without expanding, show that det A =0

Answer 20 (end of chapter) - Solution

Example Evaluate

1 1 1 1
a b ¢ d
a? b2 2 d?
a® v 3 dP

Answer 21 (end of chapter) - Solution

6.7 Inverse of a Matrix

e If A is an n X n matrix and there exists an n x n matrix B such that

AB=BA =1

then A is said to be nonsingular or invertible and B is the inverse of A

e An n x n matrix that has no inverse is called singular. If A is nonsingular, its inverse is
denoted by B = A~!

e Properties of the Inverse

Let A and B be nonsingular matrices. Then

(AH ' =A
(AB) ' =B 1A-!
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e Adjoint Matrix

nn

¢ Finding the Inverse

Let A be an n x n matrix. If det(A) # 0 (nonsingular), then

-1 _ adj(A)
det(A)

or

[row operations turn A intoI (= Ais nonsingular)]

/ N\

row operations

(A[I) » (IJA7)
N _—

[the same operations applied to I give A*l]

¢ Using the Inverse to Solve Systems

The coefficient matrix A is n x n. In particular, if A is nonsingular, the system Ax =b
can be solved by

x=A"b
A homogeneous system of n linear equations in n unknowns Ax = 0 has

— only the trivial solution if and only if A is nonsingular

— a nontrivial solution if and only if A is singular

Example Verify that the matrix B is the inverse of the matrix A

(1 1 (3 -1
A=) e

Answer 22 (end of chapter) - Solution

Example Determine whether the given matrix is singular or nonsingular. If it is nonsingular,

: . -1 _ adjA
find the inverse using A~ = ¢

167


https://seoultechpse.github.io/EngMath/files/solutions/sol_6_6.pdf

0 -1 1 4 1 00
ggg 302 -2 1 0 100
00 o) 0 4 0o1f fo 210
1 0 -1 1 0 -3 0 1

Answer 23 (end of chapter) - Solution

Example Find the inverse of the given matrix or show that no inverse exists

123 4 2 3
45 6|, 2 10
7 8 9 ~1 -2 0

Answer 24 (end of chapter) - Solution

Example If A is nonsingular, then (AT)f1 = (A’l)T, verify this for

Answer 25 (end of chapter) - Solution

Example Find the inverse of the rotation matrix

cosf) —sinf
M= (sin 6  cos 0)
What does a = M~'b represent?

Answer 26 (end of chapter) - Solution

Example A nonsingular matrix A is said to be orthogonal if A~! = AT
1. Verify that the rotation matrix is orthogonal

2. Verify that
) V2o 0 =2
A=—1vV2 V3 1
V6 V2 =3 1

is an orthogonal matrix

Answer 27 (end of chapter) - Solution

Example Answer the questions based on the supposition

e Show that if A is an orthogonal matrix, then det A = 41

e Suppose A and B are nonsingular n x n matrices. Then show that AB is nonsingular
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e Suppose A and B are n x n matrices and that either A or B is singular. Then show that
AB is singular

1
e Suppose A is a nonsingular matrix. Then show that det Al = Tt A
e

e Suppose A? = A. Then show that either A =1 or A is singular

e Suppose A and B are n X n matrices. A is nonsingular, and AB = 0. Then show that
B=0

e Suppose A and B are n x n matrices. A is nonsingular, and AB = AC. Then show
that B=C

e Suppose A and B are nonsingular n x n matrices. Is A + B necessarily nonsingular?
e Suppose A is a nonsingular matrix. Then show that A” is nonsingular

e Suppose A and B are n x n nonzero matrices and AB = 0. Then show that both A and
B are singular

Answer 28 (end of chapter) - Solution

6.8 Cramer’s Rule

If det(A) # 0, the solution of the system is given by

T, = M =1.2. .1
T det(A) o
where
app oAy byoagper e agy
A, — Agp = Ggpq by aguq Gy,
E— : : : : :
Up1 v Gppo1 Dy Upk+1 " Apn

Example Solve the given system of equations by Cramer’s rule

_3331 + $2 == 3

0.1z, — 0.4z, = 0.13

:L‘l _ZEQ — 04

2r+y=1
3z 4+ 2y = -2

Answer 29 (end of chapter) - Solution

Example Consider the system
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T+ 29 =1

T, +exy =2

When € is close to 1, the lines that make up the system are almost parallel

1. Use Cramer’s rule to show that a solution of the system is

1 1
€T =
27 -1

n=lmT

2. The system is said to be ill-conditioned since small changes in the input data(for example, the
coefficients) cause a significant or large change in the output or solution. Verify this by finding the
solution of the system for e = 1.01 and then for e = 0.99

Answer 30 (end of chapter) - Solution

6.9 The Eigenvalue Problem

e Let A be an n x n matrix. A number A is said to be an eigenvalue of A if there exists a
nonzero solution vector k of the linear system

Ak = Ak

and the solution vector k is said to be an eigenvector corresponding to the eigenvalue A

e The problem of solving Ak = Ak for nonzero vectors k is called the eigenvalue problem
for A

o We must solve the characteristic equation det(A — AI) =0 to find an eigenvalue A

o To find an eigenvector k corresponding to an eigenvalue A, we solve (A — AI)k =0 by
applying Gauss elimination to (A — AI|0)

Example Find the eigenvalues and eigenvectors of
1 2 1
A= 6 —1 0
-1 -2 -1

1-Xx 2 1
det(A—X)=| 6 —1—-X 0 [=0
—1 2 —1-2)

To find the eigenvalues, we solve

It follows that the characteristic equation is

A2 =X 122 = - AA+4H(A—=3)=0
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Hence the eigenvalues are A\; = —4, Ay =0, A3 =3

For A\; = —4, we have

5 2 110 row operations 10 110
(A+410)=| 6 3 0|0 = 01 —2/|0
310

00 010

-1 -2

Thus k; = —kg, ko = 2ks;. Choosing k3 = 1 gives the eigenvector

For Ay =0, we have

1 2 110 .
row operations
-1 -2 —-110

(A—OI|O):( 6 -1 00 —

Thus ky = —15ks, ky = —15ks. Choosing ks = 1 gives the eigenvector

13
_L
13
1
For Ay =3, we have

—2 2 110 . 1 0
row operations
(A —31J0) = 6 —4 00 — 0 1

-1 -2 —4|0 0 0

o lw =

Thus ky = —kg, ky = —3kg. Choosing kg = 1 gives the eigenvector

import sympy
sympy.init printing()

A = sympy.Matrix([[1, 2, 1], [6, -1, O], [-1, -2, -111)

A.eigenvects()

—
i
.
—
—.\-
it
—

(S

[
et

[
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Example Find the eigenvalues and eigenvectors of

9 1 1
A=]1 9 1
1 19
The characteristic equation
9—2A 1 1
det(A—XI) =] 1 9— A\ 1 |=—(A—=11)(A—=8)2=0
1 1 9—\

shows that A\; = 11 and that Ay = A3 = 8 is an eigenvalue of multiplicity 2

For A\; =11, we have

—2 1 110 . 1 0 —-1/0
row operations
(A —111J0) = 1 -2 10 = 01 —11]0

1 1 =210 00 010

Thus k| = k3, ky = k3. Choosing k5 = 1 gives the eigenvector

1
1
For A\, = 8, we have

L 1110 row operations 1 1 1]0
(A—8I0)=| 1 1 10 — 00 00
11 10 0 0 0|0

Here k| + ky + k5 = 0, we are free to select two of the variables arbitrarily

Choosing, on the one hand, ky, =1, k3 =0, and on the other, ky =0, k3 =1, we obtain two
linearly independent eigenvectors

—1 -1
k, = 1 and ks = 0
0 1

corresponding to a single eigenvalue

If instead we choose ky = 1, k3 = 1 and then ky = 1, ks = —1, we obtain, respectively, two entirely
different but orthogonal eigenvectors

—2 0
1 —1

A = sympy.Matrix([[9, 1, 11, [1, 9, 11, [1, 1, 9]])
A.eigenvects()
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Example Find the eigenvalues and eigenvectors of

()

From the characteristic equation

det(A — AI) :’ o ’

we see \; = A, = 5 is an eigenvalue of algebraic multiplicity 2

To find the eigenvector(s) corresponding to A\; =5, we resort to the system (A — 5I|0)

—2 410 row operations 1 =210
(A_5I‘O)_<—1 20) - (0 0 0)

Thus k; = 2k,. If we choose k5 =1, we find the single eigenvector

()

We define the geometric multiplicity of an eigenvalue to be the number of linearly independent
eigenvectors for the eigenvalue

When the geometric multiplicity of an eigenvalue is less than the algebraic multiplicity, we say
the matrix is defective. In the case of defective matrices, we must search for additional system

-2 412 row operations 1 -2 -1
st = (73T ) T ()

Thus k; — 2ky = —1. If we choose ks = 0, we find the generalized eigenvector

-1
= (%)
A = sympy.Matrix([[3, 41, [-1, 711])
A.eigenvects()
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lambdal = A.eigenvects()[0][0O]
kl = A.eigenvects()[0][2]1[0]
Al = A -lambdal *sympy.eye(2)
Al.pinv_solve(kl)

o Let A be a square matrix with real entries. If A = a+ i3, 8 # 0, is a complex eigenvalue of
A with eigenvector k, then A is also an eigenvalue, with eigenvector k:

Ak = Ak

e A =0 is an eigenvalue of A if and only if A is singular

o If )\ is an eigenvalue of nonsingular A with eigenvector k, 1/\ is an eigenvalue of A~}
with the same eigenvector k

e The eigenvalues of an upper triangular, lower triangular, and diagonal matrix are the main
diagonal entries

Example Find the eigenvalues and eigenvectors of the given matrix. State whether the matrix is

singular or nonsingular
(—1 2) (4 8) (1) 8 (1)
—7 8 0 =5 11 -1

Answer 31 (end of chapter) - Solution

Example Find the eigenvalues and eigenvectors of the given nonsingular matrix A. Then without
finding A~!, find its eigenvalues and corresponding eigenvectors

4 2 -1
() (0 ; _2)
00 5
Answer 32 (end of chapter) - Solution

Example True or False: If A is an eigenvalue of an n X n matrix A, then the matrix A — A\I
is singular. Justify your answer

Answer 33 (end of chapter) - Solution

Example Suppose A is an eigenvalue with corresponding eigenvector k of an n x n matrix A
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1. If A2 = AA, then show that A’k = \?k. Explain the meaning of the last equation

2. Verify the result obtained in part 1 for the matrix

(3

3. Generalize the result in part 1

Answer 34 (end of chapter) - Solution

Example Let A and B be n x n matrices. The matrix B is said to be similar to the matrix A
if there exists a nonsingular matrix S such that B = S™'AS. If B is similar to A, then show that
A is similar to B

Answer 35 (end of chapter) - Solution

Example Suppose A and B are similar matrices. Show that A and B have the same eigenvalues

Answer 36 (end of chapter) - Solution

Try it in Python: Eigenvalues and eigenvectors with sympy and scipy.linalg: Eigenvalue
problems

6.10 Powers of Matrices

¢ Cayley-Hamilton Theorem

If (=1)"A" 4+ ¢, A" 1+ 4 c;XA+ ¢y =0 is the characteristic equation of n x n matrix A,
then

(—1)"A" 4 ¢, (A" 4+ A+ I=0

And we can write

and the equation for the eigenvalues

)\m == anil)\nil + an72)\n72 + + al)\ + CLO

hold for the same constants
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Example Verify that the given matrix satisfies its own characteristic equation
1 =2
)
Answer 37 (end of chapter) - Solution

Example Compute A™

3 5 111
A:<4 0>;m:5,A: 01 2]; m=10
0 10

Answer 38 (end of chapter) - Solution

Example Show that the given matrix has an eigenvalue A, of multiplicity two. As a consequence,
the equation A = ¢y + ¢; A does not yield enough independent equations to form a system for
determining the coefficients ¢;. Use the derivative (with respect to A) of this equation evaluated at
A, as the extra needed equation to form a system. Compute A™ and use this result to compute
the indicated power of the matrix A

Answer 39 (end of chapter) - Solution

Example )\ =0 is an eigenvalue of each matrix. In this case, show that the coefficient ¢, in
the characteristic equation

(=D)"A" +c, (A" 1+ A+ I=0

is 0. Compute A™ in each case. In part (a), explain why we do not have to solve any system for
the coefficients ¢; in determining A™

1 1

0 —2

1 3

11
A. = A_ =
@ A=(3 ). ©® (
Answer 40 (end of chapter) - Solution

Example A non-zero n X n matrix A is said to be nilpotent of index m if m is the smallest
positive integer for which A™ = 0.

2
1
1

1. Explain why any nilpotent matrix A is singular
2. Show that all the eigenvalues of a nilpotent matrix A are 0

Answer 41 (end of chapter) - Solution
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6.11 Orthogonal Matrices

Let A be a symmetric matrix (A = AT) with real entries. Then the eigenvalues of A are real

Let A be a symmetric matrix. Then eigenvectors corresponding to distinct(different) eigen-
values are orthogonal

An n x n matrix A is orthogonal (A~! = AT) if and only if its columns x,, X,, -, X,, form

an orthonormal set

x;x; =0, i #jand x; - x; =1

It may not be possible to find n linearly independent eigenvectors for an n X n matrix A
when some of eigenvalues are repeated (defective matrix)

But a symmetric matrix is an exception. It can be proved that a set of n linearly independent
eigenvectors can always be found for an n x n symmetric matrix A even if there is some
repetition of the eigenvalues

However, this does not mean that all eigenvectors are mutually orthogonal for an n x n
symmetric matrix A. Eigenvectors corresponding to distinct eigenvalues are orthogonal; but
different eigenvectors corresponding to a repeated eigenvalue may not be orthogonal

But it is always possible to find or construct a set of n mutually orthogonal eigenvectors by
using Gram-Schmidt orthogonalization. See Section 9.7

Example Construct an orthogonal matrix from the eigenvectors of

7T 4 4
A= 4 -8 -1
—4 -1 -8

A = sympy.Matrix([[7, 4, -41, [4, -8, -11, [-4, -1, -811])
A.eigenvects()

—9, 2, L |, |0 .19, 1, —1

vl
v2
v3

B =

A.eigenvects()[0][2][0].T
A.eigenvects()[0][2][1].T
A.eigenvects()[1][2][0].T

sympy.Matrix(sympy.GramSchmidt([vl, v2, v3], orthonormal=True)).T; B
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Example Determine whether the given matrix is orthogonal

010 0 0 1
100, [-2 & 0
0 0 1 2 o

Answer 42 (end of chapter) - Solution

Example (a) Verify that the indicated column vectors are eigenvectors of the given symmetric
matrix and (b) identify the corresponding eigenvalues. (c) Use Gram-Schmidt process to
construct an orthogonal matrix P from the eigenvectors

0 2 2 1 1 1
2 20 0 —1 1

Answer 43 (end of chapter) - Solution

Example Answer the questions based on the supposition

e Suppose A and B are n x n orthogonal matrices. Then show that AB is orthogonal
e Suppose A is an orthogonal matrix. Is A% orthogonal?

e Suppose A is an orthogonal matrix. Then show that A~! is orthogonal

e Suppose A is an orthogonal matrix such that A? =1. Then show that AT = A

e Show that the rotation matrix is orthogonal

Answer 44 (end of chapter) - Solution
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6.12 Approximation of Eigenvalues

o Let Ay, Ay, =+, A, -+, A, denote the eigenvalues of an n X n matrix A. The eigenvalue A\, is
said to be the dominant eigenvalue of A if |\,| > |\, i =1,2,--,n, but i#k

o An eigenvector corresponding to A, is called the dominant eigenvector of A
o Power Method

Let us assume that the eigenvalues of A are such that [A;| > [Ay] > |[Ag| > -+ > |\, | and that
the corresponding n eigenvectors k;, k,, -+, k,, are linearly independent. Because of this last
assumption, n eigenvectors can serve as a basis for R”. For any nonzero n x 1 vector x,

XO = Clkl + C2k2 + 63k3 + + ann
We shall also assume x; is chosen so that ¢; # 0. We do the following procedure
A.XO = ClAkl + CzAkQ + CgAkg + + CTLA'kn

Xl — Cl)\lkl + C2)\2k2 + C3)\3k3 + + Cn)\nkn

<—

Y
4

X2 == ClA%kl “I’ CQ)\%kQ + C3A§k3 + + CTL)\%kn
Y

A\ A\ A\
:Agn[clk1+02<)\j> k2+03<)\j> k3++cn<)\?> kn:|

| m— o0
X,, ~ A\'c kg
o For large values of m and under all the assumptions that were made, the n x 1 vector x,,, is
an approximation to a dominant eigenvector associated with the dominant eigenvalue \;

o If x,, is an approximation to a dominant eigenvector, then the dominant eigenvalue A\; can
be approximated by the Rayleigh quotient

o Iteration often results in vectors whose entries become very large. Large numbers can cause a
problem in computation. One way around this difficulty is to use a scaled-down normalized
vector
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import numpy as np
import pprint

def power method(A, n iteration):
# Ideally choose a random vector
# To decrease the chance that
# our vector is orthogonal to the eigenvector
k = np.random.rand(A.shape[1l])

for in range(n iteration):
# calculate the matrix-by-vector product Ak
k 1 = np.dot(A, k)

# calculate the norm
k 1 norm = np.linalg.norm(k 1)

# re normalize the vector
k =k1/k1norm

return k
def Rayleigh quotient(A, k):
# calculate Rayleigh quotient
lambda = np.dot(np.dot(A, k), k) /np.dot(k, k)
return lambda
A = np.array([[4, 2], [3, -111)

k 1 = power method(A, 10)
lambda 1 = Rayleigh quotient(A, k 1)

print('A =")

pprint.pprint(A)

print('\nDominant Eigenvector:', np.around(k 1, 3))
print('Dominant Eigenvalue:', np.around(lambda 1, 3))
A =

array([[ 4, 21,
[ 3, -111)

Dominant Eigenvector: [0.894 0.447]
Dominant Eigenvalue: 5.0

¢ Method of Deflation

— After we have found the dominant eigenvalue \; of a matrix A, it may still be necessary
to find nondominant eigenvalues. We will limit the discussion to the case where A is a
symmetric matrix

— Suppose A; and k; are, respectively, the dominant eigenvalue and a corresponding
normalized eigenvector of a symmetric matrix A. Furthermore, suppose the eigenvalues
of A are such that
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Al > Aol > [Ag] > - > A, |

In this case, the matrix

has eigenvalues 0, Ay, A5, -, A, and that eigenvectors of A, are also eigenvectors of A.
Note that A, is now the dominant eigenvalue of A;

def deflation method(A, n _iteration):

=J
1l

A.shape[1]

K = np.zeros((n, n))
Lambda = np.zeros(n)

kO = np.zeros(n)
LO =0
for i in range(n):
A=A -LO *np.outer(k0, kO)

k@ = power method(A, n iteration)
L0 = Rayleigh quotient(A, kO)
K[i, :1] ko

Lambda[i] = LO
return K, Lambda

# symmetric matrix
A = np-arraY([[l; 21 '1]r [2, 1r 1]; ['11 1; 0]])

K, Lambda = deflation method(A, 20)

print('A =")
pprint.pprint(A)

print('\nk 1 =', np.around(K[0®, :], 3))
print('k 2 ="', np.around(K[1, :], 3))
print('k 3 =', np.around(K[2, :]1, 3))
print('\nlambda 1 =', np.around(Lambda[0], 3))
print('lambda 2 =', np.around(Lambda[1l], 3))
print('lambda 3 ="', np.around(Lambda[2], 3))

A =
array([[ 1, 2, -11,
[2, 1, 1],
[-1, 1, o]l
k 1 =1[0.707 0.707 0. ]
k2=10.577 -0.577 0.577]
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k 3 =1[-0.408 0.408 0.817]

lambda 1 = 3.0
lambda 2 = -2.0
lambda 3 = 1.0

e Inverse Power Method

If we want to find the smallest eigenvalue instead of the largest one, then we perform power
iteration for A~! (since the eigenvalues of A~! are the reciprocals of the eigenvalues of A).
Of course, we do not want to compute A~!

def inverse power method(A, n iteration):
# Ideally choose a random vector
# To decrease the chance that
# our vector is orthogonal to the eigenvector
k = np.random.rand(A.shape[1l])

for in range(n iteration):

# calculate the matrix-by-vector product Ak
w = np.linalg.solve(A, k)
# calculate the norm

w_norm = np.linalg.norm(w)

# re normalize the vector
kK =w /w_norm

return k
A = np.array([[4, 21, [3, -111)

k 2 = inverse power method(A, 10)
lambda 2 = Rayleigh quotient(A, k 2)

print('A =")

pprint.pprint(A)

print('\nEigenvector ="', np.around(k 2, 3))

print('Eigenvalue of Least Magnitude =', np.around(lambda 2, 3))
A =

array([[ 4, 2],
[ 3, -111)

Eigenvector = [-0.316 0.949]
Eigenvalue of Least Magnitude = -2.0

6.13 Diagonalization
e For an n x n matrix A, can we find an n X n nonsingular matrix P such that P"*AP = D
is a diagonal matrix?

e An n x n matrix A is diagonalizable if and only if A has n linearly independent eigenvectors
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o Let ky, ks, -+, k,, be linearly independent eigenvectors corresponding to eigenvalues A;, A,

s A,. Next form the matrix P with column vectors k,, ko, ---, k,,

P=(k k, - k)

We can write the product AP as

AP = (Ak, Ak, - Ak,) =Mk Ak, - Ak,)

A1

S —PD

n

Multiplying by P~! on the left then gives P'AP =D

diagonalizable

n linearly independent eigenvectors

defective

n distinct eigenvalues

e If an n x n matrix A has n distinct eigenvalues, it is diagonalizable
e An n x n matrix A can be orthogonally diagonalized if and only if A is symmetric

Example Diagonalize

9 11
A=]1 91
1 19

o The eigenvalues and corresponding orthogonal eigenvectors are \; =11, A\, = A3 =8

1 —2 0
1 1 —1
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« Multiplying these vectors, in turn, by the reciprocals of the norms |k, | = V3, |ky| = v/6
and |lk;| = v/2, we obtain an orthonormal set

and k; =

Shshshe
Shsko

1
2

k1: ? ak2:
V3 V2

We then use these vectors as columns to construct an orthogonal matrix that diagonalizes A

Shshsh
Shshshe
Sk o

e This transforms A to D
1 0 0
P'AP=PTAP=|0 8 0|=D
0 0 8
The entries in D are the eigenvalues of A and the order in which these numbers appear on

the diagonal corresponds to the order in which the eigenvectors are used as columns in the
matrix P

Example - Quadratic Forms: Identify the conic section whose equation 22 + 4zy —y? =1

o We can write the given equation as

( y)<§ _f)(i):l or xTAx =1

o The eigenvalues and corresponding eigenvectors of A are found to be
1 2
>‘1__27)‘2_37k1_<_2>7k2_<1)

from sympy import symbols, Eq, plot implicit
X, Yy = symbols('x y")
pl = plot implicit(Eq(2*x**2 +4*x*y -y**2, 1),

(XI '31 3): (yr '31 3)1
aspect ratio=(1, 1), size=(5, 5))

184



-3 -

« Observe that k,; and k, are orthogonal. Moreover, |k;| = |k,| =+/5, and so the vectors

() (1)

are orthonormal. Hence, the matrix

o If we define the change of variables x = PXx where x = (Cyf), then the quadratic form can

Shosi
S

P

GGl
S-Sl
~—

is orthogonal

be written

xTAx = xTPTAPx = x'Dx

()

or
252+ 32 =1

This last equation is recognized as the standard form of a hyperbola
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bar x, bar_ y = symbols('bar x bar y"')

pl = plot implicit(Eq(-2*bar x**2 +3*bar y**2, 1),
(bar x, -3, 3), (bar.y, -3, 3),
aspect ratio=(1, 1), size=(5, 5),
xlabel=r'$\bar{x}$', ylabel=r's$\bar{y}$')

3_

Example Determine whether the given matrix A is diagonalizable. If so, find the matrix P that
diagonalizes A and the diagonal matrix D such that D = P~!AP

1 -1 1 1 20
(:g 163), (0 1 0), (2 -1 0)
1 -1 1 0 01
Answer 45 (end of chapter) - Solution

Example The given matrix A is symmetric. Find an orthogonal matrix P that diagonalizes A
and the diagonal matrix D such that D = PTAP
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@)

10 107
G }),(100),(010)
0 1 70 1

Answer 46 (end of chapter) - Solution

)

Example Identify the given conic section
512 — 2xy + 5y% = 24

—322 + 8zy + 3y? = 20

Answer 47 (end of chapter) - Solution

Example Find 3 x 3 symmetric matrix that has eigenvalues A\, =1, Ay =3, and A3 =5 and

corresponding eigenvectors
1 1 1
1 —1 1

Answer 48 (end of chapter) - Solution

Example If A is an n x n diagonalizable matrix, then D = P~'AP, where D is a diagonal
matrix. Show that if m is a positive integer, then A™ = PD™P~!

Answer 49 (end of chapter) - Solution

Example Find the indicated power of the given matrix

_(t 1 5
A=(y ) A

_ 6 _10 10
)

Answer 50 (end of chapter) - Solution

Example Suppose A is a nonsingular diagonalizable matrix. Then show that A~! is diagonaliz-
able

Answer 51 (end of chapter) - Solution

Example Suppose A is a diagonalizable matrix. Is the matrix P unique?

Answer 52 (end of chapter) - Solution
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6.14 LU Factorization

e Let A be a square matrix. An LU factorization refers to the factorization of A into two
factors — a lower triangular matrix L and an upper triangular matrix U:

A=LU

o Without a proper ordering or permutations in the matrix, the factorization may fail to
materialize. This is a procedural problem. It can be removed by simply reordering the
rows of A. It turns out that a proper permutation in rows (or columns) is sufficient for LU
factorization. LU factorization with partial pivoting (LUP) refers often to LU factorization
with row permutations only

PA =LU

where P is a permutation matrix, which, when left-multiplied to A, reorders the rows of A.
It turns out that all square matrices can be factorized in this form

o If A is invertible, then it admits an LU factorization if and only if all its leading principal
minors are nonzero. If A is a singular matrix of rank k, then it admits an LU factorization
if the first £ leading principal minors are nonzero

e LU decomposition is basically a modified form of Gaussian elimination. We transform the
matrix A into an upper triangular matrix U by eliminating the entries below the main
diagonal. The Doolittle algorithm does the column-by-column elimination, starting from
the left, by multiplying A to the left with atomic lower triangular matrices. It results in a
unit lower triangular matrix and an upper triangular matrix

¢ Doolittle Algorithm

— We define

A — A

— We eliminate the matrix elements below the main diagonal in the k-th column of A*~1)
by subtracting from the ¢-th row of this matrix the k-th row multiplied by

a(k};l)

1, .

Lik= =y for i=k+1,---,n
Ok

This can be done by multiplying A*~1) to the left with the lower triangular matrix
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0
1
L, = .
4§ g1k :
: 0
0 Lk 0 1

— We set

Awh:MAwALkzlwwn—l

After n — 1 steps, we eliminated all the matrix elements below the main diagonal, so
we obtain an upper triangular matrix A1), We find the decomposition

A=L7'LAY =LA = L7'L 'L, AW = L' L T A®R)

=Lt -"LgllA(”‘”

Denote the upper triangular matrix A™~Y by U, and L = L{*-- L1,

— Because the inverse of a lower triangular matrix L, is again a lower triangular matrix,
and the multiplication of two lower triangular matrices is again a lower triangular matrix,
it follows that L is a lower triangular matrix:

l271 . .
L= 1 .
lk+1,k :
: 1 0
lml ln,k ln,nfl 1

We obtain A = LU

NOTE It is clear that in order for this algorithm to work, one needs to have a/(kklzl) # 0 at each
step (see the definition of /, ;). If this assumption fails at some point, one needs to interchange

k-th row with another row below it before continuing. This is why an LU decomposition in general
looks like PA = LU

def lu factor(A):

LU factorization with partial pivoting

O

A = LU

P(permutation),

L(unit Lower triangular) and
U(upper triangular)

Return P, L, U
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= A.shape[0]

= A.copy()
np.identity(n)
= np.identity(n)

r U cC S
]

for k in range(n -1):

# Partial Pivoting

max_row_index = np.argmax(abs(U[k:n,k])) +k
P[[k,max row index]] = P[[max_row index,k]]
U[[k,max_row _index]] = U[[max row index,k]]

# LU
L[k+1:,k] = U[k+1:,k] /U[lk,k]
U[k+1l:,k] = 0.0

Ulk+1:,k+1:] -= np.tensordot(L[k+1:,6k],
Ulk,k+1:], axes=0)

return P, L, U
A = np-arraY([[7; 3, _11 2]! [31 8! 1! -4]I [_11 1! 4I _1]1

[2, -4, -1, 6]], dtype='float64"')
P, L, U= lu factor(A)

print('A ="); pprint.pprint(A)

print(‘'\nP ='); pprint.pprint(P)

print('\nL ="); pprint.pprint(L)

print('\nU ="'); pprint.pprint(U)

A =

array([[ 7., 3., -1., 2.1,
[ 3., 8., 1., -4.1,
[-1., 1., 4., -1.],
[ 2., -4., -1., 6.1])

P =

array([[1., 0., 0., 0.1,
[6., 1., 0., 0.],
[6., 0., 1., 0.1,
[0., 0., 0., 1.11)

L =

array([[ 1. , 0. , 0. , 0. 1,
[ ©.42857143, 1. , 0. , 0. 1,
[-0.14285714, 0.21276596, 1. , 0. 1,
[ 0.28571429, -0.72340426, 0.08982036, 1. 11)

U=

array([[ 7. , 3. , -1. , 2. 1,
[ 0. , 6.71428571, 1.42857143, -4.85714286],
[ 0. , 0. , 3.55319149, 0.31914894],
[ O , 0. , 0. , 1.88622754]11)
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from scipy.linalg import lu

A = np-arraY([[7, 3; '11 2]1 [31 8; 1I '4]1 ['11 11 4I '1]1
[21 '41 '11 6]]; dtype='f10a‘t64')
P, L, U= Tu(A)
print('P =")
pprint.pprint(P)
print('\nL =")
pprint.pprint(L)
print('\nU =")
pprint.pprint(U)
P =
array([[1., 0., 0., 0.],
[6., 1., 0., 0.1,
[0., 0., 1., 0.1,
[0., 0., 0., 1.11)
L =
array([[ 1. , 0. , 0. , 0. 1,
[ 0.42857143, 1. , 0. , 0. 1,
[-0.14285714, 0.21276596, 1. , 0. 1,
[ 0.28571429, -0.72340426, 0.08982036, 1. 11)
U =
array([[ 7. , 3. , -1. , 2. 1,
[ 0. , 6.71428571, 1.42857143, -4.857142861,
[ 0. , 0. , 3.55319149, 0.31914894],
[ 0. , 0. , 0. , 1.8862275411)
A = sympy.Matrix([[7, 3, -1, 21, [3, 8, 1, -4]1, [-1, 1, 4, -1],
[2' -4I '11 6]])
L, U, =A .LUdecomposition()
L, U
{" 1 0o o0 0] [T 3 -1 2 "‘\
J 1 0 0 o &£ L _3
_1 1 0 0 0 7 15
'_II |I)| J_ 1 i . |.I )IJI_
= = e ( ( ( A
LT L7 167 J L / J U 167 J

Solving Linear Equations

Given a system of linear equations in matrix form

Ax=Db

Suppose we have already obtained the LUP decomposition of A such that PA = LU, so
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LUx =Pb

In this case the solution is done in two logical steps:

— First, we solve the equation Ly = Pb for y

— Second, we solve the equation Ux =y for x

Note that in both cases we are dealing with triangular matrices L and U, which can
be solved directly by forward and backward substitution without using the Gaussian
elimination process (however we do need this process or equivalent to compute the LU
decomposition itself)

— The cost of solving a system of linear equations is approximately %n?’ floating-point
operations

— The above procedure can be repeatedly applied to solve the equation multiple times for
different b. In this case it is faster (and more convenient) to do an LU decomposition
of the matrix A once and then solve the triangular matrices for the different b, rather
than using Gaussian elimination each time

— The matrices L and U could be thought to have encoded the Gaussian elimination
process

def ufsub(L, b):
""" Unit row oriented forward substitution
y = b.copy()
for i in range(1l, L.shape[0]):
y[i] -= np.dot(L[i,:i], y[:i])
return y

def bsub(U, y):

""" Row oriented backward substitution

X = y.copy()

x[-1] /= U[-1,-1]

for i in range(U.shape[0] -2, -1, -1):
x[1] -= np.dot(U[i,i+1:], x[i+1:])
x[i] /= U[i,1i]

return x

A = np.array([[7, 3, -1, 21, [3, 8, 1, -41,
[-1, 1, 4, -11, [2, -4, -1, 6]], dtype='float64')
b = np.array([1, 2, 3, 4], dtype='float64")

P, L, U= lu factor(A)
Pb = np.matmul(P, b)

ufsub(L, Pb)
bsub(U, vy)

X <
n
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print('A ), pprint.pprint(A)
print('\nb =', end="' "); pprint.pprint(b)
print('\nx =', end=" "); pprint.pprint(x)
A =
array([[ 7., 3., -1., 2.1,

[3 ’ 8-1 1 ’ '4-]1

['1 ’ 1-, ’ -1']I

[2 ’ '4-1 '1 ’ 6-]])
b =array([1l., 2., 3., 4.1)
X = array([-1.27619048, 1.87619048, 0.57142857,
A = sympy.Matrix([[7, 3, -1, 2], [3, 8, 1, -4],

['11 1r 4r '1]r [2, '4: '1: 6]])

b = sympy.Matrix([1, 2, 3, 4])

A .LUsolve(b )

¢ Inverting a Matrix

In matrix inversion, instead of vector b, we have matrix I,, so that we are trying to find a

matrix X

We can use the same algorithm presented earlier to solve for each column of matrix X

A .inv(method='LU")

=
-'\.
1

2
i"iJ 113° '-J;J 1
1 3

o

E

(=
|

T B
[

(=

o
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—_— __| J—
—J%I’- 124 1 157

||,_.
=T b2

“1_

-

'Li|

TG 31F 21 315

¢ Computing the Determinant

Given the LUP decomposition A = P7'LU of a square matrix A, the determinant of A can

be computed straightforwardly as

LUX =1,

2.43809524])

det A = det P~ det Ldet U = (—1)* [ [ 1 [ ] was
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where s is the number of row exchanges in the permutation matrix

Example Find the LU factorization of the given matrix

2 —2 -1 4 bzl
1 o2) 22 (T L2
12 1 3
Answer 53 (end of chapter) - Solution

Example Use the LU factorization to solve the given linear system of equations
2 =2\ [z _ 1
1 2)\zy) \—2
4 =2 1 zq 7
—4 1 2 Ty |l =17
12 1 3 x5 28

Answer 54 (end of chapter) - Solution

Try it in Python: LU decomposition with sympy and scipy.linalg.lu: System of Linear
equations

6.15 Applications

6.15.1 Cryptography

Cryptography is the study of making secret writings or codes. =~ We will consider a system of
encoding and decoding messages that requires both the sender and the receiver to know:

¢ A specified rule of correspondence between a set of symbols and a set of integers; and
o A specified nonsingular matrix A

Example A correspondence between the twenty-seven integers and the letters of the alphabet
and a blank space is given by

01234 5 67 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 2
space j kK Il nm s t uw w x g h i+ o p q r v y 2z a b ¢ d

The numerical equivalent of the message DR JOHN IS A DOUBLE SPY is

24 17 0 1 14 12 4 0 13 6 0 21 0 24 14
8 22 3 25 0 6 15 19
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The sender will encode the message by means of the nonsingular matrix A and the receiver
will decode the encoded message by means of the matrix A~'.  We choose to write the
numerical message as the 3 x 8 matrix

24 17 0 1 14 12 4 0
M=| 13 6 0 21 0 24 14 8
22 3 25 0 6 15 19 O

Note that the last entry mgsq has been simply padded with a space (the number 0)

A 3 x 8 matrix allows us to encode the message by means of a 3 x 3 matrix. The encoding
matrix A is constructed, so that

— A is nonsingular
— A has only integer entries, and
— A~! has only integer entries

To accomplish the last criterion, we need only select the integer entries of A in such a
manner that det A = +1. We choose
1 )

1 4 =3
Al = 2 3 -2
-2 -4 3

You should verify that det A = —1

Il
VR
|
NN
=~ w O
U

and

The original message is encoded as following:
—46 —20 —25 —1 —-20 —-27 —-23 O
B=AM = 175 64 100 65 52 156 126 24
210 73 125 86 58 195 159 32

To send the encoded message as letters of the alphabet rather than as numbers, we rewrite B
as B’ using integers modulo 27:

8 7 2260 7 0 4 0
B'=| 13 10 19 11 25 21 18 24
21 19 17 5 4 6 24 5

The encoded message to be sent in letters is

UTKFT N IXYGEAVDAYRMNSDM
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import numpy as np
#-- Data for Encoding and Decoding---------------mmmmmmm
1:
8:'u', 9:'w', 10:'x', 11:'g', 12:'h', 13:'i', 14:'o', 15:'p"’,

16:'q', 17:'r', 18:'v', 19:'y', 20:'z', 21:'a‘', 22:'b', 23:'c’,
24:'d', 25:'e', 26:'f' }

cp=4{0:"" 5, 2:'k', 3:'L', 4:'n', 5:'m', 6:'s', 7:'t',
r

A = np.array([[-1, 0, -1, [2, 3, 4], [2, 4, 5]])

inv cp = {v: k for k, v in cp.items()}
inv_ A = np.rint(np.linalg.inv(A)).astype('int32")

print('inv A = ')
print(inv_A)
print('det A ="', np.linalg.det(A))

inv A =

[[ 1 4 -3]
[ 2 3 -2]
[-2 -4 3]]

det A = -1.0

def convert to numeric(message):
return np.array([inv_cp[m] for m in message])

def convert to letter(numeric _message):
return ''.join([cp[m] for m in numeric messagel)

def encoding message(message):
numeric_message = convert to numeric(message)
n_app = (3 -len(numeric message) % 3) % 3
M = np.append(numeric_message, [0]*n app).reshape(3, -1)
B=(A@M) % 27

numeric_message encoded = B.flatten()

return convert to letter(numeric_message encoded)

message = 'dr john is a double spy'
message_encoded = encoding message(message)

print('Message =', message.upper())
print('Encoded message =', message encoded.upper())

Message = DR JOHN IS A DOUBLE SPY
Encoded message = UTKFT N IXYGEAVDAYRMNSDM
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e You should try to imagine the difficulty of decoding the encoded message without prior
knowledge. Using the original correspondence and A, the decoding is the straightforward
computation

M=A"'B
def decoding message(message encoded):
B = convert to numeric(message encoded).reshape(3, -1)
M = (inv. A @ B ) % 27

numeric_message decoded = M .flatten()

return convert to letter(numeric _message decoded)

message decoded = decoding message(message encoded)

print('Decoding message =', message decoded.upper())

Decoding message = DR JOHN IS A DOUBLE SPY

6.15.2 An Error-Correcting Code

We are going to examine briefly the concept of digital communication between a satellite and a
computer. As a result, we will deal only with matrices whose entries are binary digits, namely 0s
and 1s

o When adding and multiplying such matrices, we will use arithmetic modulo 2. This arithmetic
is defined by the addition and multiplication tables

0 1
0 1
1 1
x 0 1
0 O
1 0 1

e In digital communication the messages or words are binary n-tuples. An n-bit word is also
said to be a binary string of length n. By encoding a message, we mean a process whereby
we transform a word W of length n into another word C of length n 4+ m by augmenting W
with m additional bits, called parity check bits. An encoding/decoding scheme is called a
code
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o The Hamming (7, 4) code is an encoding/decoding scheme that can detect the presence of
a single error in a received message and can tell which bit must be corrected. In (7,4) code
the encoding process consists of transforming a 4-bit word

into a 7-bit code word

C - [ wl w2 w3 W4]

where c;, ¢y, and c5 denote the parity check bits and are defined in terms of the information
bits w;, wq, ws, and wy

Cl = U)l + w2 + w4
Cy = Wy + W3 + Wy (C1)
03 — U)2 + w3 + 'LU4

We first observe that in modulo 2 arithmetic there are no negative numbers; the additive

inverse of 1 is 1, not —1. With this in mind, we can write the system (C1) in the equivalent
form

C3+w2+w3+UJ4 :0
C2+U)1+U)3+UJ4:0 (02)
¢ +wy +wy +wy =0

These are called parity check equations

o As a matrix product, (C2) can be written

HC” =0
where
00 01111
H=]10 11 0 01 1
1 01 01 01

is called the parity check matrix. A closer inspection of H shows a surprising fact: The
columns of H, left to right, are the numbers 1 through 7 written in binary

o Let R be a 1 x 7 matrix representing the received message. The product

S = HR”
is called the syndrome of R. If S = 0, it is assumed that the transmission is correct and

that R is the same as the original encoded message C. The decoding of the message is
accomplished by simply dropping the three check bits in R
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e Let

E:[el €y €3 €, €5 € 67]

be a single-error noise word added to C during its transmission

o If noise changes the i-th bit, e, = 1. The received message is then R = C + E. We see that

S = HR? = H(CT + ET) = HE”

B G R

Hence, if S # 0, then S must be one of the columns of H. If R contains a single error, we
see that the syndrome itself indicates which bit is in error

6.15.3 Method of Least Squares

y=flx)=ax+0b

When performing experiments we often tabulate data in the form of ordered pairs (x,y;), (24, y>),
-, (z,,y,), with each z, distinct. Given the data, it is then often desirable to predict y from x by
finding a mathematical model, that is, a function f(x) that approximates or fits the data

o We shall confine our attention to the problem of finding a linear polynomial f(z) = ax + b
that best fits the data (z;,y;), ¢ = 1,---,n. The procedure for finding this linear function is
known as the method of least squares

e One way to determine how well the linear function f(x) = ax + b fits the data is to measure
the vertical distances between the data points y, and the graphs f(z;)

e; =y, — flzy)], i=1,-n
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o An actual approach is to find a linear function f so that the sum of the squares of all the e,
values is a minimum

n

. . 2
min F = min Y [y; —azx; —b]
a,b a,b =1

Then to find the minimum value of F, we set the first partial derivatives with respect to a
and b to zero:

oF oF
%—0 and % =0

e The last two conditions yield, in turn,

_22%[% —ax; — b =0
—2 Z —ax; — b =0
Expanding the sums and rearranging, we find the above system is the same as
DRLADIES pRLR7
i1 i=1 (Z) — | =t
D@ n > Ui
i=1 i=1

and, in terms of matrices, is equivalent to

ATAx = ATp
where
zy 1 Y1
z, 1 Un,

Unless the data points all lie on the same vertical line, the matrix A7 A is nonsingular. Thus
(C3) has the unique solution

x = (ATA) ' ATb

Example Nonlinear Least Squares: f(x) = 2.5~ 3%
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from scipy.optimize import curve fit
import matplotlib.pyplot as plt

np.random.seed(1970)

def func(x, a, b):
return a *np.exp(-b*x)

# Define the data to be fit with some noise

xdata = np.linspace(0, 4, 50)

ydata = func(xdata, 2.5, 1.3) +0.1 *np.random.normal(size=xdata.size)
plt.plot(xdata, ydata, 'ro', label='data')

# Fit for the parameters a and b of the function func:
popt, pcov = curve fit(func, xdata, ydata)
plt.plot(xdata, func(xdata, *popt),

'b-', label='fit: a=%5.3f, b=%5.3f' % tuple(popt))
plt.xlabel('x"), plt.ylabel('y'), plt.legend()
plt.show()

2.5 ® data
— fit: @a=2.570, b=1.348

2.0 1

1.5 A

1.0 A

0.5 A

0.0 -

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

6.15.4 Discrete Compartmental Models

e Strontium 90 is deposited into pastureland by rainfall. To study how this material is cycled
through the ecosystem, we divide the system into the compartments:

201



0.05 (leaching)

Grasses Soil

A

0.01 (growth)

0.1 (death) 0.01 (run-off)
Dead 3 4
organic Streams

matter

Suppose that At = 1 month and the transfer coefficients shown in the figure are measured in
fraction/month

e Suppose that rainfall has deposited the strontium 90 into the compartments so that

xo=(20 60 15 20)"

Units might be grams per hectare. Compute the states of the ecosystem over the next 12
months

e From the data in figure, we see that transfer matrix T is

085 0.01 0 O
T — 0.05 098 0.2 0
01 0 08 0
0 001 0 1
We must compute x;, X,, -, X;, by using the recursion formula x, , = Tx,

T = np.array([[0.85, 0.01, 0.00, 0.00],
[0.05, 0.98, 0.20, 0.00],
[0.10, 0.00, 0.80, 0.00],
[0.00, 0.01, 0.00, 1.00]1])
X = np.array([20, 60, 15, 20]).T

print('-' *47)
print('Month Grasses  Soil Dead OM Streams')
print('-' *47)
for month in range(13):
print(f'{month:5d} {x[0]:9.2f} {x[1]1:9.2f} {x[2]1:9.2f} {x[3]:9.2f}')

X =T@ X

Month Grasses  Soil Dead OM  Streams
0 20.00 60.00 15.00 20.00
1 17.60 62.80 14.00 20.60
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2 15.59 65.22 12.96 21.23
3 13.90 67.29 11.93 21.88
4 12.49 69.03 10.93 22.55
5 11.31 70.46 9.99 23.24
6 10.32 71.61 9.13 23.95
7 9.48 72.52 8.33 24.66
8 8.79 73.21 7.61 25.39
9 8.20 73.71 6.97 26.12
10 7.71 74.04 6.40 26.86
11 7.29 74.22 5.89 27.60
12 6.94 74.28 5.44 28.34
Summary
Topic Key result
Elimination (A|b) — row echelon form by elementary row
operations, then back substitution
Rank Ax = b is consistent iff rank A = rank(A|b);
the solution then has n — rank A parameters
Determinant det A = Zj a;;Cijy Cij = (=1)"7 M,
det(AB) = det A det B, det AT =det A
adj A
Inverse exists iff det A #£0: A7l = ) , or
det A
(A[D) = (IJA™)
det A
Cramer’s rule Ty = ﬁ (A,: column k replaced by b)
e

Eigenvalues
Cayley-Hamilton

Orthogonal and symmetric

Power method

Diagonalization

LU factorization

det(A—XI)=0, (A—XDk=0

A satisfies its characteristic equation;
A" =c I+ c; A+ +c, ;A" with
AT =coF+ A+

orthogonal: A~! = A7 symmetric: real
eigenvalues, orthogonal eigenvectors

Ax -

x; =Ax, {, M=~ 2 Xm (Rayleigh
Xm " Xm

quotient)

D =P 'AP (n independent eigenvectors);

symmetric: D = PTAP; A™ =PD"P!

A =LU: solve Ly = b, then Ux =y

Worked Exercises

1. Use the inverse of the matrix A to solve the system Ax = b,, where

1
A=|2
0
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1 —2
and the vectors b;, i = 1,2 are given by (a) b; = (1) , (b) by = ( 1)

Solution

1 1 6 —1 -9
-1 dJA)=-|-4 2 6
det(A) VA = s 1 1
1
1
1 6 —1 —9 1 —1
2 -1 -1 1 0

2. Use the given LU-factorization

111 1 00 111
A=|1 2 2|=|110 011
1 2 3 111 0 01

to solve the linear system Ax = b, for the given column matrix b,, i =1,2,3,4

2 —4 30
W b= (4),@ bf( 7),@ _( ),<d> b4:(_42)
1 10 — —18

Solution

o
w
DO [ | COND [ =

To solve Ax = b, we use the factorization:

Ax=LUx=b

o Step 1: Solve Ly = b (forward substitution)
o Step 2: Solve Ux =y (backward substitution)
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We will apply this for each given b,

2
(a) by, = (4)
1

Step 1: Solve Ly = b,

VY
—_ = =
e )
= e}
~_
RS
e e
w N
~
I

. y1:2
o Yty =4=y, =2
e Yty tys=1=y;3=-3

So:
Step 2: Solve Ux =y

Back substitution:

o .%'32—3
.x2+$3:2:>x2:5
e 1+ Ty +x3=2=2,=0

—4
(b) b, = ( 7)
10

Step 1: Ly =b,

o y1:—4
s Yty =7=y, =11
c Y1ty tys;=10=y5 =3

—4
y = 11
3

Step 2: Ux=y
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[ x3:3
e Tyt 3 =11= 2, =8
. .%'1—|—x2+$3:—4:>$1:—15

(c) by = (

Step 1:

v

_ 1
* Y1 =3 )

. y1—|-y2:%:>y21:Z
* Y1ty tys=—3=Ys=—

ot

Step 2:
° xBZ—%
1 _ 3
'x2+333—4:>332—§
'$1+‘T2+$3:%:>$1:i

30
(@) by = (_42)
—18

Step 1:

° y1:30
L4 y1+y2:—42:>y2:—72
s Yty tys;=—-18=y; =24

Step 2:

o ZL‘3:24
° x2+$3=—72:>w2=—96
o $1+$2+$3:30:>:L‘1:102

<
I
|
~

I[N I

»
w
Il
|

206

—15

30
72
24

O Cos =
\_/

)



102
24
3. Consider the matrix

3 01
A=|(0 10
1 01

(a) Find an orthogonal matrix P that diagonalizes A and the diagonal matrix D

(b) Calculate the eigenvalues and eigenvectors of the matrix

3A2 +4A1 171

Solution (a)

Compute det(A — AI):

3—A 0 1
A—- )= 0 1—A 0
1 0 1—-A

Use cofactor expansion along the 2nd row:

det(A —AI) = (1 —A\)(A2 =4\ +2) =0

So the eigenvalues are:
Let’s find eigenvectors for each eigenvalue. We’ll normalize them at the end.

e For A\=1,
Solve (A —I)v, =0:
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e For A\ =242,
Solve (A — AI)v, = 0:
This yields:

1
v2:( 0 )
~1+v2

Vol = /12 4 (-1 4 V22 = {423

Normalize:

Let’s denote the normalized vector as uy, = v, /| vyl
e For A\ =2—v2,

Similarly:

1
V3:( 0 )
—1-+2

ol = /12 + (1 +v2)2 = /44 2v3

Normalize to get us = vy /|vsl|

Let:

1 0 0
P=(v; u, u3), D=]0 2++2 0
0 0 2-vV2

Solution (b)

Let’s use the fact that if v is an eigenvector of A with eigenvalue A, then:

A2v = \2v
Alv=)1v
Iv=v

So:

(BAZ+4A' —TI)v= (B8N +4\ 1 = T)v

So the eigenvalues of this new matrix are:
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4

(2

This matrix shares the same set of eigenvectors with matrix A

Now compute for each A;:

4
=312 4-—7=344—-7=0

1
2—/2
fy = 3(6 +4V2) + 4 - 2f—7:15+10\/§
2 2
fs = 3(6 — 4V/2) + 4 - +2\f—7: 15 — 102
4. Simplify the following equation of conic section in two-dimensional space, and give the

corresponding coordinate tranformation:

1622 + 24xy + 9y? — 3z +4y =0

and plot the transformed conic section
Solution

We diagonalized the quadratic part:
16 12
A= (12 9)
The eigenvalues of this matrix give the coefficients of the conic in the rotated (u,v) coordinate
system, and the eigenvectors provide the rotation matrix

Eigenvalues:

A =0, A\=25

These are the new coeflicients of the quadratic terms in the rotated coordinate system. That is,
the conic becomes:

0 - u® + 2502 + (linear terms in u,v) = 0

Eigenvectors (columns of rotation matrix):

"
I
|
(SN [eV]
|
[SL[JVE{IN
N———

This gives the coordinate transformation from (u,v) to (x,y):
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X u
X_Py7 X = (U) ) y_ (’U)

4 _ 4 3
gvay__iu_i

The linear terms come from substituting = Su — = 5

: v into the original equation’s
linear part:

3 4 4 3
—3e+dy = =3(pu—¢v) +4(—gu—v) = —5u

So, the full rotated equation becomes:

502 —u =0

This is a parabola that opens along the u-axis with its vertex at the origin in the (u,v) coordinate
System

import numpy as np
import matplotlib.pyplot as plt

# Define v values
v_vals = np.linspace(-2, 2, 400)

# Compute corresponding u values from u = 5 *y~2
u vals = 5 *v vals**2

# Plot the parabola in (u, v) coordinates
plt.figure(figsize=(8, 6))

plt.plot(u vals, v _vals, label=r'$5v"2 -u = 0%$', color='purple')
plt.gca().set aspect('equal')

plt.title("Conic Section in Rotated Coordinates (u, v)")
plt.xlabel("u")

plt.ylabel("v")

plt.grid(True)

plt.legend()

plt.show()
Conic Section in Rotated Coordinates (u, v)
2 .
— 5v2—yu=0
> 0 -
_2 L T T T T T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

u
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# Step 1: Define the (u, v) parabola
v_vals np.linspace(-2, 2, 400)
u vals =5 *v vals**2 # From u = 5v"2

# Step 2: Rotation matrix (from previous eigenvectors)
P = np.array([[ 0.6, -0.8],
[-0.8, -0.6]])

# Step 3: Stack u and v into coordinate array
UV = np.vstack((u vals, v vals)) # Shape (2, N)

# Step 4: Transform back to original (x, y)

# using inverse rotation: [x, y]°T = P @ [u, V]°T
XY =P @ UV

x vals, y vals = XY[0, :], XY[1, :]

# Step 5: Plot the result in original (x, y) coordinates
plt.figure(figsize=(8, 6))

plt.plot(x vals, y vals, label="Conic in (x, y)", color='darkgreen')
plt.gca().set aspect('equal')

plt.title("Original Conic in (x, y) Coordinates (Back-Transformed)")
plt.xlabel("x")

plt.ylabel("y")

plt.grid(True)

plt.legend()

plt.show()
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Original Conic in (x, y) Coordinates (Back-Transformed)

0.0 - —— Conicin (x, y)

—2.5 1

—5.0 -

—7.5 1

—10.0 A

—12.5 A

—15.0 A

—17.5 -

1 2 3 1

-1 0 2 1

2 1 -3 0

1 1 2 1

Solution
1 2 3 1
—1 0 2 1
A= 2 1 -3 0
1 1 2 1
{3

row operations

(A1) —  (I]AT)
4

= WO

|
—
|
|
N[00 Lo IO~

N[O W | Oy [ =

N= O =N
|
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6. Use Cramer’s rule to determine the solution of the system

(2 — k‘)l‘l + ]{71’2 = 4
kx, + B—k)z, = 3

For what value(s) of k is the system inconsistent?

() v

Solution

U

|A|=’2;k Bfk‘=—5k+6

|A1|=‘§ 3fk‘=7kz+12, ]A2|:‘2;k ;"‘:7“6
U

x1:162__57:’ 332:% when k#g

7. Simplify the following equations of quadric surfaces in three-dimensional space, and give the
corresponding coordinate tranformations:

22 — 2% 4+ 22 + 6y —2yz +8x +2y — 122 —3 =0

Solution
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1 3 0 x
A - 3 —2 —1 , X = Yy
0 —1 1 z

xTAx+ (8 2 —12)x=3
¢
‘A—)\I‘:O :>)\1:_4,)\2:1,)\3:3

=1 — ky,=

2~ al-
(e (@)

|

— w

N~

Vi
)
P:(k1 k, k3) = x =Py
J
y'PTAPy+ (8 2 —12)Py=3
)
-4 0 0
o0 1 o) A
0o 0 3
)
4o ) (i) o) -
4v/35 V10 5314 84
)
 (y; +0.5494) N (yo —4.4272)%  (y5 — 1.7817)2 1
2.78012 5.56032 3.21022
U
( 0.5494)
z=y+ | —4.4272
—1.7817
J
N S S B
2.78012  5.56032 = 3.21022
\
x=P

0.5494
z — | —4.4272
—1.7817

8. Simplify the following equations of quadric surfaces in three-dimensional space, and give the
corresponding coordinate tranformations:
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522 4+ 6y? + 722 —doy +4yz — 102+ 8y + 142 —6 =0

5 -2 0
A=|-2 6 2| x=
0o 2 7

¢

xTAx+(—10 8 14)x=6
¢
A

Solution

IS NSRS

|A_)\I|:0 = 1:3,)\2:6,A3:9

1
—1
1 2
)\2:6 — k2:§ —1
2
e
2
N8
N[}
300
y’ |10 6 0|y+(6 0 18)y=6
0 009
U
3(y? 42y, + 1)+ 6y3 +9(y3 + 2y; + 1) = 18
{8
(i +1° 43 (y3+1)
A g2 AL EREva—
6 +3+ 2
N[}
1
zZ=y+ 0
1
N[}
2 2 2
-1 s S -1
6+3+2
N[}
x=P

215



Answers

Answer 1 (Section 6.2)

(-1 6 (=32 21 , (19 —18 , (19 6
AB_(l? —22)’ BA = (—4 —1>’ A= (—30 31)’ B = (3 22)
Answer 2 (Section 6.2)

(AAT)T: (AT)TAT:AAT
Answer 3 (Section 6.2)

11 1 -1 10 00
ForexampleA-(1 1), B—(_1 1), or A_<O 0), B_<O 1)

Answer 4 (Section 6.2)

(A+B)?=A%2+ AB+BA +B? and AB + BA = 2AB only if AB = BA, which is not true
in general

Answer 5 (Section 6.2)
b=(-1,1)
Answer 6 (Section 6.2)

a$+ky 2 2
(z y) <gx+iy) = ax® + bxy + cy

Answer 7 (Section 6.3)
(1) zy =4, 29 =—T7
(2) 2, = —§7 Ty =3
(3) 1 =0, zg =4, x4 =-—1

(4) (x1,x9,25) = (—t, t, 0) (infinitely many solutions)
(5) No solution (inconsistent)

Answer 8 (Section 6.3)

(1) C,Hg + 70, — 5CO, +4H,0

(2) 3Cu+8HNO, — 3Cu(NO,), +4H,0 +2NO
Answer 9 (Section 6.3)

a1 Q22 Qa3
aqq a9 a3 (rows 1 and 2 swapped, then ¢x row 2 added to row 3)
Cloq -+ a31  CGooy + A39 Clog + Aas3s

Answer 10 (Section 6.4)

(1) rank =1 (2) rank =3  (3) rank =3

Answer 11 (Section 6.4)

(1) linearly independent (rank 3)  (2) linearly independent (rank 3)
Answer 12 (Section 6.4)

8 — 3 = 5 parameters

Answer 13 (Section 6.4)
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1. 4 2. inconsistent if rank(A) =1 (consistent if rank(A) =2) 3. 6 — 3 = 3 parameters
Answer 14 (Section 6.4)

rank(A) =2 (so det A =0)

Answer 15 (Section 6.5)

My, =9, My=0, Cp=1 Cp=18

Answer 16 (Section 6.5)

17, M =3\—4=X—-4)A+1)

Answer 17 (Section 6.5)

(1) -8 (2) —x+2y—=z

Answer 18 (Section 6.6)

(1) interchanging two rows changes the sign

(2) adding a multiple of one column to another leaves the determinant unchanged

(3) common factors 2 (row 2) and 3 (column 3) are taken out: 2-3 =6

Answer 19 (Section 6.6)

(1) -5 (2)30 (3)10

Answer 20 (Section 6.6)

Adding row 2 to row 3 makes row 3 equal to (x +y+ 2)(1,1, 1), a multiple of row 1, so det A =0
Answer 21 (Section 6.6)

(b—a)(c —a)(d — a)(c — b)(d — b)(d — )

Answer 22 (Section 6.7)

AB=BA=1

Answer 23 (Section 6.7)

(1) nonsingular (det = —36): A~ = diag (%, %, —%)

6 21 -9 —36
1 -1 1 6 -3
~927110 17 -6 —51

4 —4 3 12

(2) nonsingular (det = 27): A~!

1 0 00
01 00
- — 1) A-l_—
(3) nonsingular (det =1): A~ = 02 1 0
0 3 01

Answer 24 (Section 6.7)

(1) no inverse (det =0)  (2) (

w= O O
|1 oo
(SN
[@n] | Ll
o
v

Answer 25 (Section 6.7)

an =@ = (5,

1
2
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Answer 26 (Section 6.7)

M1 = ( cos Sme) —M(—60) = MT: ais b rotated back through —8
—sinf cosé

Answer 27 (Section 6.7)

In both cases AT A =T (the columns are orthonormal)

Answer 28 (Section 6.7)

Use det(AB) = det A det B and “nonsingular <= det # 0™:

(det A)? = det(ATA) =1; det(AB) # 0; det(AB) =0; det Adet A~! =1; if A is nonsingular,
multiply A?2 = A by A~}

B=A1AB) =0; B=A"1AC) = C; A + B need not be nonsingular (B = —A);
det AT = det A # 0; if either were nonsingular, the other would be 0

Answer 29 (Section 6.8)
Doy =—2, 2,=2 (2)2,=01, 2,=-03 B)z=4, y=-T7
Answer 30 (Section 6.8)

—2 1 1
.

e—1 c—1 2T
2. e =1.01: (zy,25) = (—99,100); €=0.99: (101,—100). A 2% change in e flips the solution,
because the lines are almost parallel (det A =€ — 1~ 0)

1- :131:

Answer 31 (Section 6.9)

(1) A=1: (1,1); A=6: (2,7); nonsingular
(2) A=4: (1,0); A= —5: (—8,9); nonsingular

(3) A=—1: (1,—1,1); A= 4i: (4+i,1,1); nonsingular
Answer 32 (Section 6.9)

(1) A=4: (—1,1); A=6: (1,1); A1 ¢

(2) A =3 (=2,1,0); A =4: (1,0,0); X =5 (=3,—1,1); A% £ 1 1 with the same
eigenvectors

with the same eigenvectors

Answer 33 (Section 6.9)

True: (A — AI)k = 0 has a nonzero solution k, so det(A — AI) =0
Answer 34 (Section 6.9)

1. A%k = A(Mk) = A\?k: )% is an eigenvalue of A2 with the same eigenvector
2. A= —1: (=1,1), A=T7: (3,5); A%(3,5)T =49(3,5)T

3. A"k = A"k, and p(A)k = p(A)k for any polynomial p
Answer 35 (Section 6.9)

A =8SBS ' =T 'BT with T =S"!

Answer 36 (Section 6.9)

det(B — AI) = det S™! det(A — AI) det S = det(A — \I)

Answer 37 (Section 6.10)
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A2 —6A+13=0and A2 —6A+131=0
Answer 38 (Section 6.10)

83328 41680
. _
(1) A” = 166401+ 8336 A = (33344 16640)

1 1023 1023)
0 341 342

(2) A9 = —3401 + 341 A? = (0 683 682

Answer 39 (Section 6.10)

4+ 3m 3m A6 — 22528 18432
—3m 4—3m)’ -\ 18432 —14336

Answer 40 (Section 6.10)

(a) A™ =4m"1A (only one unknown ¢, remains, so no system needs to be solved)
(b) A™ = (3.-2m"t —2.3m )A 4 (3™t —2m 1)AZ

Answer 41 (Section 6.10)

1. (det A)™ =det A™ =0, so det A =0

2. 0=A"k=\"k withk#£0,s0 A =0

Answer 42 (Section 6.11)

(1) orthogonal  (2) orthogonal

Answer 43 (Section 6.11)

(a), (b) Ak, = —2k,, Ak, =—2k,, Ak, = 4k,

1 1 1
V2 V6 3

CP=|-% % | PTAP=diag(—2,—2,4)
0 -

V6 VB
Answer 44 (Section 6.11)

(AB)T(AB) = BTATAB =1; so A? is orthogonal too
(AH)TA1 = AAT =1; if A2=Tthen AT = A~ = A; for the rotation matrix M7M = I
Answer 45 (Section 6.13)

(1) P = (123 1) . D = diag(—7,4)

111
2)P=|0 1 0|, D=diag(0,1,2)
111

0 1—v5 1456
(3)P:(0 2 2 ) D = diag(1, —v/5,V/5)
1 0 0

Answer 46 (Section 6.13)

(1) P = é (‘11 D , D = diag(0,2)
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11
R .
(2) P= %5 o 0|, D= diag(—1,1,1)
0 0 1
1 1
V2 V2
3)P=| 0 1 0|, D=diag(—6,1,8)
1 1
z 0%
Answer 47 (Section 6.13)
X2 v? Y2 X2
(1) ellipse: o + = 1 (2) hyperbola: T = 1

Answer 48 (Section 6.13)

1 8 4 —1
-1 4 8

Answer 49 (Section 6.13)
A™ = (PDP Y(PDP!)...(PDP ') = PD"P!
Answer 50 (Section 6.13)

0w 1) waean(i )

Answer 51 (Section 6.13)
D! = P 'A~!P is diagonal, so the same P diagonalizes A~!
Answer 52 (Section 6.13)

No: the columns of P can be rescaled or reordered, and for a repeated eigenvalue other eigenvectors
can be chosen. Only D (up to order) is unique.

Answer 53 (Section 6.14)

o6 ) @00 )
1 0 0 4 =2 1

(3) (—1 1 0) (0 ~1 3)
3 =7 1/ \0 0 21

Answer 54 (Section 6.14)

(1)951:*%7932:*% (2) =1, 29=1, 13=5
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7 Systems of Linear Differential Equations

Learning objectives After this chapter you should be able to

o write coupled or higher-order linear equations as a system x = Ax + f(¢), and use
fundamental sets and the fundamental matrix

e solve homogeneous systems with distinct, repeated and complex eigenvalues

e solve nonhomogeneous systems by undetermined coefficients, variation of parameters
and diagonalization

o compute the matrix exponential by its series or by the Laplace transform

7.1 Theory of Linear Systems

o Here we confine our study to systems of first-order DEs that are special cases of systems that
have the normal form

dxy
ﬁ = gl(t7x1ﬂx2’ ’xn)

dx
d7t2 = 92<t,331, Lo,y xn)

dz,,

W = gn(t7$17$2’ -'~,:L‘n)

This system is called a first-order system

o When each of the functions g;, = 1,---,n, is linear in the dependent variables z,, i = 1, -+, n,
we get the normal form of a first-order system of linear equations

dx

— = an(Ory + a0z + o+ ay (D3, + fi(0)

dx

d7t2 = ag1 (1)@ + age (D) + -+ + a9y (t)x,, + f5(1) (LS)
d

% = Ay (t).Tl + anQ(t)xQ + -+ a‘nn<t)$n + fn(t)

We refer to (LS) simply as a linear system. We assume that the coefficients a,;(t) as well
as the functions f;(f) are continuous on a common interval /. When f;(t) =0,i=1,--,n,
the linear system is said to be homogeneous; otherwise it is nonhomogeneous
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o If x, A, and f denote the respective matrices

Ty ap; Qa2 A1n J1

Lo g1 Qg2 Aoy fo
x=|"71,A= , f=

Ty, Apy1 Apo 0 Qpp fn

then the system of linear first-order DEs can be written as

dx =Ax+f (LSM)
dt
o A solution vector of (LSM) can be interpreted geometrically as a set of parametric equations
of a space curve. In the case n = 2 and n = 3, the equations z; = ¢ (t), x5 = ¢5(t), and
Ty = ¢1(t), Ty = @o(t), x3 = ¢P5(t) represent curves in 2-space and 3-space, respectively. It
is common practice to call such a solution curve a trajectory. The plane is also called the
phase plane

e Initial-Value Problem

Let t; denote a point on an interval I and

M
—
Tn
where «,, ¢ = 1,---,n are given constants. Then the problem

dx

= Al)x (), x(to) =

is an initial-value problem on the interval. Here there exists a unique solution of the
initial-value problem if the entries of A and f are continuous functions on a common interval

I

¢ Superposition Principle

Let x4, x5, -, X be a set of solution vectors of the homogeneous system
dx
— =A(t)x
7 (t)

on an interval I. Then the linear combination

X = C1Xq + X9 + - + X,

where ¢;, ¢ = 1,2, -+, k, are arbitrary constants, is also a solution on the interval
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7.2

We can introduce the concept of the Wronskian determinant as a test for linear independence.
Let x4, x,, -, X,, be n solution vectors of the homogeneous system on I. Then the set of
solution vectors is linearly independent on I if and only if the Wronskian

L1 Tiz o Ty

To1 Loz Loy
W(X17X2,~--,Xn) =1 - . #0

Tn1 T2 Lnn

for every t in the interval.

Either W(x,,Xq,+,X,,) # 0 for every ¢ in I, or W(xy, Xy, ,X%,,) = 0 for every ¢ in I. Thus
if we can show that W # 0 for some ¢, in I, then W # 0 for every ¢, hence the set of
solutions is linearly independent on the interval

Any set of n linearly independent solution vectors of the homogeneous system on an interval
I is said to be a fundamental set of solutions. Then the general solution of the
homogeneous system is

X =Xy + Xy + -+ ¢, X,

where ¢;, ¢ = 1,2,--,n are arbitrary constants
General Solution of the Nonhomogeneous System

For nonhomogeneous systems, a particular solution x, on an interval I is any vector, free
of arbitrary parameters, whose entries are functions that satisfy system (LSM). Let

X; = C1Xq + CoXo + - + ¢, X,

denote the general solution of the associated homogeneous system. Then the general solution
of the nonhomogeneous system is

X =X, +X,

Homogeneous Linear Systems

For the general homogeneous linear first-order system
dx
T A HE
I = AX (HE)

we are prompted to ask whether we can always find a solution of the form
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o If (SL) is to be a solution vector of the system, then

dx
X _A
ar O

J x=keM
Aker = AkeM
J =eM
(A— Dk =0

(CE)

In order for (CE) to have solutions other than the obvious trivial solution k = 0, we must
have

det(A —AI) =0

This polynomial equation of A is called the characteristic equation of A; its solutions are
the eigenvalues of A. A solution k # 0 of (CE) corresponding to an eigenvalue \ is called
an eigenvector of A

¢ Distinct Real Eigenvalues

When A possesses n distinct real eigenvalues A;, ¢ = 1,2,---,n, then a set of n linearly
independent eigenvectors k;, ko, -+, k,, can always be found and
x; = ket x, = ket . x =k, etnt

is a fundamental set of solutions of the homogeneous system (HE) on (—o0, 00)

Example Solve

dx

7:2x+3y dx 2 3 T
gy = %:AX,A: 5 1 , X =
%:Qx—i—y y

e From the characteristic equation

det (A — \I) =

2—X 3
2 1—A

‘—()\+1)()\—4)—0

e Now for \; = —1,

£96)-6

Thus k; = —k,. When k, = —1, the related eigenvector is

o)
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e For \, =4,

(2 ) -0)

so that k; = %kz, and therefore with ky = 2, the corresponding eigenvector is

e

e Since we have found two linearly independent solutions

X = (_11> et and x, = (2) ett

the general solution of the system is

X = Xy + C9Xy

import numpy as np
import matplotlib.pyplot as plt

w =06

xl = np.arange(-w, w, 0.1)
yl = np.arange(-w, w, 0.1)
X, y = np.meshgrid(x1l, yl)
xdot = 2*x +3*y

ydot = 2*x +y

y 1= -x1

y 2 =2/3 *x1

fig, ax = plt.subplots(figsize=(5, 5))

ax.
ax.
ax.
ax.
ax.
ax.
.grid()
ax.

ax

streamplot(x, y, xdot, ydot, color='blue')
plot(xl, y 1, 'r:', x1, y 2, 'r:'")

set _title('Phase Portrait')

axis((-w, w, -w, w))

set xlabel('x")

set _ylabel('y')

tick params(axis='both', direction='in")
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Phase Portrait
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Figure 7.1: Phase Portrait of Saddle-Point System

import pprint

A = np.array([[2, 3], [2, 1]])
1d, k = np.linalg.eig(A)

print('Eigenvalues =', end = ' '); pprint.pprint(ld)
print('Eigenvectors ="); pprint.pprint(k)

Eigenvalues = array([ 4., -1.1)

Eigenvectors =

array([[ 0.83205029, -0.70710678],
[ 0.5547002 , 0.70710678]11)

import sympy
sympy.init printing()

A = sympy.Matrix(A)
A .eigenvects()
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Example Use python to obtain the phase portraits of the systems

Attractor
dx 5 49
o
ar 2t T
dy 3
22,9
a4t

Repeller

dx

= —2r 42
7t T+ 2y
dy

I 3
7 T+ oy

Answer 1 (end of chapter) - Solution

¢ Repeated Eigenvalues

For an n x n matrix A, if m is a positive integer and (A— A;)™ is a factor of the characteristic

equation while (A—\;)™"! is not a factor, then )\, is said to be an eigenvalue of multiplicity
m

— It may be possible to find m linearly independent eigenvectors k;, k,, ---, k,,, corre-
sponding to an eigenvalue \; of multiplicity m < n. In this case, the general solution
contains the linear combination

ek eMt 4 cokoeMt e, ket

o If there is only one eigenvector corresponding to the eigenvalue A; of multiplicity m, then m
linearly independent solutions of the form

_ At
x; =k e

— At At
Xy = ki te’t + ket

tm—l tm—Q
| e)‘lt + k12

(m—1)!

x :kll '6)‘1t+-"+k1m€>‘1t

(m—2)!

can always be found
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Example Solve

e The characteristic equation
det(A—XI)=| -2 1—-X =2 [=0

yields — (A +1)2(A—=5)=0. Then \; = Ay = —l and \; =5

e For \{ = Ay = —1, we have

2 =2 210 ‘ 1 -1 1|0

row operations
(A+I0)=] -2 2 —2]0 = 0 000
2 =2 210 0 0 0]0

The first row of the last matrix means k; — ky + k3 = 0. By choosing k, = 1, k3 = 0 and
ky =1, k3 = 1, two linearly independent eigenvectors corresponding to A;

1 0
0 1

o Last, for A\; =5, the Gauss elimination

—4 2 210 row operations L0 —-110
(A—5I0)=| —2 —4 —2|0 — 01 1]0

2 -2 —410 00 010

are obtained

implies k; = k3 and ky = —k3. Picking k3 = 1 gives k; = 1, ky = —1, and thus a third

eigenvector is
1
1

e Thus we conclude that the general solution is

1 0 1
x=c | 1 [et+e,| 1 |et4ey]| —1 |
0 1 1

Example Solve
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S O N
SN =
N Ot O

)x

The characteristic equation —(\ — 2)2 = 0 shows that A\; = 2 is an eigenvalue of multiplicity

three. We have
01 610
(A=2110)=] 0 0 5|0
00 0]0

Therefore 0 -k + ky + 6k3 =0 and ks =0 — ky = k3 = 0. The choice k; =1 gives the

single eigenvector
1
0

A second solution can be found of the form

X2 = klltth + k1262t (Sl)

To see this, we substitute (S1) into the system x" = Ax

(A —2D)ky, te? + (Aky, — 2k — Ky )e?t =0
0

Since this last equation is to hold for all values of ¢, we must have
(A —2Dky, =ky;
To find x5, we need only solve the additional system for the generalized eigenvector k4

01 61
0 0 0|0

Then O0-k; +ky+6k;=1and k3 =0 — ky =1,k3 =0. The choice k; = 0 gives

0
0
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e A third solution can be found of the form

t2

To see this, we substitute (S2) into the system x” = Ax

t2
(A —2Dky, 56% + (Akyy — 2kyy —kyy) te®
0
+ (Aky3 — 2ky3 — kyp)e* =0

o Then, to find k5

016]|0
(A—20Ik;,)=| 0 0 5/1
0000

Then 0-k; + ky +6k; =0 and Sky3 =1 — ky = —g, ks = % The choice k; = 0 gives

=

4

w

Il
N
oﬂ»—m\lca o
N—

e Thus we see that the general solution is

1 1 0
x=c; | 0 |[e*+c, 0 [te?+ | 1 |e*
0 0 0
1Y 4 0 0
+c3 0 | =+ | 1 [te®+ —g 2t
2 i
0 0 it

Example Use python to obtain the phase portrait of the system

dx
— =3x—18
ar ~ v
dy
— =2r—9
ar T
A = np.array([[3, -181, [2, -9]1)
1d, k = np.linalg.eig(A)
print('Eigenvalues =', end = ' "); pprint.pprint(ld)

print('Eigenvectors ='); pprint.pprint(np.around(k, decimals=4))

Eigenvalues = array([-3., -3.])

Eigenvectors =

array([[0.9487, 0.9487],
[0.3162, 0.3162]1)
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A = sympy.Matrix(A)
A .eigenvects()

Xl = np.arange(-w, w, 0.1)
yl = np.arange(-w, w, 0.1)

X, = np.meshgrid(xl, yl)
xdot = 3*x -18*y
ydot = 2*x -9*y

y 1 =1/3 *x1
fig, ax = plt.subplots(figsize=(5, 5))

ax.streamplot(x, y, xdot, ydot, color='blue')
ax.plot(xl, y 1, 'r:")

ax.set title('Phase Portrait')

ax.axis((-w, w, -w, w))

ax.set xlabel('x")

ax.set _ylabel('y")

ax.grid()

ax.tick params(axis='both', direction='in")
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Phase Portrait

—6 —4 -2 0 2 4 6
X

Figure 7.2: Phase Portrait of Defective System

Example The 5 x 5 matrix

>

Il
cooconw
ook
cownvo o
ocnvo oo
O = O OO

has an eigenvalue A; = 2 of multiplicity 5. Show that three linearly independent eigenvectors
corresponding to A\; can be found. And construct the generalized eigenvectors

e The system

(A —21|0) =

o O O O O
OO O O
O O O O O
o O O O O
o= O O O
o O O O O

implies k, = 0 and k; = 0. Then we can pick (ky = 1,ky =k, =0), (kg = 1,k; =k, = 0)
and (ky = 1,k; = k3 = 0) in turn to build three linearly independent eigenvectors
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=
_
—
|
o O O O
~
[\)
[y
|
SO = OO
=~
w
=
|
O =R O O O

e The following systems

(A_QI’ku) = ) (A_QI‘kzn) =

o O O o o
S O OO
o O O O O
o O O O O
o= O O O
(el olall
o O O O O
o O OO
o O O O O
o O O o o
SO R O O O
o= O O O

are solved to construct two generalized eigenvectors: The first system gives k, = 1 and k5 = 0,
and then, for k,,, we can pick k; = k3 = k;, = 0. The second system yields ky = 0 and
ks =1, we can also pick k; = k3 =k, = 0 for kg,

) k32:

-

N4

[\

|
coo~RoO
—_ o ooo

« Complex Eigenvalues

Let A be the coeflicient matrix having real entries of the homogeneous system, and let k; be
an eigenvector corresponding to the complex eigenvalue \; = a + ¢, a and [ real. Then

k,eMt and k,eM?
are linearly independent solutions of the homogeneous system. By defining
b, = Re(k;) and b, =Im(k,)
the following vectors are also linearly independent solutions

x; = [by cos t — by, sin Bt] e
x5 = [by cos Bt + by sin Bt] e

Example Solve the initial value problem

d

—x:2m+8y

4t . w(0) =2, y(0) = -1
- _r—_9

a0
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o First we obtain the eigenvalues from

det(A — AI) =

2—A 8
-1 —-2-2A

The eigenvalues are A\; = 2i and Ay = ),

A = np.array([[2, 8], [-1, -211])

A = sympy.Matrix(A)
A .eigenvects()

G

e For )\, the system

| —
I
['\u-
= A
-
]
]
—
o,
b2
| —
]
I
['\u-
=
-
-H-I
]
——
]

24 8

. 2 —
(A—2zI]O)_< IR

0 row op:er;,tions 1 24+2¢:10
0 0 0 |0

gives k; = —(2 4 2i)k,. By choosing ky, = —1, we get

by b,

¢ Now we form the general solution

[ R P [

The initial condition yields 2¢; + 2¢, = 2, —c¢; = —1 whose solution is ¢; =1, ¢; = 0. Thus

solution is
2 2\ .
X = (_1) cos 2t — (0> sin 2t

from scipy.integrate import solve ivp

def myODE(t, y):
return [2*y[0] +8*y[1l], -y[0] -2*y[1]]

tf = 20.0

sol = solve ivp(myODE, [0, tf], [2, -11,
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t eval = np.linspace(0, tf, 200))

fig, ax = plt.subplots(figsize=(6, 4))
ax.plot(sol.t, sol.y[0], 'r-', label 'x")
ax.plot(sol.t, sol.y[1], 'b-', label 'v')
ax.axis((0, tf, -4, 4))

ax.tick params(axis='both', direction='in', pad=8)
ax.legend()

ax.set xlabel('t")

ax.set ylabel('x, y');

-3 + -_— X
Yy
-4 1 1 1 1 1 1 1
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
t

Figure 7.3: Time Series of System with Complex Eigenvalues

xl = np.arange(-w, w, 0.1)
yl = np.arange(-w, w, 0.1)
X, y = np.meshgrid(x1l, y1l)

xdot
ydot

2*%x +8*y
-X _z*y

fig, ax = plt.subplots(figsize=(5, 5))

ax.streamplot(x, y, xdot, ydot, color='blue')
ax.plot(sol.y[0], sol.y[1], 'r:')

ax.set title('Phase Portrait')
ax.axis((-w, w, -w, w))
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ax.set xlabel('x")

ax.set ylabel('y")

ax.grid()

ax.tick params(axis='both', direction='in"')

Phase Portrait

Try it in Python: Eigenvalues and eigenvectors numerically: Eigenvalue problems; inte-
grating linear systems with solve ivp: Numerical integration of ODEs using ‘scipy*

7.3 Solution by Diagonalization

e A homogeneous system

1 11 Q2 0 Qpp L1
To | _ | @21 Q22 - G2y T2
Ly An1 Qg 0 Gy Ly
is said to be coupled if each z; is expressed as a linear combination of x{, zg,---,x,. If Ais

diagonalizable, the system can be decoupled so each z; is expressed solely in terms of z;

o If A has n linearly independent eigenvectors, we can find a matrix P such that P"'AP = D
where D is a diagonal matrix
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o Making the substitution x = Py in X = Ax,

x = Ax
| x=Py
Py = APy

y = P"!APy = Dy

The last equation is the same as

(3 Ay 0 0 Y1
Ya _ 0 Ay = 0 Yo
U 0 0 - A, Y,

e The general solution of y = Dy can be written as

c et

cyetat
y= .

¢, et

Then the general solution of x = Ax is obtained from x = Py

Example Solve

-2 -1 8
X = 0 -3 8 |x
0 —4 9

¢ We begin by finding the eigenvalues and corresponding eigenvectors of the coefficient matrix.
From det(A — AI) = 0, we get \; = —2, Ay = 1, and Ay = 5. Since the eigenvalues are
distinct, the eigenvectors are linearly independent. Solving (A — A\, I)k =0 for i = 1,2, and 3

gives, respectively,
1 2 1
kl = 0 ) k2 = 2 y k3 = 1
0 1 1

e Thus a matrix that diagonalizes A is

1 21
P=|0 21
011

The substitution x = Py in x = Ax gives the decoupled system y = Dy. The entries on
the main diagonal of D are the eigenvalues of A corresponding to the order in which the
eigenvectors appear in P. The general solution of the decoupled system is
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e Hence the solution of the given system is

1
0
0
1 2 1
261(0 e tey| 2 |etteg| 1|
0 1 1

7.4 Nonhomogeneous Linear Systems

e The general solution of a nonhomogeneous linear system x = Ax + f(t) is x = x;, + x,, where
X}, is the complementary function of the associated homogeneous linear system and x,, is any
particular solution of the nonhomogeneous system

7.4.1 Method of undetermined coefficients
¢ The method of undetermined coefficients consists of making an educated guess about
the form of a particular solution vector x,,. The matrix version of undetermined coefficients
is only applicable when the entries of A are constants and the entries of f(¢) are constants,

polynomials, exponential functions, sines and cosines, or finite sums and products of these
functions

Example Solve

X = -2 X+ -8
L -1 1 3
o We first solve the associated homogeneous system

X = _12x
=1 1

The characteristic equation of A

=X4+1=0

det(A—/\I):’ oA 2 ‘

—1 1—A

yields the complex eigenvalues A\; =i and A\, = A\, = —i
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° FOI“ )\1 :i,

. —1—1 2
(A —iI|0) = ( D

0 row operations 1 —1+1 ‘ 0
0 - 0 0 |0

gives an eigenvector

= ()

Now we build the general solution of the associated homogeneous system

o (e [ ()]

e Since f is a constant vector, we assume a constant particular solution vector

Solving this algebraic system gives

Example Solve

(6 1Y), . 6t
*=14 3 10t + 4

e The eigenvalues and corresponding eigenvectors of the associated homogeneous system are

found to be Ay =2, A, =7,
1 1

Hence the complementary function is
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e Now we shall try to find the particular solution of the form

Qg az
X, = t+
=)+ ()

Substituting this assumption into the given system and solving the resultant algebraic

equations yields
X, = —2 t+ N
P 6 7\ 10
Example Determine the form of a particular solution vector x,,, for the system

a5 3, 2t
-1 1 et —5t+7

e Because f can be written in matrix terms as

(e (e )

a natural assumption for a particular solution would be
_ (@3) ¢ ) ay
5= () () e ()

e The method of undetermined coefficients for linear systems is not as straightforward as the
last three examples would seem to indicate. But there are further difficulties

o For example, in 2 x 2 system, if f(¢) is a constant vector and A = 0 is an eigenvalue of
multiplicity one, then the complementary function x; contains a constant vector. We would
ordinarily try a particular solution of the form

a;
X = t
P (b1>

This is not the proper assumption for linear systems; it should be

D) ay
X, = t+
=) ()
o Similarly, in the last Example, if we replace et in f(¢) by €2! (A = 2 is an eigenvalue), then
the correct form of the particular solution vector is

ay 2t as\ ot Qg ay
X = tet + et + t+
o= () () e (52) 1+ ()
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7.4.2 Method of Variation of Parameters

¢ A Fundamental Matrix

If x;, x5, -+, X, is a fundamental set of solutions of the homogeneous system x = Ax, then
its general solution is the linear combination x = ¢;x; + c9Xy + - + ¢, X,, OF

T11 T2 Lin L1 Tig 0 T €1

T T T T T e c
x=c | Pl e | TP tede, [T = R T

Tn1 Zpo Lpn Tp1 Tpz 0 Tpp Cp

o In other words, the general solution can be written as the product

x = ®(t)c
where c is the column vector of constants and ® is the fundamental matrix
e We need to know two properties of a fundamental matrix:

— A fundamental matrix ®(¢) is nonsingular

— If ®(¢) is a fundamental matrix of x = Ax, then

b(t) = AD(t)

e Variation of Parameters

We ask whether it is possible to replace c by

u(t) = ) ) so that x, = ®(t)u(t)
U, (1)

is a particular solution of x = Ax + f(¢)
x = Ax +f(t)
|| %, =@u)
d(t)u(t) + (t)a(t) = Ad(t)u(t) + f(t)
| &) = Aae)
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e Thus the general solution is

x = ®(t)c + D(¢) / O (t)f(t) dt

where ¢ =c+ ¢

o If we set x, = ®(t,)c with an initial condition x(¢,) = %X, the solution of the initial value
problem is

x = ®()D 1 (ty)x, + D(1) / d 1 (s)f(s) ds

0

Example Find the general solution of the nonhomogeneous system

() ()

e The solution vectors of the homogeneous system are then
X, = e and x, = e
1= 2 2= | _9p5t

o2t o5t B 1/ 202t o2t
o(t) = ( 2t 9,5t ) and ® 1(t) = 3( 5¢ 5t )

¢ Hence

e —€

Then we obtain

0]
67215 675t 1 262t e?t 3t
= g2t 95t g eft bt et dt
6 27 | 1 _—t
(GoHri)
gt ~ 50 + §€

7.4.3 Diagonalization

o Suppose P is the matrix such that P~ AP = D, where D is a diagonal matrix. Substituting
x = Py into the nonhomogeneous system gives

X =Ax+f
ﬂx:Py
Py =APy+f

y =P APy + P If
y =Dy + P If

ﬂ g=P'f
y=Dy+g
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7.5

In the last equation, g is a column vector. So each differential equation has the form of
¥, = Ny; +9;(t), i =1,---,n. Unlike the procedure for solving a homogeneous system, we
now are required to compute the inverse of P

Matrix Exponential

We can define a matrix exponential e®? so that X = Ax has a solution x = e®'c

2 k k
_I+At+A + +A ZA i

The derivative of eA? is obtained by differentiating term by term

oar_ 1 I+At+A2 p+ AR k
dt dt k'
k

it
—A+A2t+A32+ S+ AR k|+---

—A[IJrAtJrA2 + - +Akk' }:AeAf

At

Now we can prove that x = e”*"c is the solution of X = Ax for every constant vector c

%X = %eAtc = AeBlc = A (eAtc) = Ax

If we denote eA? by the symbol W(t), then LeAl = AeAt is equivalent to U(t) = AT(1).

In addition, ¥(0) = eA% = I and so det ¥(0) # 0. These two properties are sufficient to

conclude that ¥(t) is a fundamental matrix of x = Ax. Then it is always nonsingular and
(eAt>*1 — oAt

For a nonhomogeneous system of linear first-order DEs, the general solution is

t
X =x;, +x, = eMc4 et / e A%f(s) ds
t

0

Computation of eA*: Using the Laplace Transform

x = e®? is a solution of the initial value problem

x=Ax, x(0)=1I

If x(s) = £{eA!}, then the Laplace transform of the above initial value problem is

sx(s) —I = Ax(s)
(sI—A)x(s) =1
x(s) = (sI— A)!

In other words,

A = LH{(sT— A)1)
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« Computation of eA*: Using Powers A™

For computing an arbitrary power A*, k a nonnegative integer, we can write

n—1
AR =3 "c;(k)AJ and N = }:c
=0
where the last expression is valid for the eigenvalues Ay, Ay, -, A,,. If the eigenvalues are

distinct, by setting A = A, Ay, -+, A
the first expression by solving n equations in n unknowns. From the definition of e®t, we
have

» in the second expression, we were able to find c;(k) in

At _ kL M o_ kL
= ;A I and e = ;)\ X

We next use these to replace A¥ and A\* as finite sums followed by an interchange of the order
of summations

co 4k [n-l A S 'SV
oAt _ ;H ( cj(l-c)AJ> = ZA’ (Z M%‘(’f)) = DA

0 7=0 7=0
00 tk; n—1 oo n—1
N . .
et_zk;!<' c;(k ) ZA]( k! ](kz))—Z)\ij
k=0 3=0 7=0 7=0

Analogous to how we used the eigenvalues of A to determine the c;, we again use the
eigenvalues to solve a system of equations to determine the b;

Example Compute eA? for

e First we compute the matrix sI — A and then find its inverse
s—1 1
ﬂ_A_(-J 5+2)

s+2 —1
(SI—A)il — ( S<82+1) s(ssjll) )

s(s+1)  s(s+1)

e Then we decompose the entries of the last matrix into partial fractions

1 1
%—i_egl
-5+

s+1

-t =

» [N® [N

Taking the inverse Laplace transform gives the desired result
At 2—et —14et
e = —t —t
2 —2e —14 2e
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~ n >
1

= sympy.Matrix([[1, -1], [2, -2]])

sympy.symbols('s")
sympy.symbols('t', real=True, positive=True)

lp_sol = (s*sympy.eye(2) -A).inv()
sympy.inverse laplace transform(lp sol, s, t)

0 j
-:j

Example Compute et for

A
t

a=(21)

o The eigenvalues of A are A\; = —1 and A\, = 2. Now since A is a 2 X 2 matrix, we have

eA = b I+ b A and e = by + b\

Setting A = —1 and A = 2 in the second equation gives two equations in the two unknowns
by, and b;. Solving the system yields

1 1
by = 3 [e?t +2e7t], by =

Substituting these values in the first equation and simplifying the entries yields

1.2t , 4 —t
eAt_<_§62 +§

=1 12,1 ¢
3¢7 t3

e
€

sympy.Matrix([[-2, 41, [-1, 3]1)
sympy.symbols('t', real = True, positive = True)

sympy.exp(A*t)

Summary
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Topic Result

General solution x = ®(t)c +x,, with the fundamental matrix ®
(® = AD)

Distinct eigenvalues x; = ket

Repeated eigenvalue Xy = ky teM + ket (A — MDDk, = ki,

Complex eigenvalues o £ i3 b; = Rek;, by =Imk;:

x; = [by cos 8t — b, sin Bt]et,
Xy = [b, cos Bt + by sin Bt]e™!

Variation of parameters x, = ®(t) / O (1)f(t) dt

Initial-value problem x = O(1)D " (t)x, + B(t) /t o1 (s)f(s)ds

Diagonalization x = Py uncouples the systetfn: y =Dy + P7If

Matrix exponential At =T+ At + 22't2 +oe= LH(sT—- A) 71},
x = efAle

Worked Exercises

1. Compute eA? for the matrix

-1 11
-1 0 1
-1 11

and then use the matrix exponential to solve the system x = Ax

Solution A

Step 1: Characteristic Polynomial

det(A — \I) = —\3 =0

So the eigenvalue is A = 0 with algebraic multiplicity 3. This means A is nilpotent (some power of
A equals zero), and not diagonalizable

Step 2: Matrix Exponential
Since A is nilpotent of index 3 (i.e., A® = 0), the matrix exponential can be computed using the
truncated power series:

1 ..
At =T+ At + 5Aztz

We compute:
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Then:

Solution B
Step 1: Compute sI — A

s+1 —1 —1
sI — A = 1 s —1
1 -1 s—1

After computing the inverse, we obtain:

1 s2—s—1 s s+1
(sI—A)t=— —s 52 s

—s—1 s s24s+1

Step 2: Inverse of sI — A

Step 3: Inverse Laplace Transform

So the time-domain solution becomes:

2. Solve the given system
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Solution

We are given the nonhomogeneous system of differential equations:

1 10 et
x=Ax+1f(t), where A=|1 1 0], ft)=] ¢€*
0 0 3 tedt

Step 1: Solve the Homogeneous System
We first solve:

Let’s find the general solution to the homogeneous system using eigenvalues and eigenvectors of
A

¢ Characteristic Polynomial

We compute the determinant of this matrix:

—AA=2)(A—3) =0

det(A—)\I):(S—A)“le 1iA‘

Thus, the eigenvalues are:

)\1:0,A2:27 )\3:3

o Eigenvectors

For A; = 0: Solve (A —0I)v, = 0:

For A = 3:
Solve (A —3I)vy = 0:
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So, the homogeneous solution is:

Step 2: Find a Particular Solution

—1 e* 0
O(t) = 1 e** 0
0 0 e

So the fundamental matrix is:

Then

We compute:

Compute ®(t)"1f(t):

Now integrate:

Let’s simplify and write the particular solution in general form:

1.2t | 14,2t
7€ +2te

x,(t) = O(t) / O(t)H(t)dt = (et + €%t + Lte?t

142 3¢t
2te

Step 3: Final General Solution

3. Use diagonalization to solve the given system

249

)



x\

I
7N
—_ =
— =
~

»

Solution
Step 1: Find eigenvalues
Solve det(A — AI) = 0:

1-x 1 _ , 1

1 1 1
<1_/\)2:Z:>1_)\::t§:>/\1:§7 )\2

Step 2: Find eigenvectors

For A\ = %:

Solve (A — 1I)v =0 and so one eigenvector is:

1

v, = <_i) (or any scalar multiple)

For X\, = %:

So one eigenvector is:

Step 3: Form matrix P and diagonal D

Let:
11 1
—= = = 0
_ 2 2 _ (2
P-4 1) (6 9)
Then:

A =PDP!

Step 4: Solve system using diagonalization

Let x = Py, then:

x'=Ax =Py’ = APy =y =Dy

So the system becomes:

Y =Dy JVi=an L Jm®)=
Yp = %yz

250



Then:

»
—
~
S~—
Il
w
<
—~
~
S~—
Il
o
-
[@)
Wl
~
|
— N
N~
+
o
N
]
nlw
~
7N
[
N———

4. Use diagonalization to solve the given system

0 2 0
x=12 0 2]|x
0 20

Solution
Step 1: Find eigenvalues of A

We solve the characteristic polynomial:

det(A — AI) =0

The determinant is:

A2 0
SIS W P W S P C ) PR V5 C SN PP QR € S
c 2 A "2 0 —a

Set equal to 0:

AN HBA=0=A-A248)=0=A=0, +2V2

Step 2: Find eigenvectors

e For A =0:

From the system:

- 2y=0=y=0
— Then 2r +22=0=22+4+2=0=2=—=x

So eigenvector:

o For \ =22:
Solve (A —2v/2I)v = 0
So:
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o For \ = —2V/2:

(4

Step 3: Construct the matrices P and D

We construct matrix P using the eigenvectors as columns:
1 1 1

P=(v2 —V2 0

1 1 -1

Then the diagonal matrix is:

So, we have:

A =PDP!

Step 4: Solve system using diagonalization

Let x = Py, then:

x’=Ax = Py’= APy =y’ = Dy

So the system becomes:

Y2 (1) = 2v/2y, (1) Yo (1) = cqe2V2
Yy (1) = —2v/2y,(t) = Yo (t) = cpe2V2
y3’(t) =0 yg(t) =cq

Step 5: Final general solution

Now substitute back:

1 1 1
x(t) = Py(t) = ¢ ( 0) 4 0262\/§t (\@) + Cge—zﬁt (_\@)

5. Compute e?? for the coefficient matrix and find the general solution of the given system
x' = 2 8 X+ 2
~\0 4 16t

Step 1: Solve the homogeneous system

Solution
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We begin by solving the homogeneous system:

x' = Ax

We need to compute At

Step 1.1: Diagonalize A

2
A= ( 0 i) is upper triangular, so eigenvalues are on the diagonal:

Eigenvector for A = 2:

(A —21) = (8 2) = o) = (é)

Eigenvector for A = 4:

-2 8 4
A1) = — = (2) =
(A —4I) < 0 O) = 2x+8y=0=v <1>

Construct P and D:

(1 4 (20 L (1 —4
P=(o1) o= (0 8) mr-(o )

Step 1.2: Compute the matrix exponential

1 4\ (% 0 1 —4
At __ Dip—-1 __
et =PeP _(0 1)(0 e4f) (0 1)

eAt B <62t 462t(62t . 1))

Multiply:

0 641‘,

Step 2: Particular solution by variation of parameters

The general solution is:

x(t) = e?e 4 x,(t)

where:

Step 2.1: Compute e #*f(s)
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2e72% — 64s5(e?s —1)e4¢
—As _
e fls) = ( 165648

Now integrate each component:
Step 2.2: Compute the integrals

From direct integration:

t
/ (2e725 — 64s(e?® — 1)e %) ds = (32t + 15)e 2! — (16t +4)e ** — 11
0

t
/ 16se 4%ds = (—4t — 1)e ' + 1
0

Step 2.3: Multiply by eA?

Now compute:

ar (B2t +15)e7% — (16t + 4)e* — 11
x,p(t) =€ ( (—4t — 1)t +1

After simplification, the final particular solution is:

() = 16t + 11 — 152" + 4et
*p\t) = ett —4t —1

Final General Solution

16t + 11 — 15e3t 4 4e*
_ At
x(t)=e c+( oAt g

where:

2t 4 2t (2t 1
o (2 MY ()
0 e Coy

6. Compute e?? for the coefficient matrix and find the general solution of the given system
;L 31 -2\ o
X = (_ 1 1) X+ ( 1> e

Step 1: Solve the homogeneous system

Solution

Step 1.1: Find eigenvalues of A
Compute the characteristic polynomial:

det(A — AI) =

3—2A 1
-1 1-2X

‘:(3—)\)(1—)\)+1:()\—2)2
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So, A = 2 is a repeated eigenvalue
Step 1.2: Find generalized eigenvectors

Eigenvector for A = 2:

(A —o1) = (_1

Generalized eigenvector:

We solve (A —2I)vy, = v,

()= () =

1
—1

Step 1.3: Matrix exponential for defective matrix

If A =PJP ! with Jordan form J, then:

eAt — PeJt]_:)fl

We use:

_ (21 Jt _ 2t
J—(O 2), et =¢e

We form:

Now compute:

1 0
At _ p Itp—-1 _ 2
e =Pe''P —( 1 1)6 (

The inverse of the matrix e®? is:

Step 2: Variation of parameters

The general solution is:

t
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Answers

Answer 1 (Section 7.2)

4 —2
Attractor: x = ¢; (3) ettty ( ) e~ T2

1
Repeller: x = ¢, (_12> et + ¢y <}> et

256



8 Systems of Nonlinear Differential Equations

Learning objectives After this chapter you should be able to

e write a higher-order equation as a plane autonomous system and find its critical points

o classify the critical point of a linear system x” = Ax from 7 = tr A and A = det A

e determine local stability by linearization, and use the phase-plane method when lin-
earization is not decisive

e analyze models such as the pendulum, the bead on a wire, predator-prey and competition

o rule out periodic solutions (Bendixson, Dulac) or show that they exist (Poincaré-
Bendixson)

8.1 Autonomous Systems

A system of first-order differential equations is called autonomous when the system can be written
in the form

dx
ﬁ = 91(1’1,1‘2, 7:En>

dx
d7t2 = g2($1,$2,-~,$n>

dx,,
W - gn($17x27 7xn>

Notice that the independent variable ¢ does not appear explicitly on the right-hand side of each
differential equation

¢ Second-Order DE as a System

Any second-order differential equation z” = g(z,x") can be written as an autonomous system.
If we let y = 2/, the second-order differential equation becomes the system of two first-order
equations

Example The displacement angle 8 for a pendulum satisfies the nonlinear second-order differential
equation

a0 g .
w‘f‘jSlDG—O
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If we let z = 0 and y = 6, this second-order differential equation can be written as the autonomous
system

Y
T =1, y——jslnaz

¢ Plane Autonomous System

When n = 2, the system is called a plane autonomous system, and we write the system as

dx

>~ _p

dy

a Q(z,y)

If P, @, and the first-order partial derivatives OP/0z, OP/dy, 0Q/0z, and 0Q/Jy are
continuous in a region R of the plane, then a solution to the plane autonomous system that
satisfies x(0) = x, is unique and one of three basic types:

— A constant solution, x(t) = x, for all . A constant solution is called a critical or
stationary point. Since x” = 0, a critical point is a solution of the system of algebraic
equations

— An arc, x(t) - a plane curve that does not cross itself

®X
1
P
2
cannot be
X0 a solution
(a) an arc (b) a curve that crosses itself

— A periodic solution or cycle, x(t + p) = x(t)

Xy
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Example Find all critical points of the following plane autonomous system

¥ =22+y>—6
y =a2—y

Answer 1 (end of chapter) - Solution

Try it in Python: Finding critical points of nonlinear systems with scipy.optimize.fsolve:
System of nonlinear equations

8.2 Stability of Linear Systems

If x, is a critical point of a plane autonomous system and x = x(¢) is a solution satisfying x(0) = x,
when x; is placed near x;

X0 X0

X0

(a) returns to x; (b) stays close to x; (c) moves away from x;

C g

e Stability Analysis
— A careful geometric analysis of the solutions to the linear plane autonomous system
2 =ax+by
y =cx+dy

in terms of the eigenvalues and eigenvectors of the coefficient matrix
a b
A =

— To ensure that x, = (0, 0) is the only critical point, we will assume that the determinant
A =ad—bc# 0. If 7 =a+d is the trace of matrix A, then the characteristic equation,
det(A — M) = 0, can be rewritten as

drives the stability analysis

N —TA+A=0
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Therefore the eigenvalues of A are

5= T+V712 —4A
==

and the usual three cases for these roots occur according to whether 72 — 4A is positive,
negative, or zero

Example Find the eigenvalues of the linear system

' =—x+y

y =cr—y
in terms of ¢, and use a numerical solver to discover the shapes of solutions corresponding to the
cases ¢ = i, 4,0, and —9. A has trace 7 = —2 and determinant A = 1 — ¢, and so the eigenvalues
are

A=—14++/c

The nature of the eigenvalues is therefore determined by the value of ¢

import numpy as np
import sympy as sp
sp.init printing(use _unicode=True)

@]
]

sp.Symbol('c")
sp.Matrix([[-1, 11, [c, -1]1)
A.eigenvects()

B Jo—1 177> B Je—1 177>
—Ve—1,1, || T ) ( fe—1, 1, L )
(_ ' 1 h l )

import matplotlib.pyplot as plt

p
1l

w=1

Xp = np.linspace(-w, w, 50)
yp = np.linspace(-w, w, 50)
X, Yy = np.meshgrid(xp, yp)

Cc_ np.array([1/4, 4, 0, -9])
c_title = [r'$c=\frac{1}{4}$', r'$c=4%", r'$c=0%', r'$c=-9$']

fig = plt.figure(figsize=(6, 6))
for i in range(4):
ax = fig.add subplot(2, 2, i +1)

xdot
ydot

-X +y
c_[i]l*x -y
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if

ax.
ax.
ax.

.set aspect(aspect="equal')
ax.

ax

ax.

ax

if

if

c [i] >= 0.0:

y 1 -np.sqrt(c _[1]) *xp

y 2 = np.sqrt(c _[i]) *xp

ax.plot(xp, y 1, 'r:', xp, y 2, 'g:")
streamplot(x, y, xdot, ydot, color='blue')

set title(f'{c title[i]}")
axis((-w, w, -w, w))
grid()

tick params(axis='both', direction='in"',
labelsize=8)

.Xaxis.set ticks(np.linspace(-w, w, 5))
ax.

yaxis.set ticks(np.linspace(-w, w, 5))

i>= 2:
ax.set xlabel(r's$x$"')
i=0o0ri-==

ax.set ylabel(r's$y$')
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o Trajectory behaviors in phase portraits can be explained with eigenvalue-eigenvector of A

« Real Distinct Eigenvalues, 72 —4A > 0

x(t) = 1 kMt + cokyete?

— Both eigenvalues negative, 72 —4A >0, 7 <0, A >0

Stable Node: Since both eigenvalues are negative, it follows that lim, ,  x(¢) = 0 in
the direction of k; when ¢; # 0 or in the direction of k, when ¢; =0

— Both eigenvalues positive, 72 —4A >0, 7> 0, A >0

Unstable Node: x(¢) becomes unbounded in the direction of k; when ¢; # 0 or in the
direction of ky when ¢; =0

— Eigenvalues have opposite signs, 72 —4A >0, A <0

Saddle Point: When ¢; = 0, x(¢) will approach 0 along the line determined by k,. If
x(0) does not lie on the line determined by k,, the direction determined by k; serves as
an asymptote for x(t)

Example Classify the critical point (0,0) of each of the following linear system x” = Ax as either
a stable node, an unstable node, or a saddle point

-2 -2 -1 -2 2 -1
@ (5 2 o (5 ) @ o)
Answer 2 (end of chapter) - Solution

import numpy as np

w =1

xp = np.linspace(-w, w, 6)
yp np.linspace(-w, w, 6)
X, Y = np.meshgrid(xp, yp)

A = np.array([[[-2, -2], [-2, -511,
[f-1, -21, (3, 411,
[z, -11, 3, -2111)
A title = ['Stable Node', 'Unstable Node', 'Saddle Point']

fig = plt.figure(figsize=(4, 12))
for i in range(3):

xdot = A[1,0,0]*x +A[1,0,1]*y
ydot = A[i,1,0]*x +A[i,1,1]*y

lamda, v = np.linalg.eig(A[i])

if lamda[0] >= lamda[l]:
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y 1 =v[1,0]/v[0,0]*xp
y_2 = v[1,11/v[0,1]*xp
else:
y_1 = v[1,11/v[0,1]*xp
y 2 =v[1,0]/v[0,0]*xp

ax = fig.add subplot(3, 1, i +1)

ax.plot(xp, y 1, 'r:', xp, y 2, 'g:")
ax.streamplot(x, y, xdot, ydot, color='blue')

ax.set title(A title[i])

ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 5))
ax.set ylabel(r'sy$')

ax.yaxis.set ticks(np.linspace(-w, w, 5))

if 1 ==
ax.set xlabel(r'$x$')
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o A Repeated Real Eigenvalue, 72 —4A =0

The general solution takes on one of two different forms depending on whether one or two
linearly independent eigenvectors can be found for the repeated eigenvalues \;

— Two linearly independent eigenvectors

If k, and k, are two linearly independent eigenvectors corresponding to A;, then the
general solution is given by

If A, <0, the x(t) approaches 0 along the line determined by the vector ¢, k; + ¢k,
and the critical point is a degenerate stable node. The arrows are reversed when
Ay > 0, and the critical point is a degenerate unstable node

— A single linearly independent eigenvector

When only a single linearly independent eigenvector k,; exists, the general solution is
given by

x(t) = c kMt + ¢y (kypter? + ky ett)

1
= teM! ek + n (c1kqq + k)

where (A — A\ Dkyy = ky;. If A} <0, then lim, ,_ te*? = 0 and it follows that x(t)
approaches 0 in the line determined by k;;. The critical point is again a degenerate
stable node. When A\, > 0, x(¢) becomes unbounded as ¢ increases, and the critical
point is a degenerate unstable node

Example Classify the critical point (0,0) of each of the following linear system x’ = Ax

(a) (é (f)a (b) (3 __198>’ © (—21 é)

Answer 3 (end of chapter) - Solution

w=1

xp = np.linspace(-w, w, 6)
yp = np.linspace(-w, w, 6)
X, Yy = np.meshgrid(xp, yp)

A = np.array([[[1, 0], [0, 111,
[r3, -i8j, (2, -911,
[[2, 41, [-1, 6111)
A title = ['Degenerate Unstable',
'Degenerate Stable',
'Degenerate Unstable']

fig = plt.figure(figsize=(4, 12))
for i in range(3):

xdot
ydot

Ali,0,0]%x +A[i,0,1]*y
A[i,1,0]*x +A[i,1,1]*y
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lamda, v = np.linalg.eig(A[i])
ax = fig.add subplot(3, 1, i +1)
if i 1= 0:
y 1 =v[1,0] /v[0,0] *xp
ax.plot(xp, y 1, 'r:')
ax.streamplot(x, y, xdot, ydot, color='blue')
ax.set title(A title[i])
ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()
ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 5))

ax.set _ylabel(r'$ys$')

ax.yaxis.set ticks(np.linspace(-w, w, 5))
if i == 2: ax.set xlabel(r'$xs$")
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« Complex Eigenvalues, 72 —4A < 0

If A\, = a+if and \; are the complex eigenvalues and k; = b, +1ib, is a complex eigenvector
corresponding to A;, the general solution can be written as x = ¢;x; + ¢yXo

x,(t) = et (by cos 8t — b, sin t)
x5 (t) = et (b, cos Bt + by sin ft)
— Pure imaginary roots, 72 —4A <0, 7=0

Center: When o = 0, all solutions are ellipses with center at the origin and are periodic
with period p = 27 //. The critical point is called a center

— Nonzero real part, 72 —4A <0, 7#0

Spiral Point: When o < 0, e** — 0, and the elliptical-like solution spirals closer and
closer to the origin. The critical point is called a stable spiral point. When o > 0,
the effect is the opposite. An elliptical-like solution is driven farther and farther from
the origin, and the critical point is now called an unstable spiral point

Example Classify the critical point (0,0) of each of the following linear system x’ = Ax

@ (77w (7))

Answer 4 (end of chapter) - Solution

w=1

Xp = np.linspace(-w, w, 6)

yp = np.linspace(-w, w, 6)

X, Yy = np.meshgrid(xp, yp)

A = np.array([[[-1, 21, [-1, 111,
([-1, -41, 11, -1111)

A title = ['Center', 'Stable Spiral'l]

fig = plt.figure(figsize=(4, 8))

for i in range(2):

ax = fig.add subplot(2, 1, i +1)

xdot
ydot

A[i,0,0]*x +A[1,0,1]*y
Al[i,1,0]*x +A[i,1,1]*y

lamda, v = np.linalg.eig(A[i])
ax.streamplot(x, y, xdot, ydot, color='blue')
ax.set title(A title[i])

ax.axis((-w, w, -w, w))

ax.set aspect(aspect='equal')
ax.grid()
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ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 5))
ax.set ylabel(r's$ys$")

ax.yaxis.set ticks(np.linspace(-w, w, 5))
if i == 1: ax.set xlabel(r'$xs$")
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T2—4A<0 7,2:4A

stable spiral unstable spiral

stable node unstable node

degenerate degenerate
stable node 7 \}% unstable node
Az
AT =
saddle
7
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For a linear plane autonomous system x’ = Ax with det A # 0, let x denote the solution that
satisfies the initial condition x(0) = x,, where x, # 0

1. lim, ,  x(t) = 0 if and only if the eigenvalues of A have negative real parts. This will occur
when A >0and 7 <0

2. x(t) is periodic if and only if the eigenvalues of A are pure imaginary. This will occur when
A>0and 7=0

3. In all other cases, given any neighborhood of the origin, there is at least one x; in the
neighborhood for which x(¢) becomes unbounded as ¢ increases

8.3 Linearization and Local Stability

Here we will use linearization as a means of analyzing nonlinear DEs and nonlinear systems; the idea
is to replace them by linear DEs and linear systems. Let x; be a critical point of an autonomous
system, and let x = x(t) denote the solution that satisfies the initial condition x(0) = x,, where

Xy F X;-
e X, is a stable critical point

when, given any p > 0, there is a r > 0 such that if x, satisfies |x, —x;| < r, then x(t) satisfies
|x(t) —x;| < p for all t > 0. If, in addition, lim, ,  x(t) = x; whenever |x, — x| < r, we
call x; an asymptotically stable critical point

» X, is an unstable critical point
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if there is p > 0 with the property that, for any r > 0, there is at least one x, that satisfies
|xo — x1| < r, yet the corresponding solution x(t) satisfies |x(t) —x;| > p for at least one
t>0

Example Show that (0,0) is a stable critical point of the nonlinear plane autonomous system

v =—y—zVa?+y? Y =yt +y?
From the formulas r? = 2% + y? and 6 = tan"!(y/x), we obtain

‘“’_1( dz dy) d@_1<_dx+ dy)
at o\t ) T e\ T

Substituting for dz/dt and dy/dt in the expressions for dr/dt and df/dt, we obtain

dr  , df

E:_T7E:1

Using separation of variables, we see that the solution of the system is

1

r= ,
t+ ¢

0=t+c

for r #+ 0. If x(0) = (rg,0,) is the initial condition in polar coordinates, then

"o
" rot + 17 +%

Note that » <r, for ¢ > 0, and r approaches 0 as t increases. Therefore, given p > 0, a solution
that starts less than p from the origin remains within p of the origin for all ¢ > 0. Hence the critical
point (0,0) is asymptotically stable

Example When expressed in polar coordinates, a plane autonomous system takes the form

dr
df
ar =

Show that (x,y) = (0,0) is an unstable critical point

We see that dr/dt = 0 when r = 0 and can conclude that (z,y) = (0,0) is a critical point. The
differential equation can be solved using separation of variables. If r(0) = r, and ry # 0, then

3
r= -—-—-—op-
1 +Coe—0.15t

where ¢, = (3 —1()/ry. Since

3

lim ———— =3

it follows that no matter how close to (0,0) a solution starts, the solution will leave a disk of radius
p (0 < p < 3) about the origin. Therefore (0,0) is an unstable critical point
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e Linearization

We replace the term g(x) in the original autonomous system x” = g(x) by a linear term A (x — x;)
that most closely approximates g(x) in a neighborhood of x;. This replacement process is called
linearization

When x; is a critical point of a plane autonomous system

a’ = P(z,y)
Yy =Q(x,y)
P(zy,y1) = Q(z1,y1) = 0 and we have
OP OP
' =Px,y) ~ — (x—21) + 5~ (y—u1)
0T |4, y) AT
, L 9Q 2Q _
Yy = Q($7y) - ax (ml’yl) (aj wl) + 8y (y yl)

<m17y1>

The original system x” = g(x) may be approximated in a neighborhood of x; by the linear system

x" = A(x — x;), where
P 8P
6 xX
A = (6Z;|< 1,Y1) 7‘ wl,yl)) (Xl)

16)
* (%1,y1) (x1,Y1)

o Stability Criteria for Plane Autonomous System

1. If the eigenvalues of A = g’(x;) all have negative real parts, then x; is an asymptotically
stable critical point
2. If A = g’(x;) has an eigenvalue with positive real part, then x; is an unstable critical point

Example Classify the critical points of the following plane autonomous system

o =22+y>—6
y =" —y

The critical points are (v/2,2) and (—/2,2) and the Jacobian matrix is

g'(x) = @i 21{)

and so

2v/2 —1

A, =g'(—v2,2) = (_gg Lll)

a-gva- (3% )

Since the determinant of A, is negative, A; has a positive real eigenvalue. Therefore (v/2,2) is an
unstable critical point. A, has a positive determinant and a negative trace, and so both eigenvalues
have negative real parts. It follows that (—+/2,2) is a stable critical point
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¢ Classifying Critical Points

T —4A <0

f”
-
—>
1
[l
S
>
\\\\

N\ stable spiral H unstable spiral /

center or spiral?
(undecided)

stable unstable
(node or spiral) (node or spiral)

Example The second-order differential equation ma” + kz + k23 = 0, for k > 0, represents a
general model for the free, undamped oscillations of a mass m attached to a nonlinear spring. If
k=1 and k; = —1, the spring is called soft and the plane autonomous system corresponding to
the nonlinear second-order equation z” + z — 23 = 0 is

=y

y =3 —x

Find and classify the critical points

Since 3 — 2 = x(2? — 1), the critical points are (0,0), (1,0), and (—1,0). The corresponding
Jacobian matrices are

A== () )

and

A, =g'((1,0)) =g/((—1,0)) = (g (1)>

Since det A, < 0, critical points (1,0) and (—1,0) are both saddle points. The eigenvalues of A,
are +i, and the status of the critical points at (0,0) remains in doubt. It may be either a stable
spiral, an unstable spiral, or a center
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e Phase-Plane Method

The linearization method can provide useful information on the local behavior of solutions near
critical points. It is of little help if we are interested in solutions whose initial condition x(0) = x,
is not close to a critical point or if we wish to obtain a global view of the family of solution curves.
The phase-plane method is based on the fact that

dy dy/dt  Q(z,y)

dr  dx/dt  P(z,y)

and it attempts to find y as a function of x using one of the methods available for solving first-order
DEs

Example Use the phase-plane method to determine the nature of the solutions to ” +x — 23 = 0
in a neighborhood of (0,0)

If we let dz/dt = y, then dy/dt = 2 — x. From this we obtain the first-order DE

@_mg—x

dx Y

which can be solved by separation of variables. Integrating gives

4

2 _ T 2
Y 7 r° +c

If x(0) = (z,0), where 0 < z, < 1, then ¢ = —%3 + x2, and so

g2 = 2 —a? —af) (25 — 2°)
2

Note that y = 0 when z = —z. In addition, the right-hand side is positive when —z; < z < z,
and so each x has two corresponding values of y. The solution x(¢) that satisfies x(0) = (z,,0) is
therefore periodic, and so (0,0) is a center

from scipy.integrate import solve ivp

def myODE(t, y):
return [y[1], y[0]**3 -y[0]]

def plotPhasePortrait(ax, g, td, x0, y0, color):

for i in range(x0.shape[0]):
sol = solve ivp(g, [0, td[-1]1,
[x0[1i], yO], t eval = td)
ax.plot(x0[i], yO, color +'x")
ax.plot(sol.y[0], sol.y[1l], color +'-', 1w=0.2)

td = np.linspace(0, 50, 2000)

x0 0, y0 0 = np.linspace( 0.1, 1.0, 10), 0.0
x0 1, y0 1 = np.linspace( 1.6, 2.6, 30), -3.0
x0 2, y0 2 = np.linspace(-2.6,-1.6, 30), 3.0
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fig, ax = plt.subplots(figsize=(6, 6))

plotPhasePortrait(ax, myODE, td, x0 0, y0 0, 'k")
plotPhasePortrait(ax, myODE, td, x0 1, y0 1, 'b")
plotPhasePortrait(ax, myODE, td, x0 2, y0 2, 'r'")

ax.set title(r'Phase Portrait: $\times$ - initial conditions')

w =3

ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 5))
ax.yaxis.set ticks(np.linspace(-w, w, 5))

ax.set xlabel(r's$x$"')

ax.set ylabel(r's$sy$')

plt.show()

Phase Portrait: X - initial conditions

>0 _—-——_

15

—30 \

'23.0 -15 0.0 1.5
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8.4 Autonomous Systems as Mathematical Models

Many applications from physics and biology give rise to nonlinear autonomous second-order DEs

7

" =g(x,z")

Nonlinear Pendulum

a0 g

— + =sinf =0

at? 1
When we let = 6 and y = ', this second-order differential equation may be rewritten as
the dynamical system

The critical points are (+km,0), and the Jacobian matrix is easily shown to be

, _ 0 1
(e 0) = ( ey o)
If k =2n+1, A <0, and so all critical points (+(2n + 1)m,0) are saddle points. When
k = 2n, the eigenvalues are pure imaginary, and so the nature of these critical points remains
in doubt. From

dy dy/dt _gsinz

dr dx/dt 1 vy

it follows that

2
y? = 79 coszr + ¢
If x(0) = (z,0), then
2
y? = TQ(Cosx —cos )
Note that y = 0 when x = —z, and that (2¢/l)(cosz — cosz,) > 0 for |z| < |zy] < 7.

Thus each such = has two corresponding values of y, and so the solution x(t) that satisfies
x(0) = (zy,0) is periodic. We may conclude that (0,0) is a center. In the case of large initial
velocities, the pendulum spins in complete circles about the pivot

2*np.pi
np.pi
np.linspace(-wl, wl, 100)
np.linspace(-w2, w2, 100)
= np.meshgrid(xp, yp)
9.8

= 8
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xdot
ydot

y
-g/1*np.sin(x)

fig, ax = plt.subplots(figsize=(6, 3))

ax.streamplot(x, y, xdot, ydot,
linewidth=0.5, density=2, color='blue')

ax.set title('Nonlinear Pendulum')

ax.axis((-wl, wl, -w2, w2))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)

ax.xaxis.set ticks(np.linspace(-wl, wl, 5))

ax.xaxis.set ticklabels([r'$-2\pi$', r'$-\pi$', r'$0s",
r's\pis', r's$2\pis'])

ax.set xlabel(r's$x$')

ax.yaxis.set ticks(np.linspace(-w2, w2, 3))

ax.yaxis.set ticklabels([r'$-\pi$', r'$0$', r'$\pis$'l)

ax.set ylabel(r'sy$')

plt.show()

Nonlinear Pendulum

¢ Nonlinear Oscillations: The Sliding Bead

Suppose a bead with mass m slides along a thin wire whose shape is described by the function
z = f(x). A wide variety of nonlinear oscillations can be obtained by changing the shape of
the wire and by making different assumptions about the forces acting on the bead
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mgsin 6 z= f(z)

»
»

x

The tangential force F due to the weight W = mg has a magnitude mgsin 6, and therefore
the z-component of F is F, = —mgsin@cosf. Since f'(r) =tanf, we can use the identity
1+ tan? # = sec? § to conclude that

F_ = —mgsinfcosf = —mgtanf cos®

/()
T @P

A damping force D, in the direction opposite to the motion, is a constant multiple of the
velocity of the bead. The z-component of D is therefore

dx
D, =—3—
r Bdt

It follows from Newton’s second law that

1+ [f(@)]
and the corresponding plane autonomous system is
=y
/ [z B
y=-9 (=) -y

L@ m

If x; = (x1,y,) is a critical point of the system, y; = 0 and therefore f’(x,;) = 0. The bead
must therefore be at rest at a point on the wire where the tangent line is horizontal. When f
is twice differentiable, the Jacobian matrix at x; is

and so
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T=—F/m
A=gf'(x)
44 = B /m? — 49" (a,)

We can make the following conclusions:

— f"(xy) < 0: A relative maximum therefore occurs at x = x;, and since A < 0, an

unstable saddle point occurs at x; = (z4,0)

f"(zy) >0and > 0: A relative minimum therefore occurs at x = x;, and since 7 < 0
and A >0, x; = (z1,0) is a stable critical point.

If 82 > 4gm? f” (), the system is overdamped and the critical point is a stable node.
If %2 < 4gm? f” (z,), the system is underdamped and the critical point is a stable spiral
point. The exact nature of the stable critical point is still in doubt if 5% = 4gm? f” (z,)

f”(x1) > 0 and the system is undamped (5 = 0):

In this case the eigenvalues are pure imaginary, but the phase-plane method can be used
to show that the critical point is a center. Therefore solutions with x(0) = (x(0), z’(0))
near x; = (z,,0) are periodic

Example A bead is released from the position z(0) = x, on the curve z = cosh(z) with initial
velocity z'(0) = v,. Use the phase-plane method to show that the resulting solution is periodic
when the system is undamped

Answer 5 (end of chapter) - Solution

w = 10

xp = np.linspace(-w, w, 200)
yp = np.linspace(-w, w, 200)
X, Yy = np.meshgrid(xp, yp)

g=9.8
m=1

beta = [0, 0.25, 0.5]

sb_title

= [r'$\beta=0%$"', r'$\beta=0.25%$', r'$\beta=0.5%$"]

def df(x):
return np.sinh(x)

fig = plt.figure(figsize=(5, 15))

for i in

xdot
ydot

ax =

range(3):

=Y
-g*df(x) /(1 +df(x)**2) -beta[i] /m *y

fig.add subplot(3, 1, i +1)

ax.streamplot(x, y, xdot, ydot, density=1.5,

linewidth=0.5, color='blue')

ax.set title(sb title[il])
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ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 5))
ax.set ylabel(r'sy$')
ax.yaxis.set ticks(np.linspace(-w, w, 5))
if 1 ==
ax.set xlabel(r's$x$')

plt.show()
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o Lotka-Volterra Predator-Prey Model

There are many predator-prey models that lead to plane autonomous systems with at least
one periodic solution. The first such model was constructed independently by pioneer
biomathematicians A. Lotka (1925) and V. Volterra (1926). If x denotes the number of
predators and y denotes the number of prey, then the Lotka-Volterra model takes the form

' = —ax + bry = x(—a + by)
Yy = —cry+dy =y(—czr+d)

where a, b, ¢, and d are positive constants. The critical points of this plane autonomous
system are (0,0) and (d/c,a/b), and the corresponding Jacobian matrices are

Alzg’«o,o»:(‘g 2)
A, =g ((dfe.afb) = (_a‘)c )

The critical point (0, 0) is a saddle point. Since A, has pure imaginary eigenvalues A\ = +iv/ad,
the critical point (d/c,a/b) may be a center. This possibility can be investigated using the
phase-plane method. Since

dy _ y(—cx+d)
dr  x(—a+ by)

we may separate variables and obtain

/—a—i—bydy:/—cx—l—ddx
Y x

so that

(zde=e®) (y2e ) = F(2)G(y) = ¢,
Typical graphs of the nonnegative functions F'(z) = x%e~°® and G(y) = y*e~* are shown in

F G

z; dfc Ty € yn a/b Y2 Y
(a) graph of F(z) (b) graph of G(y)

It is not hard to show that F'(x) has an absolute maximum at z = d/c, whereas G(y) has an
absolute maximum at y = a/b. These graphs can be used to establish the following properties
of a solution curve that originates at a noncritical point (xg,y,) in the first quadrant

— Ify=a/b, F(z)G(a/b) = ¢y has two solutions x,, and x,, that satisfy x,, < d/c <z,
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— Ifz,, <z, <zp and z = x;, then F(x,)G(y) = ¢, has exactly two solutions y; and
Yy that satisfy y; < a/b < ys

— If = is outside the interval [z,,,2,,], then F(z)G(y) = ¢, has no solutions

Example If welet a = 0.1, b = 0.002, ¢ = 0.0025, and d = 0.2 in the Lotka-Volterra predator-prey
model, the critical point in the first quadrant is (d/c,a/b) = (80,50), and we know that this critical
point is a center. The eigenvalues of g’((80,50)) are A = +(1/2/10)i, and so the solutions near the
critical point have period p =~ 10v/2m

o 0 T
|
[cl ol oo

def myODE(t, y):
return [-a*y[0] +b*y[0]*y[1], -c*y[0]*y[1l] +d*y[1]]

fig, ax = plt.subplots(figsize=(6, 6))

td = 80
t eval = np.linspace(0, td, 300)
x0 = 0
y0 = 50
for i in range(15):
X0 = x0 +5
sol = solve ivp(myODE, [0, td], [x0, yOlI,
t eval=t eval)
ax.plot(x0, y0, 'ro')
ax.plot(sol.y[0], sol.y[1], 'b-', linewidth=1)

ax.set title('Lotka-Volterra model')

w = 400

ax.axis((0, w, 0, w))

ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(0, w, 5))

ax.set xlabel(r'$x$, predator')

ax.yaxis.set ticks(np.linspace(0, w, 5))

ax.set ylabel(r's$y$, prey')

plt.show()
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Y, prey

Lotka-Volterra model
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¢ Lotka-Volterra Competition Model

A competitive interaction occurs when two or more species compete for the food, water,
light, and space resources of an ecosystem. A number of mathematical models have been
constructed that offer insights into conditions that permit coezistence. If x denotes the
number in species I and y denotes the number in species II, then the Lotka-Volterra model
takes the form

’ Eaz(Kl T — aqay)
, T
Y ?Zy(Kz — Y — gy T)

Note that in the absence of species II (y = 0), 2’ = (r;/K;)x(K; — z), and so the first
population grows logistically and approaches the steady-state population K;. A similar
statement holds for species II growing in the absence of species I. The term —ay; 2y in the
second equation stems from the competitive effect of species I on species II. The model
therefore assumes that this rate of inhibition is directly proportional to the number of possible
competitive pairs xzy at a particular ¢

This plane autonomous system has critical points at (0,0), (K;,0), and (0, K,). When
Q909 F 1, the lines K| —x — a5y = 0 and Ky —y — ay; 2 = 0 intersect to produce a fourth
critical point X = (Z,9)
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Ky —ay Ky
1 — g0y, 1 — g0y

Example A competitive interaction is described by the Lotka-Volterra competition model

" = 0.004z (50 — z — 0.75y)
y’ =0.001y (100 — y — 3.0x)
Find and classify all critical points of the system
Answer 6 (end of chapter) - Solution
w = 120
Xp = np.linspace(0, w, 200)
p

yp = np.linspace(0, w, 200)
X, Yy = np.meshgrid(xp, yp)

rl K1 = 0.004
r2 K2 = 0.001

K1 = 50
K2 = 100
a 12 = np.array([0.75, 0.4

a_21 = np.array([3.00, 1.5])
fig = plt.figure(figsize=(6, 12))

for i in range(2):

ax = fig.add subplot(2, 1, i +1)

xdot
ydot

rl K1*x*(K1 -x -a 12[i]*y)
r2 K2*y*(K2 -y -a 21[i]*x)

cpt_x = np.array([0, K1, 0, (K1 -a_12[i]*K2)
/(1 -a_12[i]*a_21[i])])
np.array([0, 0, K2, (K2 -a 21[i]*K1)

/(1 -a 12[i]*a 21[il])])

cpt_y

ax.streamplot(x, y, xdot, ydot, density=1.5,
linewidth=0.5, color='blue")

ax.plot(cpt x, cpt y, 'ro')

ax.set title(r'$\alpha {12}=$' +str(a 12[i])
+r'$, \alpha {21}=$' +str(a_21[il))

ax.axis((0, w, 0, w))

ax.set aspect(aspect='equal')

ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(0, w, 4))

ax.set xlabel(r's$x$')

ax.yaxis.set ticks(np.linspace(0, w, 4))

ax.set ylabel(r'sy$')
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plt.show()
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Try it in Python: Predator-prey and Lorenz systems with solve ivp: Numerical integration
of ODEs using ‘scipy‘; the chaotic double pendulum: Double Pendulum

8.5 Periodic Solutions, Limit Cycles, and Global Stability

In this section, we will investigate the existence of periodic solutions of nonlinear plane autonomous
systems and introduce special periodic solutions called limit cycles

An analysis of critical points using linearization can provide valuable information on the behavior
of solutions near critical points and insight into a variety of biological and physical phenomena.
However there are some inherent limitations to this approach. When the eigenvalues of the Jacobian
matrix are pure imaginary, we cannot conclude that there are periodic solutions near the critical
point

The first goal of this section is to determine conditions under which we can either exclude the
possibility of periodic solutions or assert their existence

A second goal is to determine conditions under which an asymptotically stable critical point is
globally stable: lim,_,  x(t) = x; for all initial conditions in a simply connected region R

e Negative Criteria

Theorem If a plane autonomous system has a periodic solution x = x(¢) in a simply connected
region R, then the system has at least one critical point inside the corresponding simple closed
curve C'. If there is a single critical point inside C, then that critical point cannot be a saddle
point

Corollary If a simply connected region R either contains no critical points of a plane autonomous
system or contains a single saddle point, then there are no periodic solutions in R

Example Show that the Lotka-Volterra competition model

' = 0.004z (50 — = — 0.75y)
y’ = 0.001y (100 — y — 3.0x)
has no periodic solutions in the first quadrant
Answer 7 (end of chapter) - Solution

Another sometimes useful result can be formulated in terms of the divergence of the vector field

v(z,y) = (P(x,y),Q(z,y))
¢ Bendixson Negative Criterion

0
Ifdivv = e 8—Q does not change sign in a simply connected region R, then the plane autonomous
x Oy

system has no periodic solutions in R

Proof Suppose, to the contrary, that there is a periodic solution x = x(t) in R, and let C' be
the resulting simple closed curve and R; the region bounded by C. By using Green’s theorem, we
obtain
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—Q(z,y)dx + P(x,y)dy = op + 9Q dxdy
. R, oxr 0Oy

Since x = x(t) is a solution with period p, we have x’(t) = P(x(t),y(t)) and y'(t) = Q(x(t),y(t)),
and so

/ —Q(z,y)dx + P(z,y) dy
C
-/ " Q) y() 2 (1) + Plalt) y(6) v ()] dt
0
:/p—QPJrPth:O
0

oP
Since divv = — + — is continuous and does not change sign in R, it follows that either divv > 0

ox 0Oy
or divv < 0in R, and so

// aj%-@ ddy#()

This contradiction establishes that there are no periodic solutions in R

Example The sliding bead satisfies the differential equation

p f'(x)

mx” = —mg————"— — B2’

L+ [f(2)]
Show that there are no periodic solutions

Solution The corresponding plane autonomous system is

=y

gy S8

L@ m
andsodivv:g];+g§/2=—i<0(ﬁ>0)

¢ Dulac Negative Criterion

0(0P) n 0(6Q)
oz oy
does not change sign in R, then the plane autonomous system has no periodic solutions in R

If §(z,y) has continuous first partial derivatives in a simply connected region R and

Example Use §(z,y) = 1/(zy) to show that the Lotka-Volterra competition equations

T = Ex<K1 — T — aq0Y)
, T
Yy = é?J(Kz — Y — Qg T)

have no periodic solutions in the first quadrant

289



Solution If §(z,y) = 1/(zy), then

O ()R (D

in the first quadrant

¢ Positive Criteria

A region R is called an invariant region for a plane autonomous system if, whenever x, is
in R, the solution x = x(t) remains in R. If n(x,y) denotes a normal vector on the boundary
that points inside the region, then R will be an invariant region for the plane autonomous
system provided v(z,y) - n(z,y) > 0 for all points (z,y) in the boundary

C Cy

(a) type I invariant region (b) type II invariant region

¢« Poincaré—Bendixson I

Let R be an invariant region for a plane autonomous system and suppose that R has no
critical points on its boundary

(a) If Ris a type I region that has a single unstable node or an unstable spiral point in its
interior, then there is at least one periodic solution in R

(b) If Ris a type II region that contains no critical points of the system, then there is at
least one periodic solution in R

In either of the two cases, if x = x(¢) is a nonperiodic solution in R, then x(t) spirals toward
a cycle that is a solution to the system. This periodic solution is called a limit cycle

Example The Van der Pol equation is a nonlinear second-order differential equation that arises

in electronics, and as a plane autonomous system it takes the form

=y

y =—p(@? -y —ua

Show that the Van der Pol DE has a periodic solution when y > 0
w =3

xp = np.linspace(-w, w, 100)

yp = np.linspace(-w, w, 100)

X, y = np.meshgrid(xp, yp)

fig = plt.figure(figsize=(5, 10))
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mu = np.array([1l, 3])
vdp_title = [r'$\mu=1$"', r'$\mu=3$"]

for i in range(2):
ax = fig.add subplot(2, 1, i +1)

xdot
ydot

y
-muli]*(x*x -1)*y -x

ax.streamplot(x, y, xdot, ydot, density=1.5,
linewidth=0.5, color='blue')

ax.plot(0, 0, 'ro")

ax.set title(vdp title[i])

ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 4))

ax.set xlabel(r's$x$"')

ax.yaxis.set ticks(np.linspace(-w, w, 4))

ax.set ylabel(r'sy$')

plt.show()
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Jacobian matrix is given by



Therefore, 7 = i, A =1, and 72 —4A = pu? —4. Since p > 0, the critical point is either an unstable
spiral point or an unstable node. By part (a) of Poincaré—Bendixson I, the system has at least
one periodic solution in R

td = 15
w=>5
mu_ = np.array([1, 2.5])

x0 = np.array([[0.5, 0.5], [3, 31, [-3,-31, [0, 0.11])

def myODE(t, y):
return [y[1], -mu*(y[0]*y[O0] -1)*y[1l] -y[0]]

vdp_title = [r'$\mu=1$"', r'$\mu=2.5%"]
vdp line = ['b:"', 'r:', 'k:', 'g:']

fig = plt.figure(figsize=(5, 10))

for i in range(2):

ax = fig.add subplot(2, 1, i +1)
mu = mu_ [i]
for j in range(4):
yo = x0[j]
t eval = np.linspace(0, td, 500)
sol = solve ivp(myODE, [0, td], y0®, t eval=t eval)
ax.plot(sol.y[0], sol.y[1l], vdp line[j],
linewidth=1)
ax.plot(yo[0], yO[1l], 'ro")

ax.set title(vdp title[i])

ax.axis((-w, w, -w, w))
ax.set aspect(aspect='equal')
ax.grid()

ax.tick params(axis='both', direction='in', pad=5)
ax.xaxis.set ticks(np.linspace(-w, w, 4))

ax.set xlabel(r's$x$')

ax.yaxis.set ticks(np.linspace(-w, w, 4))

ax.set ylabel(r'$y$"')

plt.show()
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e Poincaré—Bendixson II

Let R be a type I invariant region for a plane autonomous system that has no periodic
solutions in R

(a) If R has a finite number of nodes or spiral points, then given any initial position x, in R,
lim, ,  x(t) = x; for some critical point x;
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(b) If R has a single stable node or stable spiral point x; in its interior and no critical points
on its boundary, then lim, ,  x(¢) = x; for all initial positions x, in R: globally stable

Example Empirical evidence suggests that the plane autonomous system

¥ =2?y—x+1

y = —a?y+
2

has a type I invariant region R that lies inside the rectangle defined by 0 <2 <2, 0 <y <1

(a) Use the Bendixson negative criterion to show that there are no periodic solutions in R

(b) If x4 isin R and x = x(¢) is the solution satisfying x(0) = x,, use Poincaré—Bendixson II

to find lim,_,  x(?)

Answer 8 (end of chapter) - Solution

Summary
Case Critical point (0,0) of x" = Ax
: T+ V712 —4A
Eigenvalues A= — 5
T2 —4A >0 A < 0: saddle point; A >0, 7 < 0: stable
node; A >0, 7> 0: unstable node
2 —4A =0 degenerate node, stable if 7 < 0 and unstable if
T>0
2 —4A <0 7 =0: center; 7 < 0: stable spiral point;
7 > 0: unstable spiral point
Linearization A =g'(xq): all eigenvalues with negative real
part = asymptotically stable; one with positive
real part = unstable
orP 0
Bendixson divv=—+ —Q does not change sign in a
or Oy
simply connected R = no periodic solution
O(6P a(d
Dulac the same with (0P) + (0Q) for some d(z,y)

Poincaré-Bendixson 1

Ox oy
invariant region of type I with a single unstable

node or spiral point inside, or of type II with no
critical points = a periodic solution (limit
cycle)

Worked Exercises

Answers

Answer 1 (Section 8.1)
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(v2,2) and (=2, 2)
Answer 2 (Section 8.2)
(a) stable node (A = —1,—6)  (b) unstable node (A=1,2)  (c) saddle point (A = +1)
Answer 3 (Section 8.2)

(a) degenerate unstable node (A = 1, A = 1) (b) degenerate stable node (A = —3) (c)
degenerate unstable node (A = 4)

Answer 4 (Section 8.2)
(a) center (A = +i, clockwise)  (b) stable spiral point (A = —1 + 2i, counterclockwise)
Answer 5 (Section 8.4)

Trajectories y? = v +2g (sech z — sech z,) are closed curves around (0,0), so the motion is periodic,
provided |vy| < /2¢sechz, (always true for v, = 0)

Answer 6 (Section 8.4)

(0,0): unstable node  (50,0): stable node  (0,100): degenerate stable node  (20,40): saddle
point

The coexistence point is unstable, so almost every solution tends to (50,0) or (0,100) (competitive
exclusion)

Answer 7 (Section 8.5)

With the Dulac function § = 1/(zy): 96P) + 900Q) _ 0004 0.001
T

< 0 in the first quadrant
Ox oy Yy

Answer 8 (Section 8.5)
(a) divv = —(z —y)? — (1 — 4?) < 0 in the rectangle (zero only at (1,1))
(b) tlirgo x(t) = (3, 2) for every xy € R
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O Vectors

Learning objectives After this chapter you should be able to

e carry out vector algebra in 2- and 3-space with components, norms and unit vectors

e use the dot product for angles, orthogonality and projections, and the cross product for
normals, areas and volumes

e write equations of lines and planes in 3-space

e decide whether a set is a vector space or a subspace, test linear independence, and find
a basis and the dimension

o construct an orthogonal (orthonormal) basis by the Gram-Schmidt process

9.1 Vectors in 2-Space

o We distinguish two important quantities: scalars and vectors

— A scalar is simply a real number or a quantity that has magnitude
— A vector is usually described as a quantity that has both magnitude and direction

o Equal, Scalar Multiplication

B D
— —
N\ 14BI=3 S\ €D|=3
AB CD
A C

—
AB=CD

_>
— — AB
AB —AB
¥

e Addition and Subtraction

[\V] V]

W] =

298



B
K S
— I e — CB=AB—- AC
AB /AD=AB+ AC AB
C C
— —
A AC A AC
(a) sum (b) difference
e Vectors in a Coordinate Plane
a= (a,as)
4y
a !
1 42
i
i > T
a1

e Let a= (a;,a,) and b = (b;,b,) be vectors in R?

— Equality: a=Db if and only if a; = by, a5 = b,
— Addition: a+b = (a; + by, ay + by)
— Scalar multiplication: ka = (kaq, kay)

e Properties of Vectors

—a+b=Db+a

at+(b+c)=(a+b)+c
—at+0=a
—a+(—a)=0

— k(a+b)=ka+kb

— (kg +ky)a=kja+ kya
— ky(kya) = (ki ky)a
—la=a

—0a=0
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o Magnitude, Unit Vector

la] = \/af + a3 for a=(a;,ay)
a
u= —
la]

e i, j vectors

a = (ay,a,)
= <a170> + <O,CL2>
=a, (1,0) + a5 (0,1)

= i+ ay)

Example Use the given figure to prove the given result

at+b+c=0and a+b+c+d=0

Answer 1 (end of chapter) - Solution

9.2 Vectors in 3-Space
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e i, j,and k vectors
a = (ay,ay, as)
= (a,0,0) + (0,a,,0) + (0,0, as)
=a, (1,0,0) 4+ a5 (0,1,0) 4+ a5 (0,0, 1)
= ayi+ agj + ask
e Octants

zz-plane| yz-plane

Axes Coordinates Plane Coordinates

x (a,0,0) xy (a,b,0)
Y (0,6,0) yz (0,0,¢)
z (0,0,c¢) xz (a,0,c¢)

e Let a=(a;,a,,a3) and b = (b;, by, bs) be vectors in R?

— Equality: a=Db if and only if a; =b,, ay = by, a3 = by

— Addition: a+b = (a; + by, ay + by, a5 + b3)

— Scalar multiplication: ka = (kaq, kay, kas)

— Negative: —b = (—1)b = (—b;, —by, —b3)

— Subtraction: a—b =a+ (—1)b = (a; — by, ay — by, a5 — bs)
— Zero vector: 0 = (0,0,0)

— Magnitude: |a| = \/a? + a3 + a2

Example Describe the locus of points P(x,y, z) that satisfy the given equations
o zyz=20
c (@+1)?+ =2+ (2437 =0
e (z—2)(2—8)=0
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Answer 2 (end of chapter) - Solution

9.3 Dot Product (Inner or Scalar Product)

o The dot product of a = (ay,a,,as) and b = (b, by, bs) is
a- b — a1b1 + a2b2 + a3b3
e Properties of the Dot Product

—a-b=0if a=0 or b=0
—a-b=b-a
—a-(b+c)=a-b+a-c

— a- (kb) = (ka)-b=k(a-b)
—a-a>0

—a-a=al’

¢ Alternative Form
The dot product of two vectors a and b is
a-b = |al |b] cosd
where 6 is the angle between the vectors, 0 <8 <«

e Angle between two vectors

albl + a2b2 + a3b3
lall[b]

cosf =

— Direction cosines

cos o = ﬂ, cos 3 = 2, cosy = g3
| | (Bl
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e Orthogonal vectors
Two nonzero vectors a and b are orthogonal if and only if a-b =0
e Component of a on b

To find the component of a on a vector b, we dot a with a unit vector in the direction of b

b b
<> > <t >
lafjcos 6 >0 Jaflcos 6 <0

(a) (b)
b a-b b
comp, a = [laf cos = |al| cos 19}[)” = ol —a- ol
¢ Projection of a onto b

/", proia

b

unit vector
[[b]]

. b a-b
proj, a = (compba) (Hb\) = (ﬂ) b

a-b
Example Verify that the vector c = b — (—) a is orthogonal to the vector a
a-a

Answer 3 (end of chapter) - Solution

Example In the methane molecule CH,, the hydrogen atoms are located at the four vertices
of a regular tetrahedron. The distance between the center of a hydrogen atom and the center of
a carbon atom is 1.10 angstroms, and the hydrogen-carbon-hydrogen bond angle is § = 109.5°.
Using vector methods only, find the distance between two hydrogen atoms

Answer 4 (end of chapter) - Solution
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Try it in Python: Dot (inner), outer and Kronecker products with numpy: Matrix and
vector operations

9.4 Cross Product

e Cross product of Two vectors

i j k
axb=la; ay agzzz 23'—21 ZSj—i-Zl Z2k
2 U3 1 03 1 b2
by by by

¢ Alternative Form and Magnitude of the Cross Product
ax b= (|a]|b]sinf)n = faxb|n
¢ Right-Hand Rule

The vectors a, b, and a x b form a right-hand system:

‘axb

o Parallel Vectors
Two nonzero vectors a and b are parallel if and only if axb =20

e Properties of the Cross Product

—axb=0if a=0 or b=0
—axb=-bxa

—ax(b+c)=(axb)+(axc)
—(a+b)xc=(axc)+(bxc)

— ax (kb) = (ka) x b= Ek(a x b)

—axa=0
—a-(axb)=0
—b-(axb)=0
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e Areas of a Parallelogram and a Triangle
(a) A=laxbl
(b) A= 3laxb]

(a)

R ,.
(b)
¢ Volume of a Parallelepiped
V=la-(bxc)
bXxc

|compy, « 2|

e Special Products

a-(bxc)=[b; b, byl=(axb)-c

€1 G C3

ax(bxc)=(a-c)b—(a-b)c

Example Prove or disprove

e« ax(bxc)=(a-c)b—(a-b)c
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e ax(bxc)=(axb)xc
e« ax(bxc)+bx(cxa)+cx(axb)=0
 Lagrange’s identity |a x b|? = |a]?|b]? — (a - b)?

Answer 5 (end of chapter) - Solution

9.5 Lines and Planes in 3-Space

e Lines
4 P2(£27y2722)
Pi(z1,y1,21) 4 - P,y 2)
~ 2
> Yy
r—r,=t(r,—ry) =ta
Tr—x — Z—z
-~ = 2 _Y—"Y _ 2
a Qg as
« Planes

If the normal vector is n = n i + nyj + nsk, then

n-(r—ry;)=0

= ny(x—xy) +no(y —yy) +n3(z—2) =0

‘n

Pl(zvlaylazl) -
— —»8 P(z,y, 2)

r—rg
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(rg —r1) X (r3—1r7)

Example Find parametric equation for the line that contains (—4,1,7) and is perpendicular to
the plane
—Tr+2y+3z=1

Answer 6 (end of chapter) - Solution

Example Find parametric equations for the line of intersection of the given planes

S5 —4y — 9z =8
r+4y+32=4

Answer 7 (end of chapter) - Solution

Example Find an equation of the plane that contains the given line and is orthogonal to the
indicated plane

2—x y+2 z2-—8
3 5 27

2 —4y—2+16=0

Answer 8 (end of chapter) - Solution

9.6 Vector Spaces

e n-Space

— A vector in n-space is any ordered n-tuple a = (ay, a,, -, a,) of real numbers called
the components of a

— The set of all vectors in n-space is denoted by R”

— The component definitions in 3-space carry over to R™ in a natural way
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e The standard dot or inner product of two n-vectors is the real number defined by

a-b= <a17a27”'7an> : <b17b27”' b >

r'n

= albl + a262 + + anbn
e Two nonzero vectors a and b in R™ are said to be orthogonal if and only if a-b =0
e Vector Space

Let V be a set of elements on which two operations called vector addition and scalar
multiplication are defined. Then V is said to be a vector space if the following 10
properties are satisfied

¢ Axioms for Vector Addition

— If xand y are in V, then x+yisin V

—Forallx,yinV, x+y=y+x

—Forallx,y,zinV, x+(y+2)=(x+y)+z

— There is a unique vector 0 in V such that 0 +x=x+0=x

— For each x in V, there exists a vector —x such that x + (—x) = (—x) +x =10
e Axioms for Scalar Multiplication

— If k£ is any scalar and x is in V, then kx isin V
— k(x+y)=kx+ky
— (ky + ky)x = kx4 kox
= ky(kox) = (kiky)x
—Ix=x
o Here are some important vector spaces:

— The set R of real numbers

— The set R? of ordered pairs

— The set R? of ordered triples

— The set R™ of ordered n-tuples

— The set P, of polynomials of degree less than or equal to n

— The set P of all polynomials

— The set of real-valued functions f defined on the set R

— The set C|a,b] of real-valued functions f continuous on the closed interval [a, b]
— The set C(—o0,00) of real-valued functions f continuous on the set R

— The set C™[a, b] of all real-valued functions f, for which f, f, f”, -, f™) exist and
are continuous on the closed interval [a, b

Example Consider the set V of positive real numbers. If x and y denote positive real numbers,
then we write vectors in V asx =z and y =1y
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e« Now, addition of vectors is defined by
X+y=uay

o and scalar multiplication is defined by
kx = 2

Determine whether V' is a vector space

Answer 9 (end of chapter) - Solution

e Subspace

— A nonempty subset W of a vector space V is a subspace of V if and only if W is
closed under vector addition and scalar multiplication defined on V:

x If x and y are in W, then x+y isin W
x If x is in W and k is any scalar, then kx is in W

¢ Linear Independence

A set of vectors {xy, X5, -, X,,} is said to be linearly independent if the only constants
satisfying the equation

kixy + koXog + 4k, = 0
are k; = ky = -+ =k, = 0. If the set of vectors is not linearly independent, then it is said to
be linearly dependent
¢ Basis

Consider a set of vectors B = {x,X,,-,X,,} in a vector space V. If the set B is linearly
independent and if every vector in V' can be expressed as a linear combination of these vectors,
then B is said to be a basis in V

¢ Dimension

The number of vectors in a basis B for a vector space V is said to be the dimension of the

space
¢ Span
If S denotes any set of vectors {x;,xX,, -, X, } in a vector space V, then the set of all linear
combinations of the vectors x;, Xy, -, X,, in S,

{kix) + koxy + -+ k., x,, }
where the k; are scalars, is called the span of the vectors and written span(S) or

span(Xy, Xo, -+, X,,)

If V = span(S), then we say that S is a spanning set for the vector space V', or that S
spans V

Example Determine whether the given set is a vector space:
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o The set of complex numbers a + bi, where i = —1, addition and scalar multiplication defined
by

(a1 + bIZ) + (a2 + bQZ) = (al + (12) + (bl + b2>l
k(a + bi) = ka + kbi

where k is a real number

app Q2
Qg1 Q22

<a11 a12) I (1?11 b12> _ (alz +b15 ayy +b11>
Qg1 Qoo boy oo Q9o + bgg a9y + by
k (an CL12) _ (kan kau)
Qg1 Qg2 kagy kagy

Answer 10 (end of chapter) - Solution

e The set of arrays of real numbers ( ) , addition and scalar multiplication defined by

S

9.7 Gram-Schmidt Orthogonalization Process

o Every vector u in R™ can be written as a linear combination of the vectors in the standard
basis B = {e;, ey, -, €, }:

€ = <170a0a"’a0>
e, =(0,1,0,-,0)

e, = <0a Oa 07 Ty 1>

This standard basis B = {e;,e,,--,e,} is also an example of an orthonormal basis

e;-e;=0,i#j and |e;| =1, i=1,2,.,n

e Coordinates Relative to an Orthonormal Basis

Suppose B = {w, Wy, -+, W, } is an orthonormal basis for R”. If u is any vector in R", then

u=(u-wp)w; + (u-wy)wy + -+ (u-w, )w,

« Constructing an Orthogonal Basis for R?
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up

U
\
1
\
1
1
1
1
u; \ vi=u;
Projy,u Projy, uy
(a) linearly independent u;, u, (b) projection of u, onto v; () viLv,y

o Constructing an Orthogonal Basis for R?

V3

V3

subspace W, *
vVi=um

¢ Gram-Schmidt Orthogonalization Process

Let B = {uy,u,,+,u,,}, m < n, be a basis for a subspace W,, of R™. Then B’
{vy,vg,,v,. } , where

Us -V Us -V
= (B0, - ().,
Vi v Vg Vo
u, v u, Vv u, v, _
v, =u,, — <ml> v, — (mZ> Vo — o — (mml> Vo1
Vl-Vl V2'V2 \'% -V 1

m—1 m—

is an orthogonal basis for W,,

e An orthonormal basis for W, , is

1 1 1
B// — {wl,wz’...’wm} — { v Vv e — }

TV, T v
il " el 2 vl
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Example An inner product defined on the vector space P, of all polynomials of degree less than
or equal to 2, is given by

m@z/pm«@m

Use the Gram-Schmidt orthogonalization process to transform the given basis for P, into an
orthogonal basis B’

B={1,z,2%}

Answer 11 (end of chapter) - Solution
Summary
Topic Formula
Norm la| = v/a% + a2 + a3, unit vector a/|al|
Dot product a-b=aiby + ayby + azbs = |af|b] cos b;

orthogonal iff a-b =0
Proiecti a-b . (a . b) b

rojection comp,a=-——, projja=|—
S L) b b
i j k
Cross product axb=l|a; ay, as|=(|al||b]sind)n; area
by by b

[a x b|, volume |a- (b x c)|

Line r:r2—|—ta, _x2:y_y2:Z_Z2
ay ag as

Plane n-(r—ry) =0,

ny(z —xq) +ny(y —yy) +ng(z—2) =0
Basis and dimension a linearly independent set that spans V; the

dimension is the number of basis vectors
Gram-Schmidt vV, =uy, Vi =1U;— Z a2 Vjv.-

1 — D k— Yk / V.-V, 7
<k J J

orthonormal: v, /|v,|

Worked Exercises

1. Determine whether the given vectors are linearly independent or linearly dependent:

L(z+1),(x+1)%2%in P,

Solution
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Step 1: Understand the space P,

The vector space P, consists of all real polynomials of degree at most 2. So any element in P, has
the form:

ag + a, T + ayx?
That means the dimension of P, is 3. Therefore, any set of more than 3 vectors in P, must be
linearly dependent
Step 2: Count the number of vectors

We are given 4 vectors:

1, (x+1), (x+1)?2, 2

Since dim P, = 3, and we are given 4 vectors, they must be linearly dependent
(Optional) Step 3: Verify dependence explicitly
To see this more concretely, write each vector in terms of the standard basis {1, z, z%}:

e 1=1+0x+ 02? = (1,0,0)

e z+1l=1r+1=(1,1,0)

e (x+1)2=22+22+1= (1,2,1)
e 2?2 =2%=(0,0,1)

Write these as column vectors:

You can now see, for instance:

(z+1)2=22+2)+1=2>+2x+1)—1= (z+1)?-2@+1)+22—-1=0

So there is a nontrivial linear combination:

l-(z+1)2?—=2-(z+1)+1-22—-1=0

2. Explain why f(z) = is a vector in C]0, 3] but not a vector in C[—3, 0]

o
2 +4x + 3
Solution

Step 1: Understand the vector space C|a, b]

o Cla,b] is the vector space of all continuous real-valued functions defined on the interval [a, b]

e So, a function f(z) is a vector in Cfa, b] if and only if it is continuous on the entire interval
[a, 0]
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T

Step 2: Ana]yze f(ﬂf) = m

Factor the denominator:

>’ +4x+3=(z+1)(x+3)

So the function becomes:

x
r) = ——"—-
f(@) (x+1)(x+3)
This function is undefined at + = —1 and = = —3, since the denominator becomes 0 at those

points.

Step 3: Behavior on [0, 3]

o The interval [0, 3] lies entirely to the right of both singularities x = —1 and = —3
o On this interval, f(x) is:

— Defined (denominator never zero),
— Continuous (since it’s a rational function with no discontinuities on this domain)

Step 4: Behavior on [—3,0]

e This interval includes the point x = —1, where the denominator becomes 0.
e At x = —1, the function is undefined, so it is not continuous on the entire interval

Conclusion:

o f(z) € C[0,3] — it is a continuous function on that interval, so it is a vector in C[0, 3]

o f(x) ¢ C[—3,0] — because it is not defined (and hence not continuous) at x = —1, so it is
not a vector in C[—3, 0]

3. The given vectors span a subspace W of R*. Use the Gram-Schmidt orthogonalization process
to construct an orthonormal basis for the subspace

u, =(4,0,2,—-1), u, =(2,1,—1,1), and ug = (1,1,—1,0)

Solution
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v, =uy = (1,1,—1,0)
. (U Vvy
Vet (Vl 'V1>V1
4 1
=(2,1,—1,1) — 3 (1,1,—1,0) = 3 (2,—1,1,3)
= (2,-1,1,3)

u, Vv u Vv
Vi Vi Vo Vg

2 7
=(4,0,2,-1) — = (1,1,-1,0) — — (2, —1,1,3
<777 > 3<?7 7> 15<7 77>

1
= £ (12-1,11,-12) = (12,-1,11,-12)
4
1
Wy = % <171’ 170>
1
w —(2,-1,1,3
2 \/ﬁ< >
1
Wy = ——— (12, 1,11, —12
3= V0 | )

4. The set of vectors {uy, u,, us}, where

u, =(1,1,3), uy, =(1,4,1), and ug = (1,10, —3)

is linearly dependent in R3. Carry out the Gram-Schmidt orthogonalization process and then
discuss that result

Solution

. 1+4
Vy = Uy — (112"1> Vi= <17471>_1::__1::__3<17173>

1
= 7 (3.36,-13) = (3,36,-13)

u, Vv u, Vv
ViV Vo Vg

1+10—9 93 + 360 + 39
—(1,10,—-3) — — 711,83y — 2T T3 36 13
(1,10, 3) 1+1+9<”> 9+362+132<’ ’ )
= (0,0,0)
J
1
w, = —(1,1,3
1 11< )
L 13,36,—13)
Wy = —F/—= ) y T
2 /1474

315



Answers

Answer 1 (Section 9.1)

Vectors joined head to tail around a closed path add up to the vector from the starting point back
to itself, i.e. the zero vector, whatever the number of vertices.

Answer 2 (Section 9.2)

(a) the union of the three coordinate planes  (b) the single point (—1,2,—3)  (c) the union of
the planes £ =2 and z = 8

(d) the two planes z =5 and z =—5  (e) the line through the origin with direction (1,1, 1)

Answer 3 (Section 9.3)

a-b
a-c=a-b——a-a=0, socla
a-a

Answer 4 (Section 9.3)
d =|la—b| =1.101/2(1 — cos 109.5°) ~ 1.80 A

Answer 5 (Section 9.4)

(a) true  (b) false (counterexample a =b =1i,c=j) (c) true (Jacobi identity)  (d) true
Answer 6 (Section 9.5)

r=—4-Tt, y=1+4+2t, 2=74+3t, —co<t<oo

Answer 7 (Section 9.5)

r =241, y:%—t, z=1t —oo<t<o0

Answer 8 (Section 9.5)

3z +y+22=20

Answer 9 (Section 9.6)

Yes, all ten axioms hold. The zero vector is the number 1, and the negative of x is 1/x.
Answer 10 (Section 9.6)

(a) a vector space (the same as R?)  (b) not a vector space (there is no zero vector, and addition
is not associative)

Answer 11 (Section 9.7)
B ={1, z 2°—3}
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10 Vector Calculus

Learning objectives After this chapter you should be able to

« differentiate vector functions and describe motion on a curve: velocity, acceleration,
curvature and its components

e compute partial and directional derivatives, gradients, tangent planes, and the diver-
gence and curl of a vector field

e evaluate line integrals, and recognize conservative fields and path independence

e evaluate double, triple and surface integrals, using polar, cylindrical and spherical
coordinates and a change of variables

e apply Green’s theorem, Stokes’ theorem and the divergence theorem

10.1 Vector Functions

e A parametric curve in space is a set of ordered triples (z,y, z), where

T = f(t)> Yy = g(t)a z = h<t)

are continuous on an interval: a <t <b

e The following

are vector-valued functions

z
4y (z(to), y(to)) 4
(z(t); y(to), 2(t0))
C'
r(tO) C
t
r(to) >y
(a) 2-space (b) 3-space
¢ Limits
— limr(t) = (lim f(2), lim g(t), lim h(t))
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— If limr,(¢t) =L, and %im ry(t) = Ly, then
—a

t—a

limer, (t) = cLy

t—a

lim [ry(¢) +15(t)] = Ly + Ly
)

r
t—a

t—a

o Continuity

— A vector function r is said to be continuous at t = a if
r(a) is defined,

limr(t) exists, and
t—a

%g% r(t) =r(a)

¢ Derivatives

— The derivative of a vector function r is

for all ¢ for which the limit exists
— If r(t) = (f(t),g(t),h(t)), where f, g, and h are differentiable, then
r'(t) = (f'(1),9' (1), b (1))

— When r has a continuous first derivative and r’(t) # 0 for all ¢ in the open interval
(a,b), then r is said to be a smooth function

tangent tangent

Ar
A At>0

(a) (b)

— In the case of the second derivative, we have
v’ (t) = (f"(t),g" (), h" (1)) = f" )i+ g" ()] + h" ()k
— Chain rule

If r is a differentiable vector function and s = wu(t) is a differentiable scalar function,
then the derivative of r(s) with respect to ¢ is
dr drds

% dsdi T (s)u’(t)

— Rules of Differentiation

Let ry(t) and ry(t) be differentiable vector functions and u(t) a differentiable scalar

function
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o Integrals

=[] roaos [+ [ [roa]

e Length of a Space Curve

If r(t) = f(t)i+ g(t)j + h(t)k is a smooth function, then it can be shown that the length of
the smooth curve traced by r is given by

s—/\/ O + (B (1)) dt = /||r )| dt

10.2 Motion on a Curve

¢ Position

Suppose a body moves along a curve C' so that its position at time ¢ is given by the vector
function

r(t) = f(t)i+g(t)j+ h(t)k
e Velocity and Acceleration

If f, g, and h have second derivatives, then the vectors
v(t) =1 (1) = /(D) + g () + I (DK
a(t) =x"(t) = f"(t)i+g"(1)j + h"(t)k

are called the velocity and acceleration of the particle, respectively
— The scalar function [|v(¢)|| is the speed of the particle
— The speed is related to arc length s by s'(t) = || v(¢)]

— If a particle moves with a constant speed ¢, then its acceleration vector is perpendicular
to the velocity vector v

— To see this, note that v-v = ¢2.  We differentiate both sides with respect to ¢ and
obtain

d
Thus, di‘t, -v=0 or a(t)-v(t)=0 forall ¢
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o Centripetal Acceleration

For circular motion in the plane, described by r(t) = r, coswti+ rysinwt j, it is evident that

— This means that the acceleration vector a(t) = r”(¢) points in the direction opposite to
that of the position vector r(t). We then say a(t) is centripetal acceleration

10.3 Curvature and Components of Acceleration

o We know that r’(¢) is a tangent vector to the curve C, and consequently

T(t) =
=
is a unit tangent
T
T
T
C paT
T T
Py T T
TT
Pl o
dr  drds q
E = dfga anda so
dr

ds ds /(D)
dt
o Let r(t) be a vector function defining a smooth curve C. If s is the arc length parameter
and T is the unit tangent vector, then the curvature of C' at a point is

dr dt r'(t) _ T

aT
ds

o=
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o Using the chain rule, we can write

dT
dT _dTds _ dT _ g
At ds dt ds  ds
dt

_ T @l
[ ()]

¢ Tangential and Normal Components of Acceleration

In other words, curvature is given by x(t)

d
— The velocity of the particle on C'is v(t) = r’(t), whereas its speed is d—j =v=|v(t)|.
Thus,
v(t) =T

— Differentiating this last expression with respect to ¢ gives acceleration

0 dT n dv
alt) =v—+ —
dt  dt
. . dT
— It follows from the differentiation of T - T =1 that T - e 0. If H H # 0, the
vector
aT
dt
e

is a unit normal to the curve C. The vector N is also called the principal normal

d
T
— Since curvature is kK = H ¢ ”, it follows that — = xvIN. Thus

v dt

H

U

dv
t) = kv®N + —
a(t) = kv*N + 7

T:CLNN—I—CLTT

» N

o Binormal: B(t) = T(t) x N(t)
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»
|

B=TxN

osculating plane

o Formulas for a;, ay, and Curvature

v-a=ay@WT -N)+ap(vT-T)=apv

I dv _v-a _1'(t)-r’(t)
Todt vl e (@)l

vxa=ay(WT xN)+ap(vT xT) =ayvB

= ay = Ro? = v ><al _|r'(?) />< r’(t)]
vl " ()]
() x £ ()]
()]
¢ Radius of Curvature

p=-

K
C

tangent
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10.4 Partial Derivatives

e Functions of Two Variables
Z (z,y,2), where z= f(z,y)

|/

4
|
I
:f(w, Y)
|
I
[

v
<

(z,y)

domain of z= f(z,y)

e Level Curves

(b) level curves f(z,y)=c

(a) surface z= f(z,y) and the plane z=c¢

o Functions of Three Variables, Level Surfaces

w=F(x,y,2) = c=F(x,y,2)
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e Partial Derivatives

9z . fla+Axy) - flzy)
o = A, A =fa
9z . fla,y+Ay) — flz,y)
oy — A, Ay =y

0%z 0 [0z
5= 32 (5,) = I
0%z 0 [0z
0zdy o (8_y> =i

e Chain Rule

If z = f(u,v) is differentiable and v = g(z,y) and v = h(z,y) have continuous first partial
derivatives, then

0z  0z0u 0z 0v
9z~ udz | Bvow
0z 0z0u  0z0v
dy " dudy vy

If z = f(u,v) is differentiable and v = ¢(t) and v = h(t) are differentiable functions of a

z
single variable ¢, the ordinary derivative a is

& _0:du | 0o
dt  Oudt Ovdt

Try it in Python: Partial and higher derivatives with sympy: Derivatives
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10.5 Directional Derivatives

¢ Vector Differential Operator

.0 .0
0 0 0

39 9 49
v 18x+']6y+ 0z

¢ Gradient of a Function

_Of0f
Vf—lax +J8y

vr=i2L 98 98

ox oy + 0z

rate of change of f
in the j-direction
is 9z/0y

rate of change of f
in the i-direction
is 0z/ox

rate of change of f
in the direction of u?

e Generalization of Partial Differentiation

The directional derivative of z = f(z,y) in the direction of a unit vector u is

Do f(x.y) = lim I ETAT Y+ AY) = f@.y)

h—0 h
~ lim f(x +hcost, y+ hsinf) — f(x,y) Vi) u
h—0 h
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surface z= f(z,y)

tangent’
; \1/’/

y

secant  f(z+ Az, y+ Ay) — f(z,v)

(z+ Az, y+ Ay, 0)

o Partial Proof Let x, y, and 6 be fixed so that

g(t) = f(x +tcosh, y+ tsinh)

is a function of one variable. We wish to compare the value of ¢’(0), which is found by two
different methods

— First, by the definition of a derivative,

¢ (0) = lim g(0+ h) —g(0) — i f(x+hcos@, y+ hsinf) — f(x,y)
h—0 h h—0 h

— Second, by the chain rule,

g (t) = fi(x 4+ tcosh, y—l—tsin@)%(:c + tcosb)

+fy(z + tcosh, y—l—tsin@)%(y—i—tsinﬁ)
= fi(z+tcosh, y+tsinf)cosb + fo(x +tcosh, y+ tsinh)sinf
ﬂ t—0
g'(0) = fo(x,y)cos O + f,(z,y) sin 6
= [fa(z, )i+ fy(z,9)]] - (cosOi+sinbj)
=Vf(z,y)-u

o For a function w = F(z,vy,2), the directional derivative is defined by

. F(rx+4+hcosa, y+ hcosf, z+ hcosvy) — F(x,y, z
DyF(a,y,) = lim 2 ’ )= F23,7)
=VF(zr,y,2)-u
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e Maximum Value of the Directional Derivative

Dy f =Vl cosd =V f]cos
= —|VAI <Dy f <|V/f]

e The gradient vector V f points in the direction in which f increases most rapidly, whereas
—V f points in the direction of the most decrease of f

10.6 Tangent Planes and Normal Lines

e Vf is orthogonal to the level curve at P

curve f(z,y)=c

Vf(x(), yU)

o The derivative of f(x(t), y(t)) = ¢ with respect to ¢ is

ofde _ofdy  (9f. Of\ (dx, dy.)_ »
9z di 8ydt_0_<8a:l+8yJ> ( i+ gd)=V/r

o The derivative of F (x(t),y(t),2(t)) = ¢ implies that

OF de  OFdy  OFd>_
Or dt Oy dt Ozdt

oFr., OF, OF dr, dy, dz \ ,

e VF is normal to the level surface at P
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I\

VF(»Tm Yo, Z())

surface F(z,y,z)=c

(-

tangent plane

o Let P(x,yy, %) be a point on the graph of F'(z,y,z) = c¢. The tangent plane at P is

Fz(x07y0720)(x_$0>
+ F, (0, Y05 20)(Y — Yo)
+Fz<$o’y()az0)<z_zo) =0

The line containing P(z, yy, 2,) that is parallel to VF(z,y,, 2,) is called the normal line
to the surface at P

10.7 Gradient, Curl and Divergence

e Vector Fields - Vector functions of two or three variables

f(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2)k

(a) flow around a cylinder (b) laminar flow in a pipe (c) inverse square field (d) two equal positive charges
M [
)
— \ x / »
s - r’d
- -
— -« -«
—_— » — %
- 5 -~
[E—— /' \ -
—_—
x f \
L3
# »

o The del operator combined with a scalar function ¢(z,y,z) produces a vector field

dp,  0¢, 0 o)
f(:v,y,z):qu:gradqb:£1+£J+aﬁk = 52']'01;%
J

called the gradient of ¢, where d,; is Kronecker Delta
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e The curl of a vector field f= Pi+ Qj+ Rk is the vector field

i j k 9
V xf=culf= a% a% % = Ewkeza fr
P Q@ R

where ¢, is Levi-Civita Symbol
e The divergence of a vector field f= Pi+ Qj+ Rk is the scalar function
oP 0Q OR 0

fodive= 20 4 99 9K
Vot=divE= 5ot 5, T T g

e Two important properties and plus alpha
V xVf=curl(grad f) =0
of

= gmkez(f) o, =0e; =0
V- (V x f) = div(curlf) =0
= 5ij68$i€jlmailfm = 5¢lm6£;xlfm =0
V. VE=V2f = 4, - U,e’” (())t = e()(;lf)

V x (Vxf)=V(V-f)—Vf

0 o .
= :I‘/A'ei(iTI'/:MmW'/m
= (0,10, — 0, (5-/)()-LL/'
o e '(‘).l'v/ ox;” ™
R
()717 o (").rjf

o Product Rules with V
V(fg) = fVg+gVf
Viu-v)=ux(Vxv)+vx(Vxu)
+(u-V)v+(v:-V)u=(Vu) - v+ (Vv)-u
V. (fu) = f(Vow) +u-Vf
Vi(uxv)=v-(Vxu)—u-(Vxv)
V X (fu) = fou+f(V><u)
Vx(uxv)=uVV-v)—v(V-u)+ (v-V)u—(u-V)v

o Generalized Curvilinear Coordinates: q;, ¢;, h;
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1 of 1 of 1 of
VI _qlhla 1+ 2h282+ h33q3

) 0 0
V-ou = — (urhohs) + =— (ush hs) + — (ushq h
hoyhyhy _8(11< 1hahg) an( ohqhg) 8q3( 3N 2)]

sz— 1 [ 0 <h2h36f>+ (hhgﬁf)+ (hh28f)]
hyhohsg _a(h hy Oqq dqy hy 0qq dqs hy Ogs

hia; hoqs  hiqs
0 0 0

" hyhyhs | 0q,  Oqy  Ogs
hyuy  houy  hgug

— Cylindrical Coordinates
G =7 q="0 9=z
— Spherical Coordinates
GQ=p Q=0 q3=10
hy =h,=1, hy=hy,=p, hg=hy=psing

o Physical Interpretations

_— _— _— _—
—_— —_— —_— —_—
_— _— e e
— X —X — X) — X))
_— _— e — e
_ _— — —
_— _— —> —>

(a) irrotational flow: wheel does not rotate (b) rotational flow: wheel rotates

(a) divF(P)>0: Pa source (b) divF(P) <0: Pa sink
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10.8 Line Integrals

o Integration of a function defined along a curve

B
B A=B
Cl 02 Cg
A A

=B
A
(a) smooth curve (b) piecewise-smooth curve (c) closed but not simple (d) simple closed curve
¢ Definite Integral
n b
lim Zf(xZ)Amk = / f(z)dx
I1Pl—=04= A
a=x) <X < <Tp_1<xp<--<x,=>b
| | | | | | | | |
(@) ] ] ] ] ] ] ] ] ]
a=xy I Tp_1 Tp z,=b
*
Ty,
| | | | | | | | |
(b) T T T T —&— T T T
a=x Tp_1 Xk T,=0b

e Line Integrals in the Plane
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lim G:U , Az —/Ga: dz
1P OE i Yk) Az, (z,y)
G’a: s A —/Gx

lim G(xy,yp) As —/G x,y)ds
HPM; IR )

e Method of Evaluation

— Curve Defined Parametrically, = = f(t), y=g(t), a <t <b

/Gacydac—/G "(t)dt

/Gmy@—/ G(f(t), 9(t)) g/ (8) dt

/Gmmwzjeuwam FOP+ g OF dt
C a
— Curve Defined by an Explicit Function, y = f(z), a <z <b

b
G@@Mz/c@ﬂwm

‘ b
G@m@=/awﬂwam

b
Gmwwz/awﬂm¢uﬁvmm

S— &— —

+ Notation

/PdaH—/Qdy = /de—i—Qdy
c c c

/ de+Qdy:—/Pd1:+Qdy
—-C c

B B
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e A line integral along a closed curve C'

de:zH—Qdy
c

e Line Integrals in Space

/G(ZE, y,z)ds =
c

b
/ G(f(1), 9(t), h(t)) VI ()] + g (O] + [ (1)) dt

e Suppose the vector-valued function

f(x,y,2) = P(x,y,2)i+ Q(z,y,2)j + R(z,y, 2)k

is defined along a curve C' and

dr = dxi+ dyj + dzk

is the displacement vector of points on C, then

/f- dr—/P(:r,y,z)dw+Q(m,y,z)dy+R(w,y,z)dz
c c

(@] c
Circulation—?{f-dr—}]gf-Tds
c c

flow of fluid
(streamlines)

¢ Work and Circulation

: component of the flow along C
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10.9 Independence of the Path

e The value of a line integral
/ F - dr
C

o Stated another way, if C; and C, are two different paths between the same points A and B,
then we expect that

depends on the path of integration

/F-dr# F-dr
C

1 CQ
o Path Independence
A line integral / f.dr is independent of the path if

c
/ f-dr:/ f-dr
C C

1 2

for any two paths C and C, between A and B

e A vector function fin 2- or 3-space is said to be conservative if f can be written as the
gradient of a scalar function ¢. The function ¢ is called a potential function for f

e In other words, fis conservative if there exists a function ¢ such that f = V¢. A conservative
vector field is also called a gradient vector field

¢ Fundamental Theorem

If f(x,y,z) is a conservative vector field in R and ¢ is a potential function for f, then

/Cf-dr:/CV¢-dr=¢(B)—¢(A)

where A = (z(a),y(a),z(a)) and B = (z(b),y(b), z(b))

B

R

connected region R

¢ Equivalent Concepts: In an open connected region R, / f- dr is independent of the path
c
C
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— if and only if the vector field f is conservative in R

— if and only if 7{ f-dr =0 for every closed path C” in R

’

e Test for a Conservative Field:

— Suppose

f(z,y,2) = P(x,y,2)i+ Q(z,y,2)j + R(z,y, 2)k

is a conservative vector field in an open region of 3-space, and that P, @), and R are
continuous and have continuous first partial derivatives in that region

— Then f=V¢ and V xf=V x V¢ = 0, that is

_ (9B _0QN, (9P _OR\. (0Q 0P\,
vx£_<8y 8z>l+<(‘)z 8x>J+<8fL‘ 6y>k_0

P 9Q OP OR 9Q OR

dy  dx’ 9z  dx 02 Oy

for all (z,y,z) in that region

10.10 Double Integrals

e The Double Integral

Let f be a function of two variables defined on a closed region R. Then the double integral
of f over R is given by

n

lim Zf(wzvy’é)AAk://f(x,y)dA
R

1Pl-0 &=

e Area and Volume

A://dA
R
V—//Rf(x,y)dA
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AV, = flzy,yy ) AAx
(volume of the k-th colfimn)

surface z= f(z,y)

A ~ surface over A4,
I _(dashed)
height

_ (g u)

(z,yr»0)

¢ Properties of Double Integrals

//ka(””7y)df1=k//}2f(x,y)d,4
//Rf(w’y)ig(x’y)dA://Rf(f”’y)dAi//Rg(w,y)dA
//Rf(w’y)dA://le(x»y)dz‘l-l-//RQf(w,y)dA

R=RiUR;

o Evaluation of Double Integrals
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(b) Type II region

— If R is of Type I, then

femai= [ [ty dyde
1 [,

a 91

— If R is of Type II, then

//R fayaa= [ d /h h(()) f(,y) dudy
c 1\y

e Center of Mass and Moments of Inertia
// yp(x,y) dA
R

// zp(w,y)dA
e i

1, ://Rl‘%(rr,y) dA and I, Z//Ry2p<x,y) dA

and y =

Try it in Python: Double and triple integrals numerically with scipy (dblquad, tplquad,
nquad): Multiple integration; symbolically with sympy: Integrals

10.11 Double Integrals in Polar Coordinates

e Polar Rectangles
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https://seoultechpse.github.io/EngMath/x_integration.html#sec-integration-multiple
https://seoultechpse.github.io/EngMath/x_sympy_symbolic_computing.html#sec-sympy-integrals

AA’C == l(ri+1 - Ti)Aek

2
1
= §(Tk+1 + 1) (T — ) A0,
= rAr,Af,
AT‘k
/ (ri»0;)
r =3t i)
A v\
’I”k/
o ‘-/TIHI
—
0] ] polar axis

e Double Integrals in Polar Coordinates

lim e, 0%) ri Ar, A6
\|P\|a0;f<k i) TRATL AL,

- //R f(r,0)dA
_ /a ’ /gj:e) F(r,0)rdrdé

b phy(r)
:/ / f(r,0)rdfdr
a Yhy(r)

0= hQ(T)

r=g9(0)

0= ha(r)

polar axis

O r=g:(0) polar axis O

10.12 Green’s Theorem

e Suppose that C'is a piecewise-smooth simple closed curve bounding a simply connected region
R
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oP
o If P,Q, 0 and — are continuous on R, then
Y

ox

(a) positive direction (b) positive direction (c) negative direction

e Partial Proof

//dA— /b/ 5 duds

b
_ / [P(2, g ()) — P, gy (x))] dz

b a
P(z,9,(z))dx P(z,g5(z))dx
(2, 1 (x)) +[ (2, 95(2))

— § Py s
c
Y= g2(z)
| y=gq(z)
L L sy
a b
¢ Region with Holes
/ CLQ _ CLP A
ox y

:f Pd:E—I—Qdy+y§ Pd:n—{—Qdy:?{Pd:E—l—Qdy
Cl Cz C
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(a) (b)

Example Evaluate Y e + o dy, where C = C; U (5 is the boundary of the
212 24 2 1 2

o2ty Y

shaded region R

Ci

-

> 2‘
/"‘\Cz
\ J 5 >

N
+

2 +y?=1

Answer 1 (end of chapter) - Solution

2

Example Evaluate dx + d
P 301 z? + y? 242

Answer 2 (end of chapter) - Solution

10.13 Surface Integrals

e Surface Area
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https://seoultechpse.github.io/EngMath/files/solutions/sol_10_12a.pdf
https://seoultechpse.github.io/EngMath/files/solutions/sol_10_12b.pdf

T (tangent plane piece)

surface z = f(z,y)

4

Si. (dashed)

(xk‘7 Yk 0)

u = Azii+ fo (), yp) Az k
v = Ayj+ fy (g, yi) Aypk
I
uxv= [_fa:<$kayk>i - fy($k7 Yp)j + k] Az Ay,
U

ASy = \/1 + [ Loz u)) + [fy(xk’yk>]2AAk

Then the area of the surface over R is given by

sz//Rwﬂfx(w,y)m TR

o Surface Integral

Let G be a function of three variables defined over a region of space containing the surface
S. Then the surface integral of G over S is given by

lim > Glofui,20) A, = [[ Glap.2)ds
1Pl-0 &= g

- //R Gy, Fw )1+ [ fol@n)l + [ £, (5,9)] dA

o If a smooth surface S is g(z,y,2) = 0, a unit normal is

Vg

IVl
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e Integrals of Vector Fields

The total volume of a fluid passing through S is called the flux of v through S and is

ﬂux://s(v~n)d8
NN N RN X
NN N N X

AN N N

-~/
P A o e

10.14 Stokes’ Theorem

e Vector Form of Green’s Theorem

If f(z,y) = P(z,y)i+ Q(x,y)j is a two-dimensional vector field, then

i j k
o o0 0 oQ OP
1f = f=— =— Zf=(=_-""1\k
o VX or Oy 0z (83: 8y)
P Q 0

Green’s theorem can be written in vector notation as
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ff-dr:jz{f-Tds://(va)-de
C C R

¢ Stokes’ Theorem - Green’s Theorem in 3-Space
— Let S be a piecewise-smooth orientable surface bounded by a piecewise-smooth simple

closed curve C'

— Let f(z,y,2) = P(x,y,2)i+ Q(z,y, 2)j + R(z,y, 2)k be a vector field for which P, @,
and R are continuous and have continuous first partial derivatives in a region of 3-space
containing S. If C is traversed in the positive direction, then

%ﬂdr—}l{f-Tds—/(fo)-ndS
Jo Jc s

e Physical Interpretation of Curl

}é f-dr:/ [V x £(Py)] - n(Py) dS

— [V x £(P,)] -n(P,) //dS IV x £(P,)] - n(P,) S.
U

fdr

r—0 S

[V x f(Py)] - n(P,) = lim — ! % f-dr~
c

\S\
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C, n(F)

10.15 Triple Integrals

e Let F be a function of three variables defined over a closed region D of space. Then the triple
integral of F' over D is given by

n

th sub-box

(¢, 20)

o Evaluation by Iterated Integrals

[ Fzrav - //[/(:y)w,y,z)dz
:/”

dA

ga(x) f2(z,y)
/ F(z,y,z)dzdydzx
91(@) f1(z,y)
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Example Find the volume of the solid in the first octant bounded by the graphs of z = 1 — 2,
y=2z,and x =3

=y

(b)

Answer 3 (end of chapter) - Solution

¢ Cylindrical Coordinates

xr=rcosl, y=rsinf, z=z

r? =2%+y?, tanf = Y

=, 2=z
T
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z= constant
A z (plane)

! "

~

(z,y,2)
or

2 (r,0,2)
A >

> >y
L >y r= constant
...... 7' ZTJT (cylinder)
(r,0)
x 0

6= constant
(plane)

(b)

- ._-_-_-_-_-_.’

(a)

e Triple Integrals in Cylindrical Coordinates

Fa(r,0)
/// F(r,0,z)dV = // / F(r,0,z)dz
f1(r,0)
92(0) fa(r,0)
/ / / F(r,0,z)rdzdrdf
f1(r,0)

AV=rAr A0 Az

dA

e Spherical Coordinates

x = psingcosf, y=psingsind, z=pcose
4

2
p?=a2%+y? + 2% tanf = Q’ cos ¢ =
x

Va4 y? + 22
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¢ = const (cone)

P
(z,y,2) or (p,¢,0)

/ "-:é-‘— '\-\v'" - y
/ . "\
0= const (half-plane)

x p= const (spher

(a) (b)

o Triple Integrals in Spherical Coordinates

//DF@, 0,6)dv

B rg200) ,fa(0,0)
-/ Flp,0,6) psin ¢ dp oy df
a Ygi(0) Yfi(¢,0)

< AV=p2sing Ap Ap A

psin ¢ A0

10.16 Divergence Theorem

e Another Vector Form of Green’s Theorem
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i
ds ds']
¢ Divergence Theorem

— Let D be a closed and bounded region in 3-space with a piecewise-smooth boundary S
that is oriented outward

— Let f(x,y,2) = P(x,y,2)i+ Q(x,y,2)j+ R(z,y,2) k be a vector field for which P, @,
and R are continuous and have continuous first partial derivatives in a region of 3-space

containing D. Then
//(f-n)dS:// V- £dV
s D

e« Partial Proof

Sy: z= fo(=,y) (top)

S3 (side)

= fi(z,y) (bottom)

// —dV // [/f ’yCLRdz
//SR(k-n)dS://S R(k.n)dS+//S R<k.n>d5+//s R(k-n)dS

dA = //R R,y f@.9) ~ Ry, f(@.y)] dA
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— On S;:  Since the outward normal points downward, g(z,y, z) = f;(x,y) —z = 0. Thus

8fl +8f1 _k _1

= k-n=
e i R+ BT

//S R(k-n)dS = // R(z,y, f1(z,y)) dA

— On S,: Since the outward normal points upward, g(z,y,2) = z — fo(z,y) = 0. Thus

_ 0y _ 3fz
itk 1
O = k-n=

) i ) ()

//S R(k-n)dS = // R(z,y, fa(z,y)) dA

—OnS;: k-n=0

// R(k-n)dS =0
S3

e Physical Interpretation of Divergence

//Sr(f-n)dS://DTV-de
m//DrV-f(PO)dV:V-f(PO) //DT dV =V - £(P))D

V- f(F,) —1111(1)// (f-n)
r—
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e Continuity Equation

dm

Cﬁ—i///Dp(:c,y,z,t)dV—///DZdV
:—//S(pv-n)dsz—//DV'(PV)dV
U

///D[ZJr V‘<PV)] dv =0

4

dp
e + V- (pv)
o FEuler’s Equation of Motion

Allowing for the presence of a gravitational body force per unit mass g, the basic equations
of an ideal fluid are

Dv 1
Ty
Dt P p+g

V-v=0

e Furthermore, it can be helpful to use g = —Vx and the identity

1
(v-V)v=(VxVv)xv+V <§V2>
to cast the momentum equation into the form

ov

1
at+(va)xv:—v<i+2v2+x>:—VH

10.17 Change of Variables in Multiple Integrals

e To change the Variable in a Definite Integral

/a ' fla) e = / " How) () du

e Double Integrals

//RF(x,y) dA
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o Triple Integrals

///F@ y,2)dV

9z Oz

gu g;’ : dA = hyhydq;dg, (orthogonal curvilinear coordinates)

Ou  Ov

0
/// flu,v,w), g(u,v,w), h(u,v,w)) ‘m v’
oz Oz Oz
d(z,y,2) gu gv Qu
‘3(%%10) N %ﬁ gé é 7 dV' = hyhyhg dg,dgydgs
ou Ov Ow
Summary
Topic Formula
dT/dt
Motion v=r, a=1"; k= |1dT/ “7
v

Directional derivative
Tangent plane

Divergence and curl

Path independence
Green’s theorem
Surface area
Stokes’ theorem

Divergence theorem

Change of variables

d
a= d—::T#—m;QN

D,f =Vf-u; largest, [Vf], in the direction
of Vf

VF(zq,yq, %) is normal to the level surface
F(x,y,z) =c¢

V-f, Vxf

f= Ve /f dr = ¢(B) — ¢(A)

%Pdm—k@dy—// ‘9%2—8713 dA
//,/1+f2+f2dA n—ng”
%f dr—/ (V xf) -ndS
//fndS //Vde
//fdA //f x(u,v) UU»‘gEu U;

dudv
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Worked Exercises

1. Find an equation of the plane containing the lines x = ¢, y =4t, z = —2t,and x =141,
y=144t, z2=3—-2¢

Solution
Step 1: Write the parametric forms of both lines

First line:

=1
. Point: P, = (0,0, 0)
Li:qy=4 = ..
Direction vector: d; = (1,4, —2)
z=—2
Second line:
=14t
, v X +4t Point: P, = (1,1,3)
27 V= Direction vector: d, = (1,4, —2)
z=3-2t

Step 2: Observe relationship between the lines

o Both lines share the same direction vector: d; = dy, = (1,4, —2)
e But they pass through different points

So the lines are parallel and distinct, and therefore they lie in a common plane
Step 3: Find two vectors in the plane

The plane is determined by:

1. Direction vector of the lines:
Vl = <]., 4, _2>

2. Vector connecting a point on one line to a point on the other line:

V2:P2_P1 :<17173>_<07070>: <17173>

Step 4: Find a normal vector to the plane

Take the cross product:

i j k
n=v; xXvy=([1 4 =2
11 3

Compute:

n=i4-3—(-2)-1)—j1-3—(=2)-1)+k(1-1—4-1) = n = (14,-5,—3)

Step 5: Use the point-normal form of a plane

With point P; = (0,0,0) and normal vector (14, —5, —3), the equation is:
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14(x—0)—5(y—0)—3(z—0)=0= 140 — 5y — 32 =0

2.  Find an equation of the plane containing (1,7,—1) that is perpendicular to the line of
intersection of —x +y —8z=4 and 3x—y+22=0

Solution
Step 1: Find direction vector of the line of intersection

The line of intersection of two planes lies in both planes, and its direction vector is perpendicular
to both normals of the planes

So, compute the cross product of the normal vectors of the two planes

e Normal to my: n; = (—1,1,-8)
o Normal to my: ny, = (3,—1,2)

Then:
i j k
3 —1 2

Compute the determinant:

d=i(1-2—(=8)-(=1)) =j((=1)-2—=(=8)-3) + k((-1) - (=1) = 1-3)
= (—6,—22,—2)

This is the direction vector of the line of intersection.
Step 2: Use the fact that the desired plane is perpendicular to this line
So the direction vector d = (—6, —22,—2) is the normal vector of the desired plane

‘We now have:

o Point on the plane: (1,7,—1)
o Normal vector: n = (—6,—22, —2)

Step 3: Use point-normal form of a plane

—6(r—1)—22(y—7)—2(2+1)=0

Expand:

67 +6—22y+154—22—2=0= —62 — 22y — 22+ 158 = 0

Multiply both sides by -1 to make the leading coefficient positive:

62 + 22y + 22 = 158
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3. Use Green’s theorem to evaluate the given double integral by a line integral

//Rx2 dA

2 2
where R is the region bounded by the ellipse % + Y1

4
Solution

Step 1: Green’s Theorem

Green’s Theorem relates a line integral over a positively oriented, simple closed curve C to a double
integral over the region R it encloses:

// @—0—13 dA:%dewLQdy
or 0Oy g

We need to rewrite // 22 dA as the right-hand side of Green’s Theorem.

Step 2: Choose P(x,y) and Q(z,y)

We want:
Q _or _ ,
oxr Oy
Let’s choose:
oP
« P —= S
0= By =0
_ 1 0Q _ ,
* Q_Sx = ox -t
So:
9Q _or _ ,
or Oy

Step 3: Set up the line integral

1
//xQdA:%de—FQdy:y{x?’dy
R c c 3

where C' is the positively oriented boundary of the ellipse.

Then by Green’s Theorem:

Step 4: Parametrize the ellipse

Given:

Use the parametric equations:
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r=3cosf, y=2sinf, 0<60<2n

Compute:
o 23 = (3cos0)® =27cos®0

dy
o dy d9d9—2C089d9

Now plug into the line integral:
1 27 1 27
% —23dy = / —.27cos?0-2cosfdh = / 18 cos* § d#
o3 o 3 0
Step 5: Evaluate the integral
Use the identity:

cost = g + %COS(29) + éCOS(ZIH)

So:

2

2
1 1
18cos* 0 df = 18/ (3 + —cos(20) + - Cos(4(9)) do
872 8

S~

Now integrate:

27
. / Sap=2 2r =T
A 8

27
. / cos(46) df = 0
0

So:

277r
dA =18  — = —
//95 5 4 2

4. Find the work done by the given force f= (x —y)i+ (z + y)j around the closed curve in the
following
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Solution

The image shows a region bounded between two quarter circles:

o Outer curve: 22 + y? = 4 (radius 2)
o Inner curve: 2% +y? =1 (radius 1)

The region is the quarter annulus in the first quadrant, swept from the positive z-axis to the
positive y-axis, and the curve is oriented counterclockwise, forming a positively oriented closed
curve C

Step 1: Use Green’s Theorem

We are to compute:

Where:

. M:x—yﬁ%—]‘;:—l
. N:x+y:>%—1;[:1

So:

ON OM
o (—1)=2
oz oy (=1)

Step 2: Area of the Region R
The region R is a quarter annulus between radius 1 and 2, in the first quadrant.

Area of an annulus between r =1 and r = 2 is:

Full area = m(2%) —w(1?) =47 — 7 = 37
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But we only have 1/4 of it:

Step 3: Apply Green’s Theorem

%f-drz//QdAzQ-eﬂr:?m
o R 4 2

5. Evaluate the integral

dA

//R \/(fv—y)2+12($+y)+1

where R is the region bounded by the graphs of y = x, x = 2, and y = 0 by means of the change of
variables £ = u + uv, y = v+ wv

Solution
Step 1: Understand the transformation

We compute:

e rv—y=(ut+uw)—(v+w)=u—v
e x4+y=(u+uv)+ (v+uv) =u+v+2uv

Then,

(x—y)?+2x+y)+1=(u—0v)?+2u+v+2uw)+1=(u+v+1)>

Step 2: Jacobian of the transformation

We need the Jacobian determinant J = |gEzZ; . Compute partial derivatives:

@:14_@ @:U
r=u+uv=< ’ y=v+uw=<{ ’

oz _ 4, @—1—{—u

ov ov :

So the Jacobian matrix is:

1+wv U

J = v 1+u

=(1+4+v)(l+u)—uww=14+u+wv

Step 3: Find the region S in the uv-plane
We translate the region R into the uv-coordinates

From the substitution:

r=ut+uw=ul+v), y=v+uww=v(l+u)

We now rewrite the boundaries:
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e y=0=v(l+u)=0=v=0 (since 1 +u # 0)
e y=z=vl4+u)=ull+v)=v=u
2

. x:2:>u(1+v):2:>u:m

So the region in the uv-plane is:

e lower bound: v =0
e upper bound: v=1u
e and u < %

“+v

Let’s fix bounds:

2

Since u = 13,

and also v = u, we substitute:

2
v = 1+v:>v(1+v):2:>(v—1)(v+2):0

So v =1 is the upper limit (since v > 0), and the region S is bounded by:

e 0<v<L<l1

2
¢ U§U§1+U

Step 4: Change of variables in the integral

We rewrite the integral in terms of u, v:
1
// —— - |J|dudv
sV (u+v+1)2

So the integrand becomes simply 1. Then the integral becomes the area of the region S:

Lo L2 1
//1dudv:/ / ldudv:/ ( —v)dv:2ln2—f
S v=0 Yu=v 0 1+'U 2

6. Evaluate the integral

//R(x2 +y?) Va2 —y2dA

where R is the region bounded by the graphs of x =0, z =1, y = 0, and y = 1 by means of the
change of variables u = 2xy, v = 22 — y?

Solution

Step 1: Compute the Jacobian

We need the Jacobian determinant J = ‘ggzgg , but we are given u = 2zy, v = 2% — y?, so we
compute ggz;; and then take the reciprocal for the change of variables

Compute partial derivatives:

ou ou
ov ov
b == 2 - 2 = — = 2 y AT — —2
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So the Jacobian matrix is:

(u,v) (2y 233)

x,y)  \2z —2y
Therefore,
oz, y)| 1 1 B 1
Au,v)| I [—4@2+y?)|  4a?+y?)

Step 2: Substituting the integrand and Jacobian
The integrand is (22 + y?){/22 —y2, and from the transformation:

e v=0?—y? = a2 —y2 =

e 22 4 32 appears in both the integrand and the Jacobian, so:

(% +y?) - Va2 —y?-

a(m,y)‘ = (22 +42) - -

0(u,v) 4(x2 +y2) 4

So the transformed integral becomes:

1
//%dudv
o 4

Step 3: Find the region S in uv-coordinates

We are given the transformation:
2

u=2xy, v=a>—1y>

and the original region R is the unit square:

We compute the image of the four corners of the square under the transformation:

(z,y) u = 2xy v=2x%—y? (u,v)

(0,0) 0 0 (0, 0)
(1,0) 0 1 (0, 1)
(0,1) 0 -1 (0,—1)
(1,1) 2 0 (2, 0)

We examine how each edge of the square transforms under the change of variables:

e Edgez=0: u=0,v=—y?¢€[-1,0] = Vertical segment on the u = 0
e Edgey=0: u=0,v=2?¢€[0,1] = Another vertical segment on the u = 0
e Edgez=1: u=2yc[0,2,v=1—9%2=1— “Tz = Upper parabola

o Edge y=1: u:2x€[0,2],vzw2—1:%2—1:> Lower parabola

359



So, the transformed region is:

2 2
0<u<?2, u——lgvgl—"—}

S = {(u,v)

import numpy as np
import matplotlib.pyplot as plt

# Create u values
u = np.linspace(0, 2, 400)

# Define the upper and lower boundaries of v
v_upper = 1 -(u**2)/4
v_lower = (u**2)/4 -1

# Plot the region S

plt.figure(figsize=(6, 6))

plt.plot((®, 0, 0, 2), (6, 1, -1, 0), 'ko')

plt.plot(u, v upper, 'r', label=r'$v = 1 -\frac{u~2}{4}$')
plt.plot((®, 0), (0, 1), 'r', lw=3)

plt.plot(u, v _lower, 'b', label=r'$v = \frac{u~2}{4} -1%$')
plt.plot((®, 0), (0, -1), 'b', lw=3)

plt.fill between(u, v_lower, v _upper, color='lightgray', alpha=0.6)

# Formatting

plt.title("Region S in the uv-plane")
plt.xlabel("u")

plt.ylabel("v")

plt.legend()

plt.grid(True)

plt.xlim(0, 2)

plt.ylim(-1.1, 1.1)

plt.gca().set aspect('equal')

plt.show()
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Region S in the uv-plane
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Step 4: Evaluate the integral

Since the integrand v'/3 is an odd function, and the bounds of u are symmetric in v, the integral

1
//%dudvzo
s 4

7. Find the tangential and normal components of acceleration for the path:

1S:

x(t) = (2t,¢7)

Solution

Step 1: Compute the velocity vector

Step 2: Compute the acceleration vector
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Step 3: Compute the speed

()] = /22 + (2€25)2 = V4 + dett = 21/1 + et

Step 4: Tangential component of acceleration

The tangential component of acceleration is given by the derivative of speed:

d ( L gett 4ett
ap = — 2V 1+ e4t) 2
T=a" Vitet  JItel
Step 5: Normal component of acceleration
The normal component of acceleration is given by:
ay = \/la®)]? — a2
We compute:
a(t)| = /02 + (4e2t)2 = 4¢2
e So |a(t)]? = 16¢e*t
2 _ (_4e*t \2 _ 16e8t
« And o} = (A )" = {8
Now plug into the normal acceleration formula:
16e8t
— 16e4t —
\/ ¢ 1+ et
B \/ 16e% (1 + e4t) — 163!
N 1+ et
164t
1+ et
4e%t

S VIl
8. Find the tangential and normal components of acceleration for the path:
x(t) = (£, t,7)

Solution

Step 1: Compute velocity and acceleration

v(t) = Z’t‘ (1,1,2¢)
a(t) = ‘2’ (0,0,2)
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Step 2: Compute speed

12 +12 4 (2t)2 = V2 + 482

Step 3: Tangential component of acceleration
The tangential component is:

d d 1 4t
ar= —|v(t)| = —\/24+ 42 = — .8 =
T at ®)] dt 2V/2 + 4t2 V2 + 4¢2

Step 4: Normal component of acceleration

The normal component is given by:

ay = \/la(t)[2 — a3
We have:
e la(t)]=v024+0%2+22=2
o Ja(t)? =4
_ (4t \% _ aet?
¢ a% B (\/2+t4t2) - 2+it2

Now compute:

\/4 162 \/4(2 + 412) — 16¢2
a = _— =
N 2 + 4¢2 2 4 4¢2

_\/8+16t2—16t2_\/ 8
B 24+4t2 V24412
2v2
V2 + 482

9. Let r=zi+yj+ zk and r denote |r|. Evaluate the following:

V. (r"r)

Solution
Step 1: Use product rule for divergence

Let’s use the identity:

V- (fv)=(Vf)- v+ f(V-v)
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Then:

V.-(r'r)=(Vr") - r+r"(V-r)
Step 2: Compute the terms
1. Gradient of ™:

We use the chain rule:

Vrt = nr"1vr

and since r = /2?2 +y% + 22, we know:

So:

Therefore,

2. Divergence of r:

or Oy 0z
r= 42 4 414+ 1=
V-r 8m+8y+8z + 1+ 3

Step 3: Combine everything

V-(r'r) =nr" + 3r"™ = (n+ 3)r"

10. Let r = zi+ yj + zk and r denote |r|. Evaluate the following:

V x (r"r)

Solution
Step 1: Use Vector Identity

We apply the identity:

Vx (fv) = (Vf) x v+ f(V xv)
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So:

Vx(r'r)=(Vr") xr+r"(V xr)
Step 2: Compute Each Term

(1) Vxr

Vxr=Vx(zi+yj+zk)=0
(2) vrr

We compute:

and since:

(3) Compute the cross product

(Vr)yxr = (nmr"?r) xr=nr"2(rxr)=nr"2.0=0

11. Let v =u(z,y)i —v(z,y)j be an incompressible, irrotational velocity field

(a) Show that the functions u and v (which determine the component functions of v) satisfy the
Cauchy-Riemann equations

ou_ o0
oz Oy

and a—u——@
oy Oz

(b) Show that u and v are harmonic, that is, that

Solution

We are given a 2D velocity field and told that this flow is:

o Incompressible (i.e., V-v =0)
o Irrotational (i.e., V x v =0)
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(a)
Step 1: Incompressibility condition

The divergence of a 2D vector field v = (u, —v) is:

ou O(—v) Ou Ov
J— + J—

VV=Eas T oy T ar oy
Incompressibility implies:
Oou  Ov ou Ov
— =0 = |—=_=
oxr 0Oy oxr Oy
Step 2: Irrotationality condition
In 2D, the scalar curl of a vector field v = (u, —v) is:
vxy=200 Ou_ Ov Ou
ox oy ox Oy
Irrotationality implies:
ov  Ou ou v
J R — = =
oxr Oy oy ox

(b)

Step 1: Differentiate the Cauchy-Riemann equations

Start with the first:

8u_8v

or dy
Differentiate both sides with respect to x:

o _ o
0x2  Oxdy

(1)

Now differentiate the second Cauchy-Riemann equation:

ou_ 0w
oy Oz
Differentiate both sides with respect to ¥:
0%u B 0%
oy?  Oyox

Step 2: Add the second derivatives of u

From equations (1) and (2):
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0%u  0%u 0%v 0%v

02 + 0y? - 0xdy  Oyox =0

(because mixed partial derivatives are equal under continuity)

So,

0%u  0%u

922 "o "

Step 3: Do the same for v
Start again from:

dv  Ou 0%v 0%

oy oz op  aaay O

v ou 0%v 0%u
Lo Tt 2L
ox oy — 0x? 0xdy

Now add:
P v Pu o
0z2  0y2  0x0y Oxzdy
Thus:
o
ox?  Oy?

12. Let a particle of mass m travel along a differentiable path x in a Newtonian vector field F
(i.e., one that satisfies Newton’s second law F = ma, where a is the acceleration of x). We define
the angular momentum 1(¢) of the particle to be the cross product of the position vector and the
linear momentum mv, i.e.,

1(¢) = x(t) x mv(t)

(Here v denotes the velocity of x.) The torque about the origin of the coordinate system due to
the force F is the cross product of position and force:

M(t) = x(t) x F(¢)
(a) Show that

A

Z oM
dt

Thus, we see that the rate of change of angular momentum is equal to the torque imparted to the
particle by the vector field F
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(b) Suppose that F is a central force (i.e., a force that always points directly towards or away from
the origin). Show that in this case the angular momentum is conserved, that is, that it must
remain constant

Solution

(a)

Start from the definition of angular momentum:

1(t) = x(t) x mv(t)
Differentiate using the product rule for cross products:

d d . .
prin [x(t) x mv(t)] = x(t) x mv(t) + x(t) x mv(t)

Since x(t) = v(t), and v(t) = a(t), this becomes:

dl
o= v(t) x mv(t) + x(t) x ma(t)

Now note:

e v(t) x v(t) = 0 (any vector crossed with itself is zero)
e So the first term vanishes

Thus:

dl
i x(t) x ma(t) = x(t) x F(t) = M(t)

(b)
What is a central force?

A central force is a vector field where the force always points directly toward or away from the
origin. That is:

F(t) = f(r)r = f(r)—= where r=|x(1)]
In other words, F(t) is parallel to x(t), so:

x(t) xF(t)=0

Recall from part (a):
We showed that:

dl
= = x(t) x F(t) = M(}

Now if F is a central force, then x(¢) x F(t) = 0, so:
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dl
dt

This implies that:

‘l(t) = constant vector

13. Find the curvature at t = 7 of the cycloid that is described by

r(t) = a(t —sint)i+ a(l —cost)j, a>0

Solution

Compute derivatives and use the planar curvature formula

|27 ()y”(t) — y' ()= (1)]
5 3/2

K(t) =

(2°(t)% +y'()?)
For r(t) = (a(t —sint), a(1 — cost)) we have
x’=a(l —cost), z” =asint, y =asint, y’ =acost
So the numerator is
|'y” — y'z”| = a?|(1 — cost) cost — sin? |

= a?| cost — (cos?t +sin’t) | = a®(1 — cost)
The denominator inside the 3/2 power is

2?2 +y? = a?((1 — cost)? + sin?¢t)
a?(2 —2cost) = 2a*(1 — cost)

hence

3/2

(224 y?) a®(2(1 — cost))*? = a?2%/2(1 — cos 1)/

Thus
() = a?(1 — cost) _ 1

©a323/2(1—cost)?2  q23/2¢/1— cost

Using 1 — cost = 2sin?(¢/2), this becomes the simpler form

1
M) = LTsn/2)]

At t =, sin(n/2) =1, so
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14. Find the osculating plane to the following circular helix at ¢t = 7 /4

r(t) = —2sinti + 2 costj + 3tk

Solution

For r(t) = (—2sint, 2 cost, 3t), the osculating plane at t is the plane through r(¢,) whose normal
is the binormal vector 7 .,
r'(ty) x ”(ty)

T e (te) X (k)]

B(t)
Compute derivatives:
r’(t) = (—2cost, —2sint, 3), r’’(t) = (2sint, —2cost, 0)

At t =n/4:

and

Use this cross product as the plane normal. The osculating plane equation is
3
(3\/57 3\/577 4) : (((1}, Y, Z) - (_\/57 \/57 %)) =0

Expanding and simplifying gives the tidy form

3vV2(z +y) + 4z =3n

which is the osculating plane at t = 7/4

15. Let w =V x u represent the vorticity of an inviscid, barotropic fluid governed by the Euler
equation

Du 1
— =—-V f
Dt P P+
where D% denotes the material derivative (% +u- V). Under the barotropic assumption, the

pressure is a function of density alone, p = p(p)

(a) Take the curl of the Euler equation to obtain the evolution equation for the vorticity field
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(b) Show that for an inviscid, barotropic fluid with conservative body forces,

I'(t) :7{ u-dr
C(t)

remains constant in time if C(¢) moves with the fluid. Hint Differentiate I'(¢):

dl’ Du
— = — .dr
dt )., Dt

D ) , ) ) . :
(c) Evaluate 5‘;‘5 for a two-dimensional incompressible flow, and discuss the resulting consequences

for the evolution of vortex patches and vortex sheets

Solution
(a) Curl the Euler equation — vorticity evolution

Euler (compressible) in material-derivative form:

ou 1
_— . = —— f
5 +(u-Vi)u pr—i—

Define vorticity w = V x u. Take V x (-) of both sides. Use the identity
(u-V)u = V(%MQ) +wxu
so Vx ((u-V)u) =V x (wxu).
Another identity gives
Vx(wxu) = Vw—(w-V)u+w(V-u)—u(V-w)
and V-w=V.(V xu)=0. Thus

ow 1
E—k(u-V)w:(w'V)u—w(V-u)—kaf—Vx(;Vp)

Under the barotropic assumption p = p(p)

v x(;vp> - v(;) X Vp =

because Vp is parallel to Vp

Therefore the vorticity equation becomes

%:(ch)u—w(V-u)—i—fo

For an incompressible flow (V - u = 0) this reduces to the familiar
D
F‘::(w-V)quva
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The term (w - V)u is the vortex-stretching term that can amplify vorticity in 3D
(b) Kelvin’s circulation theorem (conservation of circulation)

Circulation around a material loop C(t) is

I'(t) :y{ u-dr
C(t)

Differentiate following the moving loop (hint given):

dr D 1
dt Jow Dt ow P

Under barotropic p = p(p) there exists a scalar H(p) (specific enthalpy) with VH = %Vp. If the
body force is conservative, f = —V® for some potential ®. Then the integrand is a gradient:

1
——Vp+f=—-VH-Vd=-V(H+?)
p
and the line integral of a gradient around a closed curve vanishes. Hence

ar

E_O

So circulation around any material loop C(t) is constant in time — this is Kelvin’s circulation
theorem (for inviscid, barotropic fluid with conservative body forces)

Dw
(c) Two-dimensional incompressible flow: th and consequences

For 2D flow in the zy-plane, let u = (u(x,y,t),v(x,y,t),0) and assume no z-dependence. The
vorticity has only a z-component:

w=(0,0,w,), w, =0,v—0,u

For incompressible flow V- u = 0. Also (w- V)u vanishes because w points in z and there is no
z-variation:

(w-Vu=w,0,u=0

If body forces are irrotational so V x f = 0, the vorticity equation reduces to

Dw,
=0
Dt

So in 2D incompressible Euler flow the scalar vorticity w, is materially conserved along particle
paths

Consequences:
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» Vortex patches. A vortex patch is a region where w, is nonzero (often constant) and zero
outside. Because w, is advected with the flow, every fluid particle keeps its initial vorticity
value. Thus a patch’s vorticity value is preserved and the patch is merely carried/deformed by
the flow. Incompressibility preserves area, so the area of the patch remains constant (though
its shape can become complex — e.g. filamentation)

« Vortex sheets. A vortex sheet is a curve across which the tangential velocity is discontinuous
(equivalently a delta-distribution vorticity concentrated on a curve). In 2D inviscid flow the
sheet strength (the jump in tangential velocity, or equivalently circulation per unit length) is
transported with the sheet — the sheet is convected by the flow. However, vortex sheets in
inviscid flow are nonlinearly unstable (Kelvin—Helmholtz instability) and tend to roll up into
spirals (the sheet can develop finer and finer structure). In the ideal Euler limit this leads to
complicated, potentially singular behavior; with even small viscosity the sheet diffuses and
rolls up more smoothly

o No vortex stretching in 2D. Because there is no (w- V)u term, vorticity cannot be
amplified by stretching as it can in 3D. This is the fundamental reason 2D turbulence and
vortex dynamics differ qualitatively from 3D: vorticity values are conserved along particle
paths, and inverse energy cascade / persistence of coherent vortices are characteristic features

16. Let u(z,y,z) = (~yf(r,2), of(r,2), g(r,2)), = /2% +y?
(a) In cylindrical coordinates (r, 6, z), find the condition from V-u =20

(b) Assuming no #-dependence, show that there exists a streamfunction ¥(r, z) such that

_10v 100

u, = — u. =
Toroz’ z r Or

(c) Write the formal decomposition u = V¢ + V x A. Discuss what ¢ (and boundary conditions
on A, this part is optional) become for incompressible flow

(d) For f(r,z) = 520 9= 0, compute w = V x u and describe its physical meaning

N
(r2 + 22)
Solution

Throughout use cylindrical coordinates (r, 0, z) with
x =rcosé, Yy =rsind
and unit vectors

e, = (cosf,sinh,0), ey = (—sinb, cosh,0), e, = (0,0,1)

A quick and useful observation from the given Cartesian form

u= (*yf('ra Z)v xf(r, Z)a g(?“, Z))

is that
u, =u-e,. =0, ug=u-ey=rf(r,z), u, = g(r, 2)

(a) Divergence-free condition in cylindrical coordinates

The divergence in cylindrical coordinates is
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10

:;87“

(ru,) + 19uy + Ou,

V-ou r 00 0z

Substitute u, = 0, uy = rf(r,z), u, = g(r,z). Then

10 dyg
V.ou= ;%(rf(r,z))—ka
So the condition V-u =0 is
10 dg
;%(Tf(ﬂz))-i-g =0

If the flow is axisymmetric (no f-dependence) this reduces to

99 _
0z

0 = g=g(r

(b) Existence of an axisymmetric stream function ¥(r, z)

Assume no 6-dependence (axisymmetric). For general axisymmetric flows (not necessarily the
special form above) the divergence-free condition becomes

Multiply by r:

0 0
E(Tur) + &(Tuz) =0

This is the 2D divergence-free condition in the (r, z)-plane for the vector (ru,., ru,); hence there

exists a stream function ¥(r, z) (unique up to additive constant) such

T

ov ov
= U, =

"9z =T o

Tu

Dividing by r gives the standard axisymmetric Stokes stream function relations

10W 10v
= —-— u., =
Ur r 0z’ z r Or

(These formulae automatically satisfy V - u = 0)

(c) Helmholtz decomposition u = V¢ + V x A and consequences for incompressible
flow

The Helmholtz decomposition states any sufficiently smooth vector field on R® (with suitable decay

or boundary conditions) can be written as

u=Vep+V xA
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where ¢ is a scalar potential and A a vector potential. Taking divergence gives

V-u=V24+V-(VxA)=V2

since V- (V x A) = 0. Thus for an incompressible flow V - u = 0 we have

V24 =0

so ¢ is harmonic. With common boundary/decay conditions (e.g. u vanishes at infinity or normal
velocity specified on a closed boundary), the only physically allowable harmonic ¢ compatible with
zero net flux is typically a constant (so V¢ = 0), and all motion is described by the solenoidal part
V x A. In short:

o For incompressible flow, ¢ is harmonic; if boundary/decay conditions force ¢ to be constant,
the flow is purely solenoidal u =V x A

e A convenient gauge for A is the Coulomb gauge V - A = 0. Then

Vx(VxA)=-V?A=u—V¢

For incompressible flows with ¢ chosen zero, A solves the vector Poisson equation

~V2A =u

with boundary conditions on A chosen to make the solution unique, e.g. A — 0 at infinity
and V-A =0

So physically: for incompressible flows the irrotational part is absent (or trivial) under typical
no-flux/decay conditions, and the velocity is given entirely by the curl of a vector potential which
encodes the vorticity

(d) Vorticity for f(r,z) = a 5> g = 0. Physical interpretation

(r2 4 22)3/

With the specified f and g = 0 the flow is purely azimuthal:

ar
U,,,ZO, ngTf(T,Z):m, UZZO

Compute the vorticity w = V x u. For axisymmetric, #-independent fields the cylindrical-component
formulas simplify to

duy Ou, Ou, 10

W, =

U Wo = 0z or ’ 2 ror (rug)

Compute derivatives. Put s = r? + 22. Then

3az
o .—3/2 _
f = as / ) fz - _@
Thus
0 3az 3arz
wp == (1) =—1f. = —7“( - S@) = 52
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For w,:

2
rug =1r"f =«
0 f $3/2

Differentiate in 7:

2(T‘Qf) = oz<27"s_3/2 +r? e (=5)s 02 2r> = ars™*/%(2s — 3r%)

or
Therefore
10, , _5/2 9 —r? 4+ 222
w, = ;5(7“ f) = as5/%(2s — 3r?) = 047042 )
So the vorticity vector is
3arz a(—r? +222)

w(r,z) =w,e, tw, e, =

(7"2 +22)5/2 €r + (7“2 +Z2)5/2 €.

Notes / physical interpretation

o The vorticity has no azimuthal component (wy = 0); it is in the meridional (poloidal) plane
(r,z). Thus swirling motion u, produces poloidal vorticity — typical of axisymmetric swirling
flows

o The vorticity field is singular at the origin (behaves like a power of distance) and decays rapidly
for large distance: the denominator (12 4 22)%/2 gives a far-field decay like O(distance ) for
components (so the induced velocity decays more slowly)

o The structure of w resembles a dipole-like poloidal vorticity: w, is odd in z (changes sign
across the z = 0 plane), while w, has a quadrupolar character (combination of 72 and z?).
Vorticity lines (integral curves of w) lie in meridional planes and encircle/loop around the
symmetry axis — qualitatively similar to a vortex ring/poloidal-dipole structure concentrated
near the origin

o Physically this flow can be seen as an idealized concentrated swirl (azimuthal velocity decaying
like (distance)~? for large distance because u,y ~ r/(r?+22)3/2), and the computed w describes
the local twisting/rotation of fluid elements produced by that swirl. The sign pattern indicates
opposite vorticity above and below the midplane z = 0 in the radial component, etc

import numpy as np
import matplotlib.pyplot as plt
import matplotlib.colors as colors

alpha = 1.0

Grid for r > 0 region
np.linspace(0.02, 3, 100)
np.linspace(-3, 3, 80)

Z = np.meshgrid(r, z)

#
=
z
R,
# Define vorticity component w z
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s = R¥**2 47%%*2
omega z = alpha *(-R*¥*2 +2 *Z**2) /s**(2.5)

# Compute logl® of magnitude and preserve sign
log omega = np.sign(omega z) * np.loglO(np.abs(omega z) + le-10)

# --- Plot log-scaled w z ---

plt.figure(figsize=(3, 5))

cont = plt.contour(R, Z, log omega, levels=60, cmap="RdBu r")
plt.colorbar(cont, label=r"$\mathrm{sign}(\omega z)\log {10} |\omega z|$")
plt.title(r"Log-scaled $\omega z(r,z)$ for $r > 0%$")
plt.xlabel("$rs$")

plt.ylabel("$z$")

plt.axhline(0, color='k', 1w=0.8)

plt.grid(True)

plt.axis("equal")

plt.show()

Log-scaled wy,(r,z) forr>0
3 .

—+ 4.20
5. E 3.15
4 —+ 2.10
P
]. . " —
. -1.05 3
>
N O : -0.00 2
N
3
=]
" - —~1.05 ©
_1 -] (7]
—+ —2.10
=27 — —3.15
_3- . . E- —-4.20
1 2 3
r
Answers

Answer 1 (Section 10.12)

—yd d
y{ yertray 0 (Green’s theorem on R, which excludes the origin)
C,UC, z? +y°
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Answer 2 (Section 10.12)
—ydr +zdy
2.3 T

o T4ty
Answer 3 (Section 10.15)

15
V=—=1875
8
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11 Orthogonal Functions and Fourier Series

Learning objectives After this chapter you should be able to

e test functions for orthogonality and expand a function in an orthogonal set

e compute Fourier series, half-range cosine and sine series, and complex Fourier series,
and describe their convergence and the Gibbs phenomenon

o formulate regular and singular Sturm-Liouville problems and use the orthogonality of
their eigenfunctions

e expand functions in Fourier-Bessel and Fourier-Legendre series

11.1 Orthogonal Functions

e Inner Product

If u=wuyi+uyj+usk and v =i+ vyj+ v3k are two vectors in R?, then inner product is
defined:
(0, v) = uyv;y + ugvy + uzvy = u,v;
e The inner product (u,v) possesses the following properties:
— (u,v) = (v,u)
ku,v) = k(u,v), k: ascalar
uw,u)=0if u=0 and (u,u) >0 if u#0
v, w) = (1, W) + (v, W)
¢ Inner Product of Functions

The inner product of two functions f; and f, on an interval [a, b] is the number

b
(o fo) = / f1(@) folx) da

¢ Orthogonal Functions

Two functions f; and f, are said to be orthogonal on [a,b] if

b
<f1,f2>:/ £1(@) fol) da = 0
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¢ Orthogonal Sets
A set of real-valued functions {¢y(z), ¢, (z), p5(x),---} is said to be orthogonal on [a,b] if

With the property that |¢,, ()| = 1, then {¢,,(z)} is said to be an orthonormal set on the
interval
Exam le{ 1  cosz cos2x } <<
X : , gy <z <T
Pe\Ver Vi Vr

Answer 1 (end of chapter) - Solution

e Orthogonal Series Expansion

Suppose {¢,,(x)} is an infinite orthogonal set of functions on [a,b]. If y = f(z) is a function
defined on [a, b],

f(z) :Coﬁbo( )t eidi () + -+ by, () +

/f(> dm—co/ Gl d93+c1/¢>1 x)dx + - +c/¢2 )dx + -
=c 2(z)dx
n/¢A)

/f ) dz
/ 2 (z) dx

a

. n=0,1,2,

e Orthogonal Set/Weight Function

A set of real-valued functions { ¢y (z), ¢, (x), d5(x), -} is said to be orthogonal with respect
to a weight function w(x) on [a,b] if

b
(D> &) = / w(z)o,,(r)d, (z)dr =0, m£n

With this inner product notation,

= 0, (2)
n=0
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11.2 Fourier Series

e Trigonometric Series
T 2 T T . 2w . 3w
1, cos —x, cos —z, cos —x, -+, sin —z, sin —z, sin —x, -
p p p p p p

e Fourier Series

The Fourier series of a function f defined on the interval (—p,p) is given by

a — nm nm
flz) =2+ (ancos—x—l—bnsin—x>
(z) =5 ; . ;
where
1 [? 1 [P
an:/ f(z)cos —xdz, aO:/ f(z)dx
p.J, p p.J,
1 /P
bn:/ f(x)sinnlxdx
pJ, p

At a point of discontinuity, the Fourier series converges to the average ————————=

Example

O<x<m

f(x)z{(l)’ el

4
f(zx) :%—F Z: (2m2_1)ﬂ_sin(2m—1)$

m=1

from sympy import fourier series, Piecewise, pi, plot
from sympy.abc import x

f Piecewise((0, x < 0), (1, True))
s = fourier series(f, (x, -pi, pi))
s.truncate(5)

2sin (x 2sin (3x 2sin (bx 2sin (Tx 1
() , 25n(3x)  2sin(50) | 2sin(7a)

T 3 5m T
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s3 = s.truncate(n = 3)
s6 = s.truncate(n = 6)
s9 = s.truncate(n = 9)

p = plot(f, s3, s6, s9, (x, -1.5 *pi, 1.5 *pi), show=False, legend=True)

p[0].label "f!

p[1l].label 'n = 3'
p[2].1label ‘'n =6'
p[3].label ‘'n =9'

p.show()

import numpy as np
import matplotlib.pyplot as plt
plt.rcParams['font.size'] = 10

x t1 = [-2*np.pi, -np.pi, -np.pi, O, O, np.pi, np.pi, 2*np.pil
y t1 =11, 160,60, 1, 1, 0, 0]

X t2 = [-np.pi, O, 0, np.pil

y_t2 = [0, 0, 1; 1]

X = np.linspace(-2 *np.pi, 2 *np.pi, 1000)
def example plot(func, ns):

fig, axes = plt.subplots(2, 2, figsize=(7.5, 7))
i=0
for n in ns:

ax = axes[i//2, 1%2]

ax.plot(x tl1, y t1, 'b:')

ax.plot(x t2, y t2, 'g-', lw=3)
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ax.plot(x, func(x, n), c='darkorange')

ax.set xticks([-2.0 *np.pi, -np.pi, 0, np.pi, 2.0 *np.pi])
ax.set xticklabels([r'$-2\pi$', r'$-\pis$', '0"',

r'$\pis', r'$2\pis'l)
ax.set xlim(-2.0 *np.pi, 2.0 *np.pi)
ax.set ylim(-0.2, 1.2)
ax.set title(f"$n=${n}")

i+=1

def rect wave(x, n):

y:

0.5

for m in range(l, n +1):
y =y +2.0 /((2.0*m -1) *np.pi) *np.sin((2.0*m -1)*x)
return y

example |

plot(rect wave, ns=[1, 3, 6, 9])

n=1 n=3
1.2
1.0 1
0.8 A
0.6 A
0.4 -
0.2 -
0.0 A
T _02 T T T
-2n -1 0 m 2mn —2n -1 0 m 2mn
n==6 n=9
1.2 1.2
1.0 —Aj\ﬁvxﬁvq; 1.0 -“AAAﬁAﬁwJ; Nﬁnu-uiJ;
0.8 : 0.8 '
0.6 0.6 -
0.4 - 0.4 A
0.2 - 0.2 -
0.0 - M 0.0 - EM M
_0.2 T T T _0.2 T T T
-2m - 0 m 2 -2n - 0 m 2

Figure 11.1: Fourier Series
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e The overshooting by the partial sums from the functional values near a point of discontinuity
does not smooth out but remains fairly constant. This behavior of a Fourier series near a
point at which f is discontinuous is known as the Gibbs phenomenon

Try it in Python: Computing Fourier coefficients by numerical integration
(scipy.integrate.quad): Numerical integration with Scipy; or exactly with sympy: In-
tegrals

11.3 Fourier Cosine and Sine Series

even function: f(—z) = f(z)
Y

e If f iseven, then

/_:f(:c)da::2/0af(x)dx

o If f is odd, then
/ flz)dz =0

—a

o The Fourier series of an even function on the interval (—p,p) is the cosine series
a > nm
0
r)=—+ a,, COs —x

2 [P 2 [P
where a, = / f(z)dx, a, = / f(z) cos L
pJy »Jy p

o The Fourier series of an odd function on the interval (—p,p) is the sine series

flz) = Z b,, sin "y where b, = — / f(x)sin o da
n=1 p p 0 P
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Example

x t1 =1[-4,-2,-2, 2, 2, 4]
yti=1[60, 2,-2, 2,-2, 0]
x t2 = [0, 2]
y_t2 = [0, 2]

x = np.linspace(-4, 4, 1000)

def example plot2(func, ns):
fig, axes = plt.subplots(2, 2, figsize=(7.5, 7))
i=20
for n in ns:
ax = axes[i//2, 1%2]
ax.plot(x t1, y t1, 'b:')
ax.plot(x _t2, y t2, 'g-', lw=3)
ax.plot(x, func(x, n), c='darkorange')
ax.set xlim(-4, 4)
ax.set title(f"$n=${n}")

i+=1
def ramp sin(x, n):
y =20
for m in range(1l, n +1):
y =y +4.0 /np.pi *(-1)**(m +1)/m *np.sin(m *np.pi /2 *x)

return y

example plot2(ramp sin, ns=[1, 3, 6, 9])
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-4 -2 0 2 4 -4 -2 0 2 4

Figure 11.2: Sine Series

x tl
y tl

def ramp cos(x, n):
y =1
for m in range(1l, n +1):
y =y -8.0 /(np.pi *(2*m -1))**2.0 *np.cos((2*m -1) *np.pi /2 *x)
return y

example plot2(ramp cos, ns=[1, 3, 6, 9])
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1.5 - 1.5
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059 \ 0.5 -
0.0 { 0.0
—4 2 0 2 4 -4 2 0 2 4

Figure 11.3: Cosine Series

o Half-Range Expansion

— Throughout the preceding discussion, it was understood that a function f was defined
on an interval with the origin as midpoint

— However, in many instances, we are interested in representing a function that is defined
only for 0 < x < L by a trigonometric series

e This can be done in many different ways by supplying an arbitrary definition of the function
on the interval —L < x < 0. For brevity we consider the three most important cases:

— Reflect the graph of the function about the y-axis onto —L < x < 0
— Reflect the graph of the function through the origin onto —L < x < 0
— Define fon —L <2 <0 by f(z)= f(z+ L)
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(a) Cosine series: even extension, period 2L

A
)Y 7\ \ /7 \
/ \ / \ AY 4 \
7/ \ /7 \ N 7/ N
4 \ 4 N N\, 4 N\,
’ N\, 4 Y N 4 N
, ~ / \ N / N
. N . < ~ . ~
- ~ - ~ ~ P ~
—4L —3L —2L —L L 2L 3L 4L
(b) Sine series: odd extension, period 2L
/ 7 /
’ / /
/ / /
’ 4 4
4 4 /
/ / ,
/, /’ /,
- Py i Py ° L Py
- — - — . — - —
—4L -3L ,»~ —2L -L L 7 2L 3L 7 AL
4 /7 4 7/
/ / 7/ 4
4 / / /
/ / 4 4
/7 ! ’ /
(c) Fourier series: periodic extension, period L
4 / 4 4 / /
4 7/ / 4 4 / /
/ / / / / / /
S e S e S e S e . S/ e S e S e
’ 7’ 4 ’ 7/ 4 4
4 s d 7 4 7’ 4
r/ /, r’ // r/ // /’
—4L —-3L —2L —L L 2L 3L 4L

11.4 Complex Fourier Series

e Complex Fourier Series

The complex Fourier series of functions f defined on an interval (—p,p) is given by

where

o Fundamental Frequency

The Fourier series defines a periodic function and the fundamental period of that function is
T = 2p. Since p=T/2,

o0
a?O + Z(an cos nwz + b,, sin nwx)

n=1

and

00
INWT
E c,€

n=—oo

where w = 27/T is called the fundamental angular frequency
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e Frequency Spectrum

If f is periodic and has fundamental period 7', the plot of the points (nw, |c,|) is called the
frequency spectrum of f

xT

Example Expand f(z)=-e"
spectrum

, —m < x <7 in a complex Fourier series and find the frequency

Answer 2 (end of chapter) - Solution

11.5 Sturm-Liouville Problem

¢ Self-Adjoint Form

a(x)f;‘g + b( )dﬁ + [Ac(x) +d(z)]y =0, a(z)#0
)
i oo () i oo () + i e (25 o0
\
[ 2]+ i) + gy = 0

o Eigenvalues and Eigenfunctions

An orthogonal set of functions can be generated by solving a two-point boundary-value
problem involving a linear second-order differential equation containing a parameter A

¢ The boundary-value problem

y"+ Ay =0, y0)=0, y(L)=0

possessed nontrivial solutions only when the parameter A took on the values

2
M= () n=1,28,0

called eigenvalues. The corresponding nontrivial solutions

. NTX
Y, = Cp SID ——

L

are called the eigenfunctions
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¢ Regular Sturm-Liouville Problem

Let p, g, 7, and 7’ be real-valued functions continuous on an interval [a, b], and let r(z) > 0
and p(z) >0 for every x in the interval. Then

subject to

is said to be a regular Sturm-Liouville problem

e Properties of the Regular Sturm-Liouville problem

1. There are an infinite number of real eigenvalues that can be arranged in increasing order
A <Ay <Ay << A, <.+ such that A\, — 00 asn — oo

2. For each eigenvalue )\;, there is only one eigenfunction (except for nonzero constant
multiples)

3. Eigenfunctions corresponding to different eigenvalues are linearly independent

4. The set of eigenfunctions corresponding to the set of eigenvalues is orthogonal with
respect to the weight function p(x) on the interval [a, b

e Proof of 4

% [7‘(@%] +\,p(@) +q()y, =0

% [r(@ﬁ?] + (\,p(z) +q(z)y, = 0
Y

(A — A) P(2)Ym Y, = ym% [r(:c)ddyx”] _yn% [T(w)dg;z]

U

b . ) b b

O\m_)\n)/a P . = ymr(a:)% . o /a %r@)% dr — ynr(x)% ) + /a %r(az)%

=0
U

b
/ ()Y y,dr = 0, N, # A\,

a

Example Solve the boundary-value problem

y"+ Ay =0, y0)=0, y1)+y'(1)=0

Solution
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Y = ¢; COS )\az—l—czsinxf)\w
U y(0) =0, y(1) +¢'(1) =0

c;c0804+¢c,sin0=0 = ¢, =0

CQSin\/X+C2\/XCOS\/X:0 — ¢y # 0, tan VA = —V\

X = np.linspace(0, 4*np.pi, 1000)

y

np.tan(x)

threshold = 100

yly > threshold]
yly <-threshold]

np.inf
np.inf

def example plot3(eigenvalues):

plt.
plt.
plt.
plt.
plt.

plt.
plt.
plt.
plt.
plt.

figure(figsize=(6, 5))

plot(x, y, linewidth=1.2, color="blue")
plot(x,-x, linewidth=1.2, color="green")
scatter(eigenvalues, -eigenvalues, color='red"')
xticks ([0, np.pi, 2.0*np.pi, 3.0*np.pi, 4.0*np.pi],
['0", r'$\pi$', r's$2\pis$', r's$3\pis$', r's$4\pis'],
fontsize=16)

yticks(fontsize=16)

xlim(0, 4.0*np.pi)

ylim(-15, 15)

grid()

show()

from scipy import optimize

sqrt _eigenvalues = np.zeros(4)
for i in range(4):
sqrt _eigenvalues[i] = np.round(optimize.brentq(
lambda x : np.tan(x) +x,
(i +0.5001) *np.pi,
(i +0.9999) *np.pi), 4)

print(f'

{sqrt _eigenvalues =}")

sqrt_eigenvalues =array([ 2.0288, 4.9132, 7.9787, 11.0855])

example |

plot3(sqrt eigenvalues)
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__:l()-

—15 . . .
0

15

10+

m 2 3 4

def example plot3 (x, n _eig, sqrt eig, eigfunc):

plt.
for

plt.
plt.
plt.
plt.
plt.
plt.
plt.
plt.

figure(figsize=(6, 5))
n in range(n eig):
plt.plot(x, eigfunc(x, sqrt eig[n]), label='$X %d(x)$' % (n +1))

xlim(0, 1)

ylim(-1.2, 1.2)

grid(ls="':")

legend(loc="upper left', bbox to anchor=(1, 1.03))
xlabel('$x$")

ylabel('$X n(x)$")

title(r'$X n(x)=\sin\sqrt{\lambda n} x$')

show()

def eigfunc(x, sqrt eig):
return np.sin(sqrt eig *x)

X = np.linspace(0, 1, 150)

example |

plot3 (x, len(sqrt eigenvalues), sqrt eigenvalues, eigfunc)

392



X,(x) =sin VA, x

— X1(x)
1.0 — X,()
— X3(x)
— Xa(x)
0.5+
= 0.0
5
—0.5 1
—1.0 A
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 11.4: Eigenfunctions

e Singular Sturm-Liouville Problem

There are several important conditions under which we seek nontrivial solutions

r(a) =0 and Ayy(b) + Byy'(b) =0

Ayy(a) + Byy'(a) =0 and r(b) =0

r(a) = r(b) =0 and no boundary condition is specified at either z =a or z =10
r(a) =r(b) and y(a) =y(b), y'(a) =y'(b)

Ll O

b
(Am —An) / ()Y Yy, dx = 7(D) [Yy, (b)yy, (b) — ¥, (b)Y, ()]

—r(a) [y (a)y,(a) —y,(a)y;,(a)] = 0
4

b
/ p(@)yy, de =0, A, £,

e Parametric Bessel Equation:

22y +xy + (02 —n?)y =0, n=0,1,2,-
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e Legendre Equation:

(1—22)y” —2z¢y +n(n+1)y=0, n=0,1,2,--

% [(1—2?)y]+nn+1)y=0

o Consider y” + Ay = 0 subject to the periodic boundary condition y(—L) =y(L), y'(—L) =
y’(L). Show that the eigenfunctions are

T 2 .o .27
1, cos Em,cos fz:,-'-,sm ZCL‘,SIH f$’

This set, which is orthogonal on [—L, L], is the basis for the Fourier Series

Answer 3 (end of chapter) - Solution

11.6 Bessel and Legendre Series

11.6.1 Fourier-Bessel Series

¢ The parametric Bessel differential equation is

nz

d[ T+ | o? 0
— |T a"r — — =
dx 4 x 4

2

in which r(z) =z, p(x) =, q(z) = —n?/x, and X = o?. The general solution of this

equation is

y = ey lax) +6Y, (ax)

e Now 7(0) = 0, and of two solutions J, (az) and Y, (ax), only J,(ax) is bounded at = = 0
o The eigenvalues \;, = a?, i = 1,2,3,--, are defined by means of a boundary condition at

r=b:

o For any choice of A, and B,, not both zero, it is known that the above boundary condition
gives an infinite number of roots z; = a;b. The eigenvalues are then \; = a? = (z,/b)?
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e Differential Recurrence Relations

g, ()] = 2, ()
d —n — —n
(@) = 2 a)

e Square Norm

d 9 n?
Rl P T )u=0
e (-
I x 2zy’
d "2 2.2 ooy 4o
o @yl (afa® —n?) —[y]* = 0
|} integrating by parts on [0, ]

b
b
[[:Uy/]Q + (a?2? — nz)y2]0 = 2042/ ry? dx
0

V y=J,(ax), v = aJ] (ax), J,

n

(0)=0 forn>0

b
202 / wJ2 (o) de = o2b? [T, (ab)]® + (2% — n2) [J, (ab)]?
0
¢ Consider three cases of the boundary condition

e Casel: A,=1,B,=0=J,(ab)=0 = X\, =a? = (z;/b)* >0

(2

b
202 / rJ2(oyz) dz = a2b? [J/I(ozib)]2 + (a?b? — n?) [Jn(oz-b)]2
0

U 2J)(2) = nJ, (@) 2, (@)
=0

b 2
b
[T (a)|? = | aJi(ee)de = —- T2, (D)
2
0

from scipy.special import jv, jn_zeros
from mpl toolkits.axisartist.axislines import SubplotZero

def make plot form():

fig = plt.figure(figsize=(7, 8))
axl = SubplotZero(fig, 211)
ax2 = SubplotZero(fig, 212)
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fig.
ax1.
ax1.
axl.

axl.
ax1l.

fig.
ax2.
ax2.
ax2.

ax2.
ax2.

rl
r2

add subplot(axl)

axis["left", "right", "bottom", "top"].set visible(False)
axis["xzero", "yzero"].set visible(True)

axis["xzero", "yzero"].set axisline style("-|>")

set xticks([2, 4, 6, 8, 101])
text (12, -0.03, r's$\alpha$', fontsize=14)

add subplot(ax2)

axis["left", "right", "bottom", "top"].set visible(False)
axis["xzero", "yzero"].set visible(True)

axis["xzero", "yzero"].set axisline style("-|[>")

set xticks([0.2, 0.4, 0.6, 0.8, 1.0])
text (1.1, -0.03, r'$x$', fontsize=14)

np.linspace(0, 11, 100)
np.linspace(0, 1, 100)

return ax1l, ax2, rl, r2

def make plot(case no, axl, ax2, rl, r2, mm, bc txt, eigfn_txt):

alpha Om = eval alpha(mm)

yl = eval bc(rl)
axl.plot(rl, yl, label=bc_ txt)
axl.plot(alpha Om, np.zeros(mm), 'ro')

for m in range(mm):

axl.text(alpha Om[m] -0.2, 0.1, rf'$\alpha {m +1}$',
fontsize=12)

axl.legend(bbox to anchor=(1, 1), loc="upper left")

X _zeros = eval x zeros(mm)
for m in range(mm):

y2 = eval _eigfn(alpha Om[m]*r2)
ax2.plot(r2, y2, label=eigfn txt +rf'$(\alpha {m +1}x)$"')
if case no ==

ax2.plot(x zeros[:m +1] /alpha Om[m], np.zeros(m +1),
elif case no ==

ax2.plot(x zeros[:m] /alpha Om[m], np.zeros(m),
elif case no ==

ifm = 0:

ax2.plot(x zeros[:m] /alpha Om[m], np.zeros(m), 'x")

x")

x")

ax2.legend(bbox to anchor=(1, 1), loc="upper left")

def eval eigfn(x):
return jv(0, Xx)
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def eval bc(alpha):
return eval eigfn(alpha)

def eval alpha(mm):
return jn_zeros(0, mm)

def eval x zeros(mm):
return eval alpha(mm)

def example plot4():
axl, ax2, rl, r2 = make plot form()

axl.set ylim(-0.5, 1.1)
axl.set yticks([-0.5, 0.5, 1.0])

ax2.set ylim(-0.5, 1.1)
ax2.set yticks([-0.5, 0.5, 1.0])

mm = 3
make plot(1l, ax1l, ax2, rl, r2, mm, r'$J 0(\alpha)$', '$J 0%$")
plt.show()

example plot4()
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— Jola)

v
Q

1.0

— Jo(a1x)
— Jo(azx)
— Jolazx)

0.5F

Figure 11.5: Case I: n=0,4,=1,B, =0,b=1

def eval eigfn(x):
return jv(1, x)

def eval bc(alpha):
return eval eigfn(alpha)

def eval alpha(mm):
return jn zeros(1l, mm)

def eval x zeros(mm):
return eval alpha(mm)

def example plotd ():

axl, ax2, rl, r2 = make plot form()
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axl.set ylim(-0.5, 1.1)
axl.set yticks([-0.5, 0.5, 1.0])

ax2.set ylim(-0.5, 1.1)
ax2.set yticks([-0.5, 0.5, 1.0])

mm = 3
make plot(l, ax1l, ax2, rl, r2, mm, r'$J 1(\alpha)$', '$J 1%$')
plt.show()

example plot4 ()

A
1.0} — Jai(a)
0.5}
(4] ar as
2 6 8 10 > a
—o0.5L
A
1.0} — J1(a1x)
J1(azx)
— Jilazx)

-05¢t

Figure 11.6: Case I: n=1,4,=1,B, =0,b=1
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e CaseIl: (Ay=h,By,=b=h>0)

2
hJ,(ab) +abJ! (ab) =0 = N\, =a? = (%) except for h=0 and n =0

b
2%2/ w2 (;z) dz = a2b? [T}, (a;0)]” + (a?b? — n?) [J, (b))
0
U a;bJy(o;b) = —hd,,(a;b)

17, (ez)]? =

b 2;2 .2 2
J/ azb n“+h Jﬁ(aib)
0

J(a.x)dr =
xJ: (o) dx Qa%

from scipy.special import jO, jl
from scipy.optimize import fsolve

def eval eigfn(x):
return jO(x)

def

def

def

def

eval bc(alpha):
return jO(alpha) -alpha *jl(alpha)

eval alpha(mm):
alpha Om = np.zeros(mm)
for i in range(mm):
alpha Om[i] = fsolve(eval bc, 1 +3*i)[0]

return alpha Om

eval x zeros(mm):
return jn _zeros(0, mm -1)

example plotd ():

axl, ax2, rl, r2 = make plot form()

axl.set ylim(-4, 4)
axl.set yticks([-3, -2, -1, 1, 2, 31)

ax2.set ylim(-0.5, 1.2)
ax2.set yticks([-0.5, 0.5, 1.0])

mm = 4

make plot(2, ax1l, ax2, rl, r2, mm,
r'$J 0(\alpha) +\alpha J 0'(\alpha)$", '$J 0$')

plt.show()
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example plot4 ()

— Jola) + oJp(a)

Figure 11.7: Case II: n=0,h=1,b0=1, Jy(a)+ aJj(a) =0

e CaseIIl: (h=0andn=0): Jj(ab)=0

It is the only situation for which A = 0 is an eigenvalue

b b2
oy =0 Wyfayo))? = [ wdo =7
0

b
20 [ (a0 dz = 282 Ty + (@30 — 0) (e )
0

4
b2

b
;0 =2,3,4, — ”J0<04ix)||2 = / SUJ(?(O%‘JU) dr = EJg(aib)
0
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from scipy.special import jnp_zeros

def eval eigfn(x):
return jO(x)

def eval bc(alpha):
return -jl(alpha)

def eval alpha(mm):
return np.append([0], jnp zeros(0, mm -1))

def eval x zeros(mm):
return jn _zeros(0, mm -1)

def example plotd  ():
axl, ax2, rl, r2 = make plot form()

axl.set ylim(-0.8, 0.5)
axl.set yticks([-0.5, 0.5])

ax2.set ylim(-0.5, 1.2)
ax2.set yticks([-0.5, 0.5, 1.0])

mm = 4
make plot(3, ax1l, ax2, rl, r2, mm, r"$J 0'(\alpha)s$", '$J 0$"')
plt.show()

example plot4 ()
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— Jol(agx)
X
—-0.5L

Figure 11.8: Case III: n=0,h=0,b=1, Jj(a) =0

o The set {J,(a;x), i =1,2,3,-} is orthogonal with respect to the weight function p(z) =z
on [0,b]

b
[ e Jfam de =0, i+ 5
0

o The Fourier-Bessel series of a function f defined on the interval (0,b) is given by

o0

flz) = Zci‘]n(aix)

i=1

where
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b
o /0 z f(z) J, (z) dw ) ) /bwf@)J -
i b 4 . (a,
/ﬁxﬁﬁ%mﬁm I (i) Jo
0

11.6.2 Fourier-Legendre Series

e Legendre’s differential equation is

(1—2?)y” — 22y +n(n+ 1)y =0

or

é; [(1—2)y']+nn+1)y=0

in which 7(z) =1—22 p(z) =1, A\=n(n+1),and q(z)=0

e The Legendre polynomials P, (z) are the only solutions that are bounded on the interval
{'17 1]

from scipy.special import eval legendre

fig = plt.figure(figsize=(5, 5))
ax = SubplotZero(fig, 111)

fig.add subplot(ax)

ax.axis["left", "right", "bottom", "top"].set visible(False)
ax.axis["xzero", "yzero"].set visible(True)

ax.axis["xzero", "yzero"].set axisline style("-|>")

ax.set xticks([-1, -0.5, 0.5, 11, ['-1*, "', '', '1"'])
ax.set yticks([-1, -0.5, 0.5, 1], ['-1', '"', "', '1'])
ax.grid(ls="':")

ax.text(-0.1, 1.3, r'$P n(x)$', fontsize=14)
ax.text(1l.3, -0.05, r'$x$', fontsize=14)

ax.set xlim(-1.2, 1.
-1.2, 1.

2)
ax.set ylim( 2

)

X = np.linspace(-1, 1, 100)
for n in range(5):
y = eval legendre(n, x)
ax.plot(x, y, label=f'$P {n}(x)$")
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ax.legend(loc="lower left', bbox to anchor=(1, 0))

plt.show()
Pp(x)
/"
at
-Il 1 1 i =X
—— P1(x)
— Pa(x)
al — P3(x)
—— Pys(x)

Figure 11.9: Legendre Polynomials

o Theset {P,(z), n=0,1,2,--} is orthogonal with respect to the weight function p(xz) =1 on
['L 1]

/ P?rL(w)Pn<x) dr =0, m 7& n
1

o The Fourier-Legendre series of a function f defined on the interval (-1, 1) is given by
oo
fl@) =) e P,(x)
n=0

where
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11.6.3 Other Important Equations

Hermite

Laguerre

Chebyshev

Hypergeometric

Summary

y" —2xy’ +2ny =0

zy" +(1—2)y +ny =0

(1—2?)y” —ay’ +n’y=0

z(l—2)y" +c—(a+b+1)x]y —aby =0

Topic Formula

[ f#, da
Orthogonal expansion f=>c,¢, c,= %72

j; @2 dx
Fourier series on (—p, p) flz) = %) + ; (an cos %x +b,,sin Tx),

Convergence

Half-range series on (0, p)

Complex Fourier series

Sturm-Liouville

1
a, / fcos@xd:c

/ fsin —$ dx

)+ fla~
at a jump the series converges to f()2f<)
2 / p nm )
cosine: a, = — fcos—xzdx; sine:

b, = — / fsm—a:dx
f(SU) Z ¢, eznmx/p

c, / f —znwz/p dx

L o) + Do) + ()] y = 0
eigenfunctions are orthogonal with weight p(z)
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Topic Formula

Fourier-Bessel flx) = ¢;d, (o),
fob x f(x)J, (o,;x) dz
Ci =
fob z J2 (o) dz
Fourier-Legendre flx)=>"¢c,P,

2n

C, =

P, (x)
+1
3 | f@PE

Worked Exercises

1. Suppose the function y = f(z), 0 < z < L, given in figure is expanded in a cosine series, in a
sine series, and in a Fourier series. Sketch the periodic extension to which each series converges

4y
y= f(z)
» T
L

L

fz) = 2mx L
—sin — <zx<L

2

Solution

1. Cosine Series (Even Extension)

e A cosine series is the Fourier cosine series, which assumes that the function is extended evenly
about z =0

o The extended function is even, meaning f(—z) = f(x)
o The domain is extended to [—L, L] and periodically repeated with period 2L

So the full even extension on [—L, L]:

s1n(2zw) —L§x<—%
feven<x) = 0 _% <z < %
sin () b<a<l

Then repeat with period 2L
2. Sine Series (Odd Extension)
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e A sine series extends the function oddly about x =0
o The extended function is odd, so f(—x) = —f(x)
o Defined on [—L, L] and repeated every 2L

So the odd extension is:

shl(g%ﬁ) —L<zx <i——§
foaa(®) =<0 _%§$<%
—sin(32) b<o<i

Then repeated every 2L

3. Full Fourier Series (Periodic Extension)

e The full Fourier series uses both sine and cosine terms
e The function is extended periodically with period L

This shape repeats every L units

import numpy as np
import matplotlib.pyplot as plt

# Define function f(x) on [0, L]
L=2*nnp.pi # for easy visualization, let L = 2n
x = np.linspace(-2*L, 2*L, 2000)

# Define the base function f(x) on [0, L]
def f base(x):
x_ mod = X % L
return np.where(
x_mod < L/2,
o,
-np.sin(2 * np.pi * x mod / L)

# Even extension (cosine series)

def f even(x):
# Reflect across x = 0 and repeat with period 2L
x_mod = np.mod(x, 2*L)
reflected = np.where(x mod < L, x mod, 2*L - x mod)
return f base(reflected)

# 0dd extension (sine series)

def f odd(x):
# Reflect and invert across x = 0, repeat with period 2L
x_mod = np.mod(x, 2*L)
reflected = np.where(x mod < L, x mod, 2*L - x mod)
sign = np.where(x mod < L, 1, -1)
return sign * f base(reflected)

# Full periodic extension (Fourier series)
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def f periodic(x):
return f base(x)

# Redefine x-axis from -L to 2L
X _zoom = np.linspace(-L, 2*L, 1000)

xticks = [-L, -L/2, O, L/2, L, 3*L/2, 2*L]
xtick labels = [r"$-L$", r"$-\frac{L}{2}$",
r'$0s", r'$\frac{L}{2}$", r"sL$", r"$\frac{3L}{2}3$", r"s$2L$"]

# Plotting with labeled ticks
fig, axs = plt.subplots(3, 1, figsize=(6, 8), sharex=True)

axs[0].plot(x _zoom, f even(x zoom), color="blue')
axs[0].set title('Even Extension (Cosine Series)')
axs[0].grid(True)

axs[0].set xlim([-L, 2*L])

axs[0].set ylim([-1.1, 1.1])

axs[1l].plot(x zoom, f odd(x zoom), color='green')
axs[1l].set title('Odd Extension (Sine Series)')
axs[1l].grid(True)

axs[1l].set xlim([-L, 2*L])

axs[1l].set ylim([-1.1, 1.1])

axs[2].plot(x zoom, f periodic(x zoom), color='red")
axs[2].set title('Periodic Extension (Full Fourier Series)')
axs[2].grid(True)

axs[2].set xlim([-L, 2*L])

axs[2].set ylim([-1.1, 1.1])

# Set common x-axis ticks and labels

axs[2].set xticks(xticks)

axs[2].set xticklabels(xtick labels, fontsize=12)
plt.xlabel('x")

plt.tight layout()

plt.show()
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Even Extension (Cosine Series)

1.0 A

0.5 1

0.0 A

—0.5 -

—1.0 A

Odd Extension (Sine Series)

1.0 A

0.5

0.0 A

—0.5 -

—1.0

Periodic Extension (Full Fourier Series)

1.0 A

0.5 -

0.0 A

—0.5 1

—1.0 -

X N 4
N

2. Find the half-range cosine and sine expansions of the given function:

flz)=z(2—2), 0<x <2

Solution
1. Half-Range Cosine Series (Even Extension)

We write f(x) on 0 < z < 2 as a cosine series:

410



A > (mrx)
f(x) 5 +;ancos <

where L = 2, and the coefficients are:

» Compute ay:

o Compute a,,:

We split the integral:

1 2 2
iy =5 {2/0 Z cos (L;m:) dx —/0 z? cos (?) da:}
—4[(—=1)" + 1]
m2n?

Therefore, the final simplified form is:

—8

i

0 = 55 ifniseven . 51
0, if n is odd

2. Half-Range Sine Series (Odd Extension)

We write f(z) on 0 < z < 2 as a sine series:

flx) ~ ian sin (nfzx)

where L = 2, and the coefficients are:

bn:ll;/OLf(x)sin(nzx> dwzi/jaz@—az)sin(?) dx

The exact expression for the sine series coeflicients b,, is:

e , n#0

0, n=20

b =

n

{ —4mnsin(nm) — 8 cos(nm) + 8

So the final simplified form is:
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16 e .
b, — {773713’ if n is odd for n > 1

0, if n is even

3. (a) Find the eigenvalues and eigenfunctions of the boundary value problem

Y +2y + A+ 1)y =0, y(0)=0, y(1)=0
(b) Put the differential equation in self-adjoint form, (c) Give an orthogonality relation
Solution (a)
Step 1: Solve the ODE
Given:
Y +2+ A+ 1)y =0

Let’s reduce it to a homogeneous constant-coefficient equation.
The characteristic equation is:

P+ +A+1)=0=>p=—1+V1-2\
We'll split into cases based on the sign of 1 — A:
Step 2.1: A>1
Let A =1+ p? with 4 >0
Then:

p=—141ipu

The general solution is:

y(x) = e [Acos(uz) + Bsin(uz)]

Apply boundary conditions:

e y0)=e"A=A=0=A4=0
e y(1) =e 'Bsin(u) =0

Since e ! # 0 and B # 0 (nontrivial solution), we require:

sin(p) =0 = p=nm, n=1,23,..

So:

Ay =14 p2 =1+ n?n?

And the corresponding eigenfunctions:
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Y, (z) = e T sin(nmx)

Step 2.2: A <1

The characteristic equation is:

P+ +A+1)=0=p=—1+VI—\
Since A < 1, the discriminant /1 — X is real and positive, so the roots are real and distinct. Let:
a=VvV1—X>0
Then the general solution is:
y(.’L’) _ Ae(—1+a)z +Be(—1—o¢)m
Apply boundary conditions:
1. y0)=A+B=0=B=-A
So:
() = Aol ree _ of-1)

2. Apply y(1) =0:

yl)y=Aetrr—e ™) =0=etr=el"*=a=0

But we assumed « > 0, so this is a contradiction. For A < 1, the only solution satisfying the
boundary conditions is the trivial solution y(z) = 0 . Therefore, no eigenvalue exists for A < 1

Step 2.3: A =1

In this case:

p=—1+v1—-A=—-1+0=—1 (repeated root)
The general solution becomes:
y(x) = (A+ Bx)e™

Apply boundary conditions:

e y(0)=A=0= y(xr) = Bre™™®
° y(1>:B€71:0:>B:0
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So again, the only solution is the trivial one = no eigenvalue at A = 1
Conclusion

Eigenvalues only exist for A > 1, specifically \,, = 1 + n?7?, n = 1,2,3,.... The corresponding
eigenfunctions are y,,(x) = e ¥ sin(nmx)

Solution (b)
We are given:
Y +20 +(A+ 1)y =0
We want to rewrite this in self-adjoint form, that is, in the general form:

d

7 Py ]+ (@) +q(2)]y =0

Or more specifically:

Step 1: Multiply by an integrating factor

We remove the first derivative term by multiplying the equation by an integrating factor p(z) such
that:

w(@)y” + 2p(x)y’ + p(x)(A+ 1)y =0

We want:

So the condition is:

() = 20(x) > u(x) = ¢

Step 2: Multiply the ODE by pu(x) = €2*:

d
ey + 2e2%y’ + (A + 1)e*Py = 0 = o (€e*y) + (A + 1)e**y =0
T

Self-adjoint form:

d
—(e*7Y) + (A + 1e**y =0

Solution (c)

From part (a), the eigenfunctions were:

414



Y, (z) = e T sin(nmx)

And from part (b), the weight function (from the self-adjoint form) is:

w(z) =e

Then, the eigenfunctions y,, (z) are orthogonal with respect to the weight function w(z) = ** on

the interval [0, 1]

Orthogonality relation:

1
/ ey, (x)y,(z)dx =0 form+#n
0

or equivalently:

1
/ e % sin(mnx) - e *sin(nmr)dr =0, m#n
0

4. (a) Find the Fourier series of f on the given interval

f@)=|al, —r<v<n
(b) Use the result of (a) and Parseval’s Theorem to evaluate the following series:

111
Ittt ote

Parseval’s Theorem If f is piecewise continuous, of period 2w, then

1 2 1 o0
[ @ do=jag+ > @+ 82)
T 0 n=1

where a, a,,, and b,, are Fourier coefficients

Solution

(a)
Step 1: Determine symmetry

Since

f(=z) =]—2|=z| = f(z)
the function is even

So the Fourier series of f(z) will have the form:

f(z) ~ %) + i a,, cos(nx)
n=1
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(No sine terms appear, because sin(nz) is odd)
Step 2: Compute the coefficients

Constant term:

Cosine coefficients:

1 (" 2 [T
a, = / |z| cos(nz) do = / x cos(nz) dx
Q T Q 0

Now evaluate:

n i ™ —1)n—1
/ x cos(nz)dr = zsin(nz) cos(;m:) =0+ ( )2
b n n n
0 0
Then:
2 (=) —1 0 if n even
p = — "~ 5 = 4 .
7r n —— ifnodd
™
Final Answer: Fourier series of f(z) = |z|
4 X1
) =5 ; — cos(na)
n odd

m 4 <cos:c n cos 3x n COoS dT n )

2w\ 12 32 52
(b)
Step 1: Recall the Fourier Series for f(x) = |z|
From part (a), the Fourier series is:

T 4 cos(nx)
f(l”)—m““E*; n2

So the coefficients are:

2 2
— a _ w
G =T= T =y
e a, =——- foroddn, and a, =0 for even n
™

e b, =0 forall n (because f(z) is even)

Step 2: Apply Parseval’s Theorem

Recall Parseval’s identity for f with period 27:

1 27 1 o
L e = a3 (a2 4 02)
™ 0 n=1
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+ Over [Oaﬂ]a f((L‘) =
o Over [m,27], f(zx)=21r—=x

So:

;/QW fla)de = - (/7r 2z + /2ﬂ(27r - :t:)zdx)
0 0 T

Change variable u = 27 — z in second integral, du = —dx, it becomes:

27 s
/ (27 — x)%dx = / 22dx
0

s

So:

S N 2 [T 272
—_ d = — 2d = —
0 / J(x) du m / e 3

0 0

Step 3: Compute RHS from Fourier coefficients
Recall:

N

2
° CLOZTI':}%:%
e For odd n, a, = so a? = W%g

™m2) 4

So:

Plug into Parseval’s identity:

Subtract %2 from both sides:

n=1,3,5,
Solve for the sum:
o I d
n* 96

5. The root-mean-square value of a function f(x) defined over an interval (a,b) is given by

RMS(f) =
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Show that the RMS value of f over the interval (—p, p) is given by

1 1 &
RMS(f) = \/403 t3 > (a2 +b2)
n=1

where ag, a,,, and b,, are the Fourier coefficients, respectively
Solution
Step 1: Fourier Series on (—p, p)

Assume f(x) has a Fourier series expansion on (—p, p), with period 2p:

0=+ 5 v (22) (5]

Step 2: Parseval’s Theorem (general interval)

Parseval’s identity for a function with period 2p is:

/f2 —a0+Za +b2)

Now multiply both sides by 3 1 to match the RMS definition, which has o

/f2 —ao—i- Za +b2)

Take square root of both sides:

RMS(f) = \/ij/:f%x)dx: \/1a3+;§(a%+bfl)

6. (a) Find the eigenvalues and eigenfunctions of the boundary-value problem

y +y +Ay=0,y0)=0,y(2) =0

(b) Put the differential equation in self-adjoint form
(c) Give an orthogonality condition

Solution

(a)

Step 1: Solve the ODE

Consider the characteristic equation:

—1+v1—-4X\

Prr+A=0=r= 5

We consider three cases depending on the discriminant D =1 — 4A\:
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Case 1: )\<i:>D>0

Real and distinct roots:

C—1+V1I-4)

1,2 = 9

General solution:

y(z) = cre® + cpe”
Apply boundary conditions:

e y(2) =cy(em?—em?) =0

This implies e?"t = €2 = r; = ry, but they are distinct = only trivial solution. So, no nontrivial
solution for A < i

Case 2: )\:i:>D:0

Double root:

Apply BCs:

So again, only trivial solution = no eigenvalue at A = %

Case 3: )\>%:>D<0

Now roots are complex:

VAl —1

r .
r=——+iu, wherepy= 5

2

Then the general solution becomes:

y(2) = /2 (¢, cos(piz) + ¢, sin(4))
Apply BCs:

e y(0)=¢€%c;)=0=¢, =0
o y(2)=et cysin(2u) =0

Sosin(2u) =0=2pu=nr=p="",n=123,..

Then:

40 —1 nmw 1+ n2n?
= — :> _

Eigenvalues and Eigenfunctions:
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o Eigenvalues:

o FEigenfunctions:

(0)
We want to rewrite the equation:
Y +y + =0

in the form:

% [p(2)y’] + q(x)y + Aw(z)y = 0

We do this by finding an integrating factor u(x) such that:
p(x)y” + p)y = — [u(@)y’]
We want:
d /7 " 4 / " /7
o @Y= n@)y” + @ @)y = u(@)y” + pa)y
/(@) = plo) = plz) =

Multiply the original equation by e”:

d
e’y” +evy + A"y =0= . (e"y’) + Xe"y =0
x

So the self-adjoint form is:

2 ) 3o

(¢) Orthogonality Condition

In a Sturm-Liouville problem, eigenfunctions corresponding to distinct eigenvalues are orthogonal
with respect to the weight function w(x)

From (b), we see the weight function is:

So, the orthogonality condition is:

2
[ ev@p)d =0 itm £
0
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7. Find the eigenfunctions and the equation that defines the eigenvalues for the given boundary-
value problem:

Yy + Ay =0, y(0)+3'(0)=0, y(1) =0

Solution
Step 1: General Solution of the ODE

We consider \ > 0, since we typically expect nontrivial eigenfunctions. Let A = 2, with p > 0.
Then the general solution to the differential equation

Yy +pty =0
is:
y(z) = Acos(pz) + Bsin(puz)

and

y'(x) = —Apsin(px) + B cos(u)

Step 2: Apply the Boundary Conditions

o Condition 1: y(0)+y'(0) =0

A+Bu=0 = A=-Bu

o Condition 2: y(1)=0

y(1) = Acos(u) + Bsin(u) = B (sin() — prcos(n))

We seek nontrivial solutions B # 0, so we must have:

[sin(u) = pcos(p) |

This is the equation that defines the eigenvalues A\ = ;2
Step 3: Eigenfunctions

So the eigenfunctions are (up to constant multiples):

?JM@?) = sin(px) — pcos(pux)

where p satisfies sin(u) = pcos(p), and the eigenvalue is A = p?

Final Answer

o FEigenvalue equation:
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sin(p) = peos(u)  with A = p?

o Eigenfunctions:

y(x) = sin(pz) — rcos(ua)

import numpy as np
import matplotlib.pyplot as plt
from scipy.optimize import fsolve

# Define the function whose roots we want to find:
# f(mu) = sin(mu) - mu*cos(mu)
def f(mu):

return np.sin(mu) - mu *np.cos(mu)

# Find the first few roots numerically using initial guesses
initial guesses = [0.5, 4.5, 7.5, 11]

mu_roots = [fsolve(f, guess)[0] for guess in initial guesses]
lambda roots = [mu**2 for mu in mu_roots]

# Define eigenfunction for given mu
def eigenfunction(mu, x):
return np.sin(mu *x) - mu *np.cos(mu *x)

# Plot the first few eigenfunctions on [0, 1]
x_vals = np.linspace(0, 1, 500)
plt.figure(figsize=(6, 4))

for i, mu in enumerate(mu_roots):
y vals = eigenfunction(mu, x vals)
plt.plot(x vals, y vals, label=fr"$\mu {i +1} \approx {mu:6.3f}$")

plt.title("First Few Eigenfunctions")
plt.xlabel("x")

plt.ylabel("y(x)")

plt.legend()

plt.grid(True)

plt.tight layout()

plt.show()
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First Few Eigenfunctions

104 — H1=0.000
— o = 4.493
—— u3=~7.725
5| — 1a=~10.904
X o0 /
=
—5 -
_10 -
0.0 0.2 0.4 0.6 0.8 1.0

8. Expand f(z) = 2%, —1 <z < 1 in a Fourier-Legendre series
Solution
Step 1: Legendre Polynomials

The first few Legendre polynomials are:

P (zx)=x
1

Py(x) = =(3a% — 1)

=N

Py(x) = 5 (50° — 3x)

— N

P,(z) = =(352* — 3022 + 3)

0g)

Since f(x) = 2 is a polynomial of degree 4, the Legendre expansion will have at most 5 nonzero
terms:

f(x) = agPy(z) + ay Py (x) + ag Py(x) + a3 P3(z) + ay Py()

But since f(z) = z* is even, and odd Legendre polynomials are odd functions (so their integrals
with even functions vanish), we expect:

a; =a3 =0

Step 2: Compute coeflicients

We compute:
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n 2 - n
an
1/t 1 [t 1 2 1
CZO:2/1$4'1d1':2'/1.%'4d$:2'5:
.a2
5 (! 4
a2—4'/1(3x6—ac4)d:v—7
.a4

9 ' 8 6 4 8
a; =— - [ (352° —302° + 32*)dx = —
- 35

Final Answer: Fourier-Legendre Expansion of f(z) = z*

1 4 8
at = gf%($)+‘§}5($)+‘§g}1($>

import numpy as np
import matplotlib.pyplot as plt

X = np.linspace(-1, 1, 400)

PO = np.ones_ like(x)

P2 = 0.5 *(3*x**2 -1)

P4 (1/8) *(35*x**4 -30*x**2 +3)

f = (1/5)*P0 +(4/7)*P2 +(8/35)*P4

plt.figure(figsize=(6, 4))
plt.plot(x, x**4)
plt.plot(x, T,

label=r'$ \frac{1}{5} P_0(x) +\frac{4}{7} P _2(x) +\frac{8}{35} P 4(x)$')
plt.axhline(0, color='gray', lw=0.7)
plt.axvline(0, color='gray', lw=0.7)
plt.title("Legendre Polynomial Combination")
plt.xlabel("x")
plt.ylabel("f(x)")
plt.legend()
plt.grid(True)
plt.show()
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Legendre Polynomial Combination

1.0 1Py (x) + 4P (x) + £ P4(x)
0.8
0.6

0.4 -

0.2

0.0 — -

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X

9. Expand the given function in a Fourier-Bessel series using Bessel functions of the same order
as in the indicated boundary condition:

flzy=22, 0<2<3, J)(3a)=0

Solution
Step 1: Understand the eigenfunctions and the orthogonality

This is a Fourier-Bessel series of order 0 with a Neumann boundary condition J;,’(3a,,) = 0, so the
eigenfunctions are:

¢p(2) = Jo(a,)

where «,, are such that J,’(3c,,) = 0, or equivalently «,, = %”, with 3, being the n-th positive
zero of Jy(z)

These ¢,,(z) are orthogonal with respect to the weight = on (0, 3):

3
/ zJy(a,,x)Jy(a,x)dx =0 for m #n
0

Step 2: General Fourier-Bessel expansion formula

The coefficients a,, are given by:

3
/ xf(z)Jy(a,z)dx

a, =

0
3
/ rJ¢ (o, z)dz
0
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Here, f(z) = 22, so the numerator becomes:

3 3
/ z-2? - Jy(a,r)dr = / 23Jy(a,x)dx
0 0

Step 3: Define the coefficients

Let’s write:

., = 6—3", where f3,, is the n-th zero of J;’
¢ Then the expansion is:

flx) =22 = TianJo (é"w)

with

3

3, <53”x> dx
a —
) dx

— 70
n 3
B
J2<“

Now, do a substitution to simplify:

Letu:%”xéx:ﬁiu,andwhenxzo,uzO;Whenx:?),u:Bn. Then:
. d:ﬂzﬁidu
3
ca = (B)

So numerator becomes:

/03 z3J, (%‘x) dr = (;;)4

Similarly, denominator becomes:

/3 zJg (%‘x) dr = (53)2 /Bn uJg (u)du
0 n/ Jo

So the coefficient is:

0 = (52)4/06” u? Jo(u)du . ( 3 >2 | /Oﬁn uBJy(u)du

BTL
/ uJg (u)du
0

10. Suppose the function y = f(x), 0 < x < L, is expanded in a cosine series, in a sine series, and
in a Fourier series. Sketch the periodic extension to which each series converges

Case A
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fla) = 2
L—z, —<z<L
Case B
x, 0<x< 5
f(z) = 1
0, - <z<l1
2
Solution

import numpy as np
import matplotlib.pyplot as plt

def fl(x, L):
f = np.zeros_like(x)
maskl = (x > L/2) & (x < L)
f[maskl] = L - x[maskl]
return f

def f2(x, L):
f = np.zeros_ like(x)
maskl = (x > 0) & (x < L/2)
f[maskl] = x[maskl]
return f

#o---ee---- - Correct periodic extension helpers -----------
def even extension(f, L, x):
# Bring x into [-L, L] first
x mod = ((x + L) % (2*¥L)) - L
f base = np.where(x mod >= 0, f(x mod, L), f(-x mod, L))
return f _base

def odd extension(f, L, x):
x mod = ((x + L) % (2*L)) - L
f base = np.where(x mod >= 0, f(x mod, L), -f(-x_mod, L))
return f base

def periodic extension(f, L, x):
x mod = X % L
return f(x mod, L)

# oo Parameters -----------
L1 = L2 =1.0
x1 = np.linspace(-2*L1, 2*L1l, 2000)

x
N
1l

np.linspace(-2*L2, 2*L2, 2000)

# Compute extensions
fl even = even extension(fl, L1, x1)
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fl odd
fl per

f2_even
f2 odd
f2 per

fig, axes

titles

------ Plot -------
plt.subplots(2, 3, figsize=(12, 6), sharex=True)

= ["Cosine (Even)",

odd extension(fl, L1, x1)
periodic extension(fl, L1, x1)

even_extension(f2, L2, x2)

odd extension(f2, L2, x2)
periodic_extension(f2, L2, x2)

"Sine (0dd)",

"Fourier (Periodic)"]

for i, (data, title) in enumerate(zip([fl_even, fl odd, fl per], titles)):

axes[0, i].plot(x1l, data, 'b")
axes[0, i].set ylim([-0.6, 0.6])
axes[0, i].set title(f"Case A: {title}")
axes[0, i].grid(True)
for i, (data, title) in enumerate(zip([f2 even, f2 odd, f2 per], titles)):
axes[1l, i].plot(x2, data, 'r'")
axes[1l, i].set ylim([-0.6, 0.6])
axes[1l, i].set title(f"Case B: {title}")
axes[1l, i].grid(True)
for ax in axes[:, 0]:
ax.set ylabel("f(x)")
for ax in axes[-1, :1:
ax.set xlabel("x")
plt.tight layout()
plt.show()
06 Case A: Cosine (Even) 06 Case A: Sine (0Odd) 06 Case A: Fourier (Periodic)
0.4 1 0.4 0.4 4
0.2 1 0.2 0.2
Z 0.0 0.0 0.0 1
-0.2 -0.2 —0.2 1
—0.4 1 —0.4 1 —0.4 4
-0.6 -0.6 T T T -0.6
06 Case B: Cosine (Even) 06 Case B: Sine (0dd) 06 Case B: Fourier (Periodic)
0.4 - 0.4 - 0.4
0.2 1 0.2 1 0.2
Z 0.0 0.01 0.0 1
—-0.2 4 -0.2 1 -0.2
—0.4 - —0.4 - —0.4
-0.6 -0.6 -0.6
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11. Consider the differential equation
(1—22)y” — 22y’ + Ay = 0, —l<z<1

ed to remain bounded at x = +1

(a) Show that this equation can be written in the Sturm-Liouville form

a
dx

@) 2]+ Dwta) + (] y =0

and identify the coefficient functions r(x), p(x), and g(x)

(b) Find all eigenvalues \,, and the corresponding eigenfunctions y,, (z) satisfying the boundedness
condition

(c) Show that the eigenfunctions are orthogonal with respect to the weight function w(x)
(d) Expand the function f(z) = 22 in terms of the orthogonal eigenfunctions obtained above
Solution

(a) Put into Sturm—Liouville form

The given ODE is

(1—22)y” — 22y + Ay =0, —-l<z<1
Note that

d

=2y = (1 -2y’ -2y

Hence the equation can be written as

L@ %] + () +ata)ly =0
with
r(x) =1—22, p(x) =1, q(z) =0, —-l<z<1

The natural weight for this Sturm-Liouville problem is w(z) = p(x) =1
(b) Eigenvalues and eigenfunctions (bounded at z = +1)

This is the Legendre equation. Requiring solutions bounded on [—1, 1] forces the parameter A to
take the values

] A, =n(n+1), n=01,2,.. \

and the corresponding bounded eigenfunctions are (constant multiples of) the Legendre polynomials

P, (x). A standard closed form is Rodrigues’ formula:

L
ol dan

P, (z)

n

(2% —1)"]
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SO

\ y,(x) =P, (z), n=0,1,2,.. \

n

(Any nonzero constant multiple of P, is also an eigenfunction)

Remark (why these \,): solving by power series around = = 0 (Frobenius-type) one finds a
polynomial solution only when A = n(n + 1); otherwise the series does not terminate and the
solution is singular at the endpoints. The polynomial solutions are exactly the Legendre polynomials
which are bounded on [—1, 1]

(c) Orthogonality with respect to the weight w(z) =1
Sturm-Liouville theory gives orthogonality, but a short direct derivation is instructive. Let y,, and

Y,, satisfy

d d

_— — 2 ’ = _ — 2 ’ =
=)y T Ay, =0, (1= 2y T+ Ay = 0

Multiply the first by y,,,, the second by y,,, subtract and integrate from —1 to 1:

=1

O A [ vtz = [0 )0, v 0,

1 r=—1

But 1 — 22 vanishes at z = +1. If y,, and y,, are bounded on [—1,1] then the boundary term is
zero. Thus, for A, # A,

/lyn<x>ym<x>dx—o

-1

Hence the eigenfunctions are orthogonal with respect to the weight w(x) = 1:

(One also has the normalization formula)

! 2
/ P (7)?dx =
= 2n+1

(d) Expand f(z) = 22 in the eigenfunctions (Legendre series)

Any reasonable function on [—1, 1] can be expanded in Legendre polynomials:

e on+1 [*
x) = a,P,(x), a, = x)P,(x)dx
F£)=3 P 3 | @P.@

2

Since x* is a polynomial of degree 2, only P,, P, contribute (orthogonality kills all other coefficients).

Use
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Express 22 in the P,-basis by solving

2% = aPy(z) + BPy(a)

From P, = £(322 — 1) we get

1
2

1 2
x? = gpo(x) + §P2($)

One can check the coefficients by the integral formula:

1 1
ay = ;/ xdr =1/3, ay = g/ 22 Py(x) dx = 2/3, all other a,, =0
—1 -1

12. Consider the differential equation
d d

x—(w—y>+()\x2—v2)y:0, 0<z<a
x x

where y(z) remains finite at * = 0 and satisfies y(a) =0

(a) Show that this equation can be written in the Sturm-Liouville form

L[] + Do) + gty =0

and identify the coefficient functions r(x), p(x), and g(x)

(b) Find all eigenvalues A,, and the corresponding eigenfunctions y,, () satisfying the given boundary
conditions (Hint The solution should be expressed in terms of the Bessel function J,(x))

(c) Show that the eigenfunctions are orthogonal with respect to the weight function w(x)
(d) Expand the function f(x) = x in terms of the orthogonal eigenfunctions obtained above
Solution
(a) Sturm—Liouville form
Write the equation as

22y +ay + (M — 1)y =0

A convenient SL form is
with
Indeed,
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2

%(xy’) + ()\x— %)y =0

is equivalent to the given equation after multiplying by z. The natural weight function for this SL
problem is

(b) Eigenvalues and eigenfunctions

The differential equation is the Bessel equation of order v with parameter k? = X:

22y + ay + (k22? —v?)y = 0, k=VA

The two linearly independent solutions are J,(kz) and Y, (kx) (Bessel functions of first and second
kind). Finiteness at 2 = 0 requires discarding Y, (which is singular at 0 for nonnegative /), so the
regular solution is

y(z) = AJ, (kz)

The boundary condition y(a) = 0 forces

J,(ka) =0

Let j, ,, denote the n-th positive zero of J, (counting n = 1,2, ...). Then

k :an, A :k2:<]1/7n) ) n:1’27"’

n n a

and the corresponding eigenfunctions (choose the gauge A = 1 or any normalization constant) are

o (2) = Jy<ju,n x)) A = (ju,n>2

a

(One may include n = 0 only if J,(0) = 0 which does not happen for general v; typically
eigenindexing starts at n = 1)

(c) Orthogonality (weight w(z) = x)

From general Sturm—Liouville theory, eigenfunctions for distinct eigenvalues are orthogonal with
respect to the weight w(z) = p(z) = x. Concretely, if y,, and y,,, correspond to A\, # A,,,, then

/axyn(m)ym(m)dm:(), m#n
0

You can verify this directly: multiply the n-equation by y,,, the m-equation by y,,, subtract,
integrate 0 to a, and use the boundary conditions and the fact that 7(0) = 0 to kill the boundary
term

A standard normalization formula for the squared norm is
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2

/0 e[ () e = O G

You can derive this by the substitution u = j, ,,#/a and the known integral

-2

jl/,n
/ wI2(u) du = 2217, Gy )P
0

Thus orthogonality and normalization are completely standard
(d) Expansion of f(x) =z in the eigenfunctions

Because y,, form a complete orthogonal set in the weighted space L?([0, a], w(x) dx) with w(x) = =,
we may expand

> J
T = cJ(”’nx>
n;n A

where the expansion coefficients are obtained by the weighted inner product:

) /Oax < f(x)y,(x)dx ) /Oa szV<j2nm> dz

/0 ry,, (z)?dx %[Jy+l<ju,n)]2

It is convenient to change variable u = ]y—na} Then
a

a 1 3 jy,n
/ J:2Jl,<ju—’nx> de = 2/ u?J,(u) du
0 a Jvn Jo

SO

2@ /ju,7L 9
C, = = 4 u’J,(u) du
jg,n [Jy+1<ju,n>]2 0

Answers

Answer 1 (Section 11.1)
(dprs b)) = O, SO the set is orthonormal on [—, 7]

Answer 2 (Section 11.4)

(—1)"sinh 7 ., sinhm S (=)™
Sl s $ O

Cp = - p

" 7 (14 in) S 1+in
Spect 1 ot ( sinh 7 )

ectrum: w =1, points (n, ———

P P 71+ n?

Answer 3 (Section 11.5)
2

Ao =0: yp=1; )\n:<%> : yn:AnCOS$+anin$ (n=1,2,...)
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12 Parabolic Partial Differential Equations

Learning objectives After this chapter you should be able to

¢ classify second-order linear PDEs, and set up diffusion problems with Dirichlet, Neu-
mann and Robin boundary conditions

e solve the heat equation on a finite interval by separation of variables and eigenfunction
expansions

e remove nonhomogeneous boundary conditions with a steady-state solution, and simplify
equations by substitutions

e solve problems with the finite sine and cosine transforms, the Fourier, Fourier sine and
cosine transforms, and the Laplace transform

e treat convection terms, superposition of sources and time-dependent boundary conditions
(Duhamel’s principle)

12.1 Introduction to Partial Differential Equations

e Most physical phenomena, whether in the domain of fluid dynamics, electricity, magnetism,
mechanics, optics, or heat flow, can be described in general by partial differential equa-
tions(PDEs): in fact, most of mathematical physics are PDEs

¢ What Are PDEs?

A partial differential equation is an equation that contains partial derivatives. In contrast
to ordinary differential equations (ODEs), where the unknown function depends on only
one variable, in PDEs, the unknown function depends on several variables: u(z,t)
depends both on location x and time ¢

e A few well-known PDEs

Up = Uy, heat equation in one dimension
Up = Ugy + Uy, heat equation in two dimensions
Uy = Uy, + Uy, +u,,, Wave equation in three dimensions
Uy + e + 2l = 0, Laplace’s equation in polar coordinates
e The unknown function u always depends on more than one variable. The variable u (which

we differentiate) is called the dependent variable, whereas the ones we differentiate with
respect to are called the independent variables

¢ Classification is an important concept because the general theory and methods of solution
apply only to a given class of equations. Six basic classifications are:
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— Order of the PDE

Uy = Uy, second order
U, = u,, first order
U, = uu,,, +sinz, third order

— Number of Independent Variables

Uy = Uy, two variables: xand ¢

1
Uy = Uy, + Uy + 20> three variables: ¢, rand 6
— Linearity

— ot : :
Uy = € Uy, +sint, linear
Uy, +u, =0, nonlinear
Uy + YUy, =0, linear

2 _ .
zu, + yu, +u” =0, nonlinear

e A second-order linear equation in two variables is an equation of the form:

Aug, + Buy, + Cuyy, + Du, + Fu, + Fu=G (SL)

where A, B, C, D, E, F, and G can be constants or given functions of z and y
— Homogeneity

* (SL) is called homogeneous if the right hand side G(z,y) is identically zero for all
x and y.

« If G(x,y) is not identically zero, then the equation is nonhomogeneous
— Kinds of Coefficients

The coefficients in (SL) are constants, then (SL) is said to have constant coefficients
(otherwise, variable coefficients)

— Three Basic Types of Linear Equations
*x Parabolic
B? —4AC =0, heat flow and diffusion processes
Up = Ugy
x Hyperbolic
B? —4AC > 0, vibrating systems and wave motion
Uy = Ugg, Ugy =0
x Elliptic
B? —4AC < 0, steady-state phenomena

Uy + Uy =0
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— In the case of variable coefficients, the situation can change from point to point

YUy + Uy, =0

Linearity Linear Nonlinear

Order [ 1 (2|3 | 4 5 m

Kinds of coefficients

. . Constant Variable
(linear equations)
Homogeneity
(linear equations) Homogeneous Nonhomogeneous
Number of variables | 1 | 2 [ 3 | 4 5 n
Basic type q . -
(linear equations) Hyperbolic Parabolic Elliptic

12.2 Diffusion-Type Problems (Parabolic Equations)

Heating element Heating element
keeps the left keeps the right
end at T} end at Tp

|:| thermocouples (measure temperature) |:|

T

screen showing the temperature profile at different times

e The Mathematical Model of the Heat-Flow
The description of our physical problem requires three types of equations

— The PDE describing the physical phenomenon of heat flow

— The boundary conditions describing the physical nature of our problem on the
boundaries

— The initial condition describing the physical phenomenon at the start of the experiment
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¢ The Heat Equation

The basic equation of one-dimensional heat flow is

Uy = Uy, 0<z <L, 0<t<oo (HE)

This equation is derived from the basic conservation of energy
¢ Boundary Conditions

All physical problems have boundaries of some kind, so we must describe mathematically
what goes on there in order to adequately describe the problem. Since the temperature
was fixed for all time t > 0 at 7} and T, at the twoends x =0 and z =L

0<t<oo (BCs)

e Initial Condition

All physical problems must start from some value of time (generally called ¢ = 0), so we must
specify the physical apparatus at this time. Since we started monitoring the rod temperature
from time the rod has achieved a constant temperature 7,,, we have

u(z,0)=T,, 0<z<L (IC)

By writing (HE), (BCs), and (IC) together, we have what is called an initial-boundary-value
problem. The interesting thing here, which is not at all obvious, is that there is only one
function u(x,t) that satisfies the problem

¢ More Diffusion-Type Equations
— Lateral Heat Loss Proportional to the Temperature Difference

The equation

Uy :aumm_ﬁ(u_uﬂ)’ B>0

describes heat flow in the rod with both diffusion au,, along the rod and heat loss
(or gain) across the lateral sides of the rod. Heat loss (u > ug) or gain (u < w) is
proportional to the difference between the temperature u(z,t) and the surrounding
medium u

— Internal Heat Source

The nonhomogeneous equation

ut - aua:ac + f(.%',t)

corresponds to the situation where the rod is being supplied with an internal heat source
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— Diffusion-Convection Equation

Suppose a pollutant is being carried along in a stream moving with velocity v. The rate
of change u, is measured by the diffusion-convection equation

Uy = QUy, — VU,

The term au,, is the diffusion contribution and —vu,, is the convection component

T

12.3 Derivation of the Heat Equation

U v 0

0 T z+ Ax L

=

e Suppose we have a one-dimension rod of length L for which we make the following assumptions:

— The rod is made of a single homogeneous conducting material
— The rod is laterally insulated (heat flows only in the z-direction)

— The rod is thin (the temperature at all points of a cross section is constant)

o If we apply the principle of conservation of energy to the segment [z, z + Az|, we can claim

Net Change of Heat inside [z, z + Ax] =
Net Flux of Heat across the Boundaries +

Total Heat Generated inside [z, z + Ax]

— The total amount of heat inside [z, + Ax| at any time ¢ is measured by

r+Ax
Total Heat inside [x,z + Az] = / pepAu(s,t) ds

— We can write the conservation of energy via calculus as
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d T+Ax T+Az
dt/ pe,Au(s,t) ds = pcpA/ uy(s,t)ds

T

rx+Ax
—KAfu (o4 Ao t) (e 44 [ Flst)ds

b
l Mean Value Theorem / flz)dx = f(§)(b—a), a<&<D

pCpA’LLt<£1,t>Al' = kA [ux(l‘ + Al’aﬂ - Ux(ll,‘,t)] + AF(£27t>A:B> T < 51752 <z+ Az

ok fuy(z+ Az, t) —u,(x,t) 1
ut(&l’w - ,OCp{ Az }"‘ T%F<£2at>

lAaz —0
ut($7t) - aumz(x?t) + f(SC,t)

12.4 Boundary Conditions for Diffusion-Type Problems

e When describing the various types of boundary conditions that can occur for heat-flow

problems, three basic types generally come to mind

o Type 1 BC (Temperature specified on the boundary)

Laterally insulated

u(0,)=g:1(¢) () () u(L,t)=gu(t)

L

boundary temperature at different times

t=0 t=m

u(R,0,t)
<)

u(R,0,t) = costsinf

2m

— Of course, we’d have an initial temperature to get this experiment started, but in this
case, the effects of our IC would vanish after a short period of time, and the resulting
temperature inside the circle would depend on the boundary temperature
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o Type 2 BC (Flux specified - including the special case of insulated boundaries)

— Insulated boundaries are those that do not allow any heat flow to pass, and, hence,
the normal derivative (inward or outward) must be zero on the boundary (since the
normal derivative is proportional to the flux)

— In the case of the one-dimensional rod with insulated ends at x = 0 and = = L, the BCs
are

S

(0,1) =

8, 0<t<oo

— In two-dimensional domains, an insulated boundary would mean that the normal
derivative of the temperature across the boundary is zero. For example, if the circular
disc insulated on the boundary, then the BC would be

u,(R,0,t) =0 for 0<0<2r and 0<t< o0

On the other hand, if we specify the amount of heat entering across the boundary of our
disc, the BC is

u,(R,0,t) = f(6,t)

o Type 3 BC (Temperature of the surrounding medium specified)

,,,,,,,,,,,,,,,,,, Insulation

liquid kept at liquid kept at
temperature g, (t) temperature g,(t)

— By specifying these types of BCs, we cannot say the boundary temperatures of the rod
will be the same as the liquid temperature g, (t) and g, (),

— but we do know (Newton’s law of cooling) that whenever the rod temperature at one of
the boundaries is less than the respective liquid temperatures, then heat will flow into
the rod at a rate proportional to this difference

— In other words, for the one-dimensional rod with boundaries at © = 0 and L, Newton’s
law of cooling states:
Outward Flux of Heat (at x = 0) = h[u(0,t) — g,(t)]
Outward Flux of Heat (at x = L) = h[u(L,t) — g5(t)]

where h is a heat transfer coeflicient
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— Fourier’s law gives us another representation for the outward flux of heat. In our
one-dimensional problem, Fourier’s law takes the form:

0 t

Outward Flux of Heat (at z =0) =k u(0,t)
ou(L,t
Outward Flux of Heat (at x = L) = —k u( x’ )

where k is the thermal conductivity of the material

— Finally if we use the two expressions for heat flux, we have our desired BCs in purely
mathematical terms;

8ug;, t) _ % [u(0,t) — g, (t)]
du(L,t) _ h o
or = g Lt) = ()]

— In higher dimensions, we have similar BCs; for example, if the boundary of a circular
disc is interfaced with a moving liquid that has a temperature g(6,t), our BC would be

ou h
E(R’ 0, t) = _% [U(R7 97 t) - 9(07 t)]

12.5 Separation of Variables

e Separation of variables is one of the oldest techniques for solving initial-boundary-value
problems and applies to problems where

— The PDE is linear and homogeneous (not necessarily constant coefficients)

— The boundary conditions are of the form

t

=0
yu, (L, t) + ou(L,t) =0

where «, (3, 7, and ¢ are constants (boundary conditions of this form are called linear
homogeneous BCs)

o We wish to find the function u(z,t) that satisfies the following four conditions:

u, =aou, 0<z<L,0<t<oo
u(0,t) =0 0<t<oo
u(L,t) =0
u(z,0) =¢(xr) 0<x<L
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u(z,0) = ¢(x) = initial temperature

u=0 _ u=0
(heat sink) Ut = QX Ugy heat sink)

0 L

STEP 1 To begin, we look for solutions of the form u(x,t) = X (x)T(t) by substituting X (x)T'(¢)
into the PDE

X(2)T'(t) = aX” (2)T(t)

U
T (t X" (x
aT((t)) = X((x)) =A<0
| We essentially change a second-order PDE to two ODEs
T +aXT =0
X" "+2X =0
\

T(t) = aje M
X () = aysin V Az + ag cos V Az

=

u(z,t) = e A [A sin VAz + B cos \f)\x]

At this point, we have an infinite number of functions that satisfy the PDE

STEP 2 The next step is to choose a certain subset of our current crop of solutions

e [A sin vV Az + B cos \f)\x] (12.1)

that satisfy the boundary conditions

u(0,t) =0
u(L,t) =0

To do this, we substitute Equation 12.1 into these BCs, getting

u(0,t) = Be M =0 = B=0
u(L,t) = Ae M sin VAL =0 = sin VAL =0, A#0

U

- ()
i3

A, = (”—L”)Q n=1,2,3,-

We have now finished the second step; we have an infinite number of functions
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u, (z,t) = cne’o‘<%>2t sin (%x) ,n=1223,-
each one satisfying the PDE and the BCs

STEP 3 The last step is to add the fundamental solutions
t) = “elF ) sin (") 12.2
u(x,t) 7Z:lcne ) Psin ( —a (12.2)

in such a way (pick the coefficients c,,) that the initial condition

u(z,0) = o(x)
is satisfied. Substituting the sum into the IC gives

o(x) = icn sin (%m)

n=1
Now the problem becomes how to find the coefficients ¢,,. This is actually very easy
e One uses properties of the functions known as orthogonality:
L
/.(mW).(mr)dx 0 m#n
sin [ —ux ) sin ( —x =
2
We multiply each side of Equation 12.2 by sin(mmz/L) and integrate from zero to L; we get

/OL ¢(x) sin (%x) dr =c,, /OL sin? (%:O d — £c

2m

We’re done; the solution is

NOTES

o Observe that the only difference between the Fourier sine expansion of ¢(z) and the solution
is the insertion of the time factor

in each term

e The terms in the series get small very fast due to the factor e—al%E)’t

. Hence, for long time
periods, the solution is approximately equal to the first term

u(z,t) ~ cle_a(%)zt sin (%:1:)

443



Example Solve the diffusion problem with insulated boundaries; that is

Up = Uy, O<zr<l,0<t<o0
u,(0,t) =0 0<t<o

u,(1,t) =0

u(z,0) =1+ cosmx +0.5cos3mr 0<z<1

Answer 1 (end of chapter) - Solution

12.6 Solving More Complicated Problems by Separation of Variables

¢ We start with a one-dimensional heat-flow problem where one of the BCs contains derivatives

« Heat-Flow Problem with 3¢ kind BC

u(0,t) =0
(temperature fixed at 0)
0]
rod laterally
insulated
T
/) 7z

ug(1,t) +hu(l,t)=0

water at temperature 0

o We fix the temperature at the top of the rod at u(0,¢) = 0 and immerse the bottom of the

rod in a solution of water fixed at the same temperature of zero. The natural flow of heat
says that the BC at x =1 is

u, (1,t) = —hu(l,t)

o Suppose now the initial temperature of the rod is u(x,0) = z, but instantaneously thereafter
(t > 0), we apply our BCs. To find the ensuing temperature, we must solve the IBVP

u =au,, 0<z<l 0<t<oo
u(0,t) =0 0<t<oo
uy(1,t) + hu(l,t) =0
u(z,0) ==z 0<z<l1
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STEP 1

o Substituting u(x,t) = X(z)T'(t) into the PDE gives

u(z,t) = e*akt[zishlx/Xdr%—l3cosx/Xx]

for any A > 0 and any A and B

STEP 2

e Substituting the solution into the BCs gives us conditions on A, A and B that must be

satisfied;

Be M =0 = B=0
—ant . VA
Ae @ (ﬁcosxf)\—i—hsm\f)\)zo = tan\f:—77 A0

To find A, we must find the intersections of the curves tan VX and —%. These values A,
Ay, -+ can be computed numerically for a given h and are called the eigenvalues of the
boundary-value problem

X" +2X=0
X(0)=0 (12.3)
X' (1)+hX(1)=0

The eigenvalue problem Equation 12.3 is a special case of the general Sturm-Liouville
problem

import numpy as np
from scipy import optimize
import matplotlib.pyplot as plt

plt.
plt.
plt.
plt.
plt.

def

rcParams['font.size'] = 12
rcParams['xtick.direction']
rcParams['ytick.direction']
rcParams['text.usetex'] = True

rcParams|['text.latex.preamble'] = r'\usepackage{amsmath}'

Iinl
"in

example plot(h, n eig, sqrt eig):

X
y

np.linspace(0, n_eig*np.pi, 1000)
np.tan(x)

threshold = 100
yly > threshold]
yly <-threshold]

np.inf
np.inf

plt.figure(figsize=(7, 4))

plt.plot(x, y, linewidth=1.2, color="blue")
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plt.pl
plt.sc

plt.xt

plt.xl
plt.yl

plt.xl
plt.yl

ot(x,-x/h, linewidth=1.2, color="green")
atter(sqrt _eig,-sqrt_eig/h, color='red")

icks([0, np.pi, 2*np.pi, 3*np.pi, 4*np.pi, 5*np.pil],
['0',r'$\pis$"', r'$2\pis$"', r'$3\pis’', r'$4\pis$", r'$5\pis¢'1)

im(0, 5.0*np.pi)

im(-20, 20)

abel(r'$\sqrt{\lambda}$"')
abel(r'$\tan \sqgrt{\lambda}$, $-\sqrt{\lambda}/hs$"')

plt.title(r'$h=%3.1f$"' % h)
plt.grid()

plt.show()

def calc eig(h, n _eig):
return np.array([optimize.brentq(lambda x: np.tan(x) +x/h,
(i +0.5001)*np.pi, (i +1)*np.pi) for i in range(n_eig)])

n eig = 5

sqrt _eig = calc _eig(h, n eig)
example plot(h, n eig, sqrt eig)

20

15

10

tan v, —v\/h
| |
5 5 & .

I
[
S

o

for i in

™ 2T 3T 47

VA

Figure 12.1: Eigenvalues

range(n_eig):

print(rf'$$ \lambda {i +1} = {np.round(sqrt eig[i]**2, 2)} $$')
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A =412

Ay = 24.14
Ay = 63.66
Ay = 122.89
As = 201.85

o The solutions of Equation 12.3 corresponding to the eigenvalues \,, are called eigenfunctions
X, (z)

X, (z) =sin\/\,z

def example plot2(x, n eig, sqrt eig, eigfunc):

plt.figure(figsize=(7, 4))
for n in range(n eig):
plt.plot(x, eigfunc(x, sqrt eig[n]), label=rf'$X {n +1}(x)$")

plt.xlim(0, 1)

plt.ylim(-1.2, 1.2)

plt.grid(ls="':")

plt.legend(loc="upper left', bbox to anchor=(0, -0.1))

plt.xlabel('$x$")
plt.ylabel('$X n(x)$")
plt.title(r'$X n(x)=\sin\sqrt{\lambda n} x$')

plt.show()

def eigfunc(x, sqrt eig):
return np.sin(sqrt_eig *x)

X = np.linspace(0, 1, 150)
example plot2(x, n eig, sqrt eig, eigfunc)
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Xo(z) = sinv/ Az

0.0 0.2 0.4 0.6 0.8 1.0

Figure 12.2: Eigenfunctions

STEP 3

¢ We now have an infinite number of solutions

u, (x,t) = e alsin /),

each one satisfying the PDE and the BCs. The final step is to add these functions together
(the sum will still satisfy the PDE and BCs, since both the PDE and BCs are linear and
homogeneous)

oo
Z c, e ntsin /A,
n=1
in such a way that they agree with the IC
o0

u(z,0) =z = ch sin /A, @

n=1
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o To find the coefficients ¢,,, we must multiply each side of the equation by sin \/\,,z and

def

cn

integrate « from 0 to 1

1 0 1
/ xsin\/)\m$dx:ch/ sinmx siny/\,,xdz
0 n=1 0

4

sin /A, — /A, COS/A,,
A

m

1 _ .
Cm/ sin? \/Exdx:cm [m Slnmcosm
0 2/ A
U

" V/X; VA, —sin/A, cos\/A,

In this problem, the first five constants c¢,, have been computed:

L _ 2 [sinm_mcosm]

cal c n(sqrt eig):

sin sqrt eig
cos_sqrt _eig

np.sin(sqrt eig)
np.cos(sqrt _eig)

return (2.0 /sqrt _eig
*(sin sqrt eig -sqrt eig *cos sqrt eig)
/(sqrt_eig -sin sqrt eig *cos sqrt eig))

= cal _c n(sqrt _eig)

print(r'$,\;\;$'.join([rf'$c {i} = {c i: 6.4f}$'

for i, c i in enumerate(c n, 1)1))

¢ =0.7292, ¢, = —0.1562, c5 = 0.0614, ¢, = —0.0322, ¢; = 0.0197

def

def

example plot3(alpha, t, x, n_eig, sqrt eig, eigfunc, u solution):
plt.figure(figsize=(7, 4))
plt.plot(x, x, 'r:', label='$t=0.0%")
for tt in t:
plt.plot(x, u solution(alpha, tt, x, n_eig, sqrt eig, eigfunc),
label="$t=%0.1f$' % tt)

plt.xlim(0, 1)

plt.ylim(0, 1)
plt.legend(loc="'upper left')
plt.xlabel('$x$")
plt.ylabel('$u(x,t)$")

plt.show()

u solution(alpha, t, x, n_eig, sqrt eig, eigfunc):
u=2=0
for i in range(n eig):

u += c_n[i] *np.exp(-alpha *sqrt eig[i]**2 *t) \
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*eigfunc(x, sqrt eig[il])
return u

alpha =1
t = np.linspace(0.1, 0.5, 4)
example plot3(alpha, t, x, n_eig, sqrt eig, eigfunc, u solution)

1.0

X

Figure 12.3: Solutions

12.7 Transforming Nonhomogeneous BCs into Homogeneous Ones

e Consider heat flow in an insulated rod where the two ends are kept at constant temperatures

k, and ky:

0<t<oo (12.4)

e The difficulty here is that since the BCs are not homogeneous, we cannot solve this problem

by separation of variables

o However, it is obvious that the solution will have a steady-state solution (when ¢ = co) that

varies linearly between the boundary temperatures k; and k,
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u(x,0) = ¢(x) = initial temperature
increasing ¢
kg 1
E
k1 1 u(z, 00) = steady state =k, +7 (ks — k1)
U(z,0) = ¢(x) — steady state = transient at t=0
o
O 4
U(z,00)=0
0 L
T

o In other words, it seems reasonable to think of our temperature u(x,t) as the sum of two

parts

u(x,t)

= steady state + transient
(L @ — S—
Eventual Solution for Large Time Part of the Solution that depends on the IC
(and will go to zero)

— [k, + %(kQ )

o By substituting the above relation in the original problem Equation 12.4, we arrive at a new
problem in U(x,t):

U(O) 0
0"

U,=aU,,, 0<z<L,0<t<o0

Liky—ky)| = lz), 0<a<L

0<t<oo, U,0)=¢(x)— kl-i-L

¢ Transforming Time Varying BCs to Zero BCs

— What about
Consider the

more realistic-type derivative BCs with time-varying right-hand sides?
typical problem

U =au, 0<z<L, 0<t<oo
u(0,t) =¢,(t) 0<t< oo (12.5)
g (L) + hu(L,£) = go(t
u(z,0) =¢(xr) 0<ax<L
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— To change these nonzero BCs to homogeneous ones, we (after some trial and error) seek
a solution of the form:

ul(z, t) = A(t) [1 - %] + B(t)% U (2, 1)

S(z,t)

where A(t) and B(t) are chosen so that S(x,t) satisfies the BCs and thus

U(0,t) =

0 O0<t< oo
U,(L,t)+hU(L,t)=0"

— Substituting S(z,t) into the BCs gives

, 0<t<oo
Sy(L,t) + hS(L,t) = go(t)
in which we get
A(t) = g1(t)
, O0<t<
1+ Lh

— So if we substitute this into the original problem Equation 12.5, we get the transformed
problem in U(x,t):

U, =aU,, — 5, 0<z< L, 0<t<oo
U(0,t) =0 0<t<o
U,(L,t)+hU(L,t) =0
U(z,0) =¢(x) — S(z,0) 0<z<L

* We now have our new problem with zero BCs but unfortunately the PDE is
nonhomogeneous

* We cannot solve this problem by separation of variables, but we will solve it by
integral transforms and eigenfunction expansions

Example Solve the initial-boundary-value problem

Uy = QU O<z <], 0<t<0
u(0,t) =1 0<t<oo
uy(1,t) + hu(l,t) =1
u(z,0) =sintz+2 0<z<1

Answer 2 (end of chapter) - Solution
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12.8 Transforming Hard Equations into Easier Ones

lateral heat loss across the sides

t + t t t t f

u(0,t) =0 O — s e > b O u(1,t)=0

Yoy v v v

diffusion within the rod

¢ Consider the following problem:

U = o, —fu 0<zx<l 0<t<oo

ZE?E; Z 8 0<t<oo (12.6)
u(z,0) = ¢(x) 0<z<1

where the term —fSu represents heat flow across the lateral boundary

o We introduce a new temperature w(x,t) in place of u(z,t), so that the PDE in w is simpler
than the original one

e The transformation is generally based on an intuitive feeling of how the solution of the original
PDE behaves

o In our problem Equation 12.6, the temperature u(z,t) at any point x, is changing as a result
of two phenomena

1. diffusion of heat within the rod due to au,,
2. heat flow across the lateral boundary due to —fu

e The important point is that if there were no diffusion within the rod (o = 0) then the
temperature at each point z; would decay exponentially to zero according to

U<$07 t) = U(JJO, 0)67675

o By means of this observation, we can essentially decompose the temperature u(x,t) into two
factors

u(z,t) = e Ptw(z, t)

where w(z,t) would represent the temperature due to diffusion only

e When we substitute this expression into Equation 12.6, we arrive at

w,=ow,, 0<zr<l 0<t<oo
w(0,t) =0 0<t<o
w(l,t) =0
w(z,0) =¢(x) 0<z<1
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e The diffusion-convection equation
Uy = QUy, — VU,

T

(v is a constant) can also be transformed to

wt - awxw

In this case, the transformation is

u(x,t) = exp [% (;U — gt)} w(z,t)

Example Solve the diffusion-convection problem

U =u,, —u, 0<r<l 0<t<oo
u(0,t) =0 0<t<oo
u(l,t) =0
u(z,0) = e*/? 0<z<1

w O<r<l,0<t< oo
=0 0<t<oo

0

1

Solution

4
w, = wy,, w(0,t) =0, w(l,t) =0, w(z,0) =1
4
| (—1)"
w(z,t) =2 ; T(m)enzﬂi)t sinnmx
4
i ]. - (_1)71» 2,2 1 1 .
t) =2 —n<m t+7(x—ft)
u(x,t) ; p— 2T 28 sinnrx
= 1
- 4;::1 (2m — 1)7r67<2m71)27r2t+%(%%t) sin(2m — 17

454



def

def

example plot4(t, x, n_terms, u solution):
plt.figure(figsize=(6, 4))
plt.plot(x, np.exp(x /2.0), 'r:', label='$t=0$")

for tt in t:

plt.plot(x, u solution(tt, x, n _terms), label='$t=%0.3f$"' %

plt.xlim(0, 1)

plt.ylim(0, 2)

plt.legend(loc="upper left', bbox to anchor=(1.0, 1.0))
plt.xlabel('$x$")

plt.ylabel('$u(x,t)$")

plt.title(r'$\alpha=1,\;v=1$")

plt.show()

u solution(t, x, n_terms):
u=2=0
for m in range(l, n_terms +1):
a= (2.0 *m -1.0) *np.pi
u+=1 /a *np.exp(-a *a *t +(x -t /2.0) /2.0) *np.sin(a *x)
return 4.0*%u

np.linspace(0, 1, 150)
np.array([0.001, 0.002, 0.004, 0.008, 0.05, 0.10, 0.15, 0.20])

n_terms = 25

example plot4(t, x, n_terms, u solution)

2.00

1.75

T

Figure 12.4: Solutions
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t = 0.100
t =0.150
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12.9 Solving Nonhomogeneous PDEs (Eigenfunction Expansion)

e Consider the nonhomogeneous problem

uy = au,, + f(z,t) 0<z<1, 0<t<oo

0,t) =0 0<t<
w(0,¢) > (12.7)
u(1l,t) =0
u(z,0) = ¢(x) 0<z<1

The purpose of this section is to solve this problem by a method that is analogous to the
method of variation of parameters in ODEs and is known as the eigenfunction expansion

STEP 1

o The basic idea in this method is to decompose the heat source f(z,t) into simple components

ety =S Fo(0)X, (@)

n=1

It turns out that the X, (x) are the eigenfunctions of the Sturm-Liouville system we
get when solving the associated homogeneous system by separation of variables

e In this case, the Sturm-Liouville problem we find when separating variables is

X" 4+AX =0
X(0)=0
X(1)=0

and, hence, the X, (z) are

X, (z) =sinnrx, n=1,2,3,-

o Finally, to find the functions f,,(¢), we merely multiply each side of this equation by sin mnz
and integrate from zero to one:

1 00 1
1
/ flz,t)sinmrx de = Z fn(t)/ sinmnz sinnrx dr = ifm(t)
0 n=1 0
|l changing m ton

1
fn(t):2/ f(z,t)sinnre dr
0

STEP 2
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o The responses u,,(z,t) = T, (t) sinnmz to each of these individual components f,, (¢) sin nrz
are added to construct the solution of our problem:

t) = Zun(:v,t) = ZTn(t) sinnmx

n=1
Substituting u(z,t) and f(x,t) into Equation 12.7 gives us

T/ (t)sinnmer = —« Z(mr)2 T, (t)sinnmx + Z fn(t)sinnmz

1 n=1

T,

n

M]3

n

(0)sinnmx = ¢(x)

M]3

i
L

4
[e.e]
[T + a(nm)? T, — f,(t)] sinnrz =0
—1 -5

n

1
0) = 2/ ¢(z)sinnrrdr = a,
0

Hence, the solution of our problem Equation 12.7 is

00 o] o) t
u(z,t) = Z T, (t)sinnrx = Z a, et sin nra + Z/ e-onm??(t=7) f (1) dT - sinnmz
0

n=1 n=1 n=1
Transient Part due to the IC Forcing Part due to f(z,t)

o The eigenfunctions X, (z) in the expansion change from problem to problem and depend on
the PDE and BCs

Example Find the solution

e T8iny/ Az 0<2<1, 0<t<o0

U =u
u(0,t) =0 0<t<o

u, (1,1) + hu(1,¢) = 0
u(z,0) =0 0<z<1

where h = 1 and )\, is the first root of the equation tanv/\ = —v/A

Answer 3 (end of chapter) - Solution
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12.10 The Finite Sine and Cosine Transforms

o An integral transformation is merely a transformation that assigns to one function f(t) a new
function F'(s) by means of a formula like

b
F(s) = / K(s,t) f(t)dt

Note that we start with a function of ¢t and end with a function of s

o The function K(s,t) is called the kernel of the transformation and is the major ingredient
that distinguishes one transform from another; it is chosen so that the transform has certain
desirable properties. The limits a and b also change from transformation to transformation

o With every integral transform, there is an inverse transform that will reproduce that original
function from its transform. The transform and its inverse together form what is called a
transform pair

e The general philosophy behind integral transformation is that they eliminate partial derivatives
with respect to one of the variables; hence, the new equation has one less variable

e In other words, integral transformations change problems into easier ones. The transformed
problem is then solved, and its inverse is obtained to find the solution to the original problem

Hard Problem Easy Problem

H Integral Transform

Solve the easy problem

Obstacle

Solution of Easy Problem

Inverse Integral Transform

-

Solution of Hard Problem H-
Hard Problem Easy Problem

o We first start with a function f(z) defined on an interval [0, L]. The finite sine and cosine
transforms of this function are defined by
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L
Ffl= / f(z) sin % dr =b, Finite Sine Transform

h\w

L
/ flz cos PP gz = a,, Finite Cosine Transform
0

h\w

e The student will note that these transforms do nothing more than transform a function into
the Fourier sine and cosine coefficients. The inverse transform of these transforms are the
Fourier sine and cosine series

. nrx .

= g b,, sin — Inverse Sine Transform
> (e

= ?O E Inverse Cosine Transform
n=1

Note that the inverse cosine transform includes the n = 0 term a,/2, while the inverse sine
starts at n =1

Examples of the Sine Transform

flx)=1, 0<z<1

1
b, = 2/ sinnrzdr =4 4 0 noeven
o /nw n odd

flz) = éi [ ! } sin(2n — 1)z

= 2n —1

1.50

b, =0 (n even), b,=,= (nodd)

1 1.00 1
0.75 1

0.50

0 0.00

e Properties of the Finite Sine and Cosine Transforms
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dt
7 fug) = LA
Ffu,) = =L .Jul
F ) = — (") 7l + 2 (w0, 1) — (1) uL,0)
Folug) = "2 Jul + 2 (1)l 1) — u(0,1)
T olitne) = = (58 olul + 3 (1w, (L1) =, (0,0)

Example Solve the general problem

u, = au,, —Pu+ f(z,t) 0<z<l1l, 0<t<oo
u(0,t) =0 0<t<oo
u(l,t) =0
u(z,0) =0 0<z<1

Answer 4 (end of chapter) - Solution

12.11 Superposition (The Backbone of Linear Systems)

o For an engineer who wishes to find the response u to a linear system from input f, a common
approach is

1. Break f into elementary parts, f=>_ f.
2. Find the system response u,;, to f
3. Add(superimpose) the simple responses u;, to get u = > u,

It turns out if the system is linear, then the sum u is the response we get if the function f
were input directly; this is the principle of superposition

Superposition Used to Break an IBVP into Two Simpler Problems

Suppose we have the linear problem

Uy = Uy, +sinmr 0<r <1, 0<t<o0

u(0,t) =0 0<t<o

_ (P)
u(l,t) =0
u(z,0) = sin 27z 0<z<1

Here, we have a nonhomogeneous heat equation, so separation of variables is not a viable
method of attack
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— We could, of course, use the finite sine transform on the variable z or the Laplace
transform on ¢, but still another idea would be to consider two subproblems

Uy = U, +sinter 0<z <1, 0<t<oo
u(0,t) =0 0<t<o A)
u(l,t) =0
u(z,0) =0 0<z<1

and
Uy = Uy O<z<l, 0<t<oo

u(0,t) =0 0<t<oo ®)

u(l,t) =0

u(z,0) =sin2mr 0<zx <1

— These two problems can be solved individually with a little effort, and it should be clear
here that the sum of the solutions to (A) and (B) is the solution to the original problem
(P); that is

1
u(x,t) = — (1 —e ™) sinma + e~ (27° sin 27
T Solution to (B)

Solution to (A)
e Separation of Variables and Integral Transforms as Superpositions

— In separation of variables, we generally break down the initial conditions into an infinite
number of simple parts and find the response to each part. We then sum these individual
responses to find the solution to the problem

— On the other hand, integral transforms also use superposition, for instance, let’s show
how the finite sine transform uses this principle. Consider the nonhomogeneous heat
equation

U =u,, + f(z,t) 0<x<l, 0<t<oo
u(0,t) =0 0<t<o
u(l,t) =0
u(z,0) =0 0<z<1

and its solution by use of the finite sine transform. What we’re really doing is resolving
the input f(x,t) into components, finding the response U,, due to each component, and
adding these responses
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ut:uxx+f($ t)

| finite sine transform, u(0,t)=u(1,t)=0

Z U, —F,(t)]sinnrz =0

n=1
U« u(z,0)=0
Un(t) + (nm)?U, () = F,(t), U,(0)=0 n=1,2,3,-
4
2 t 2 ¢
U, (t) = e~ (v / nm2 ) (r) dr = / e TN (1) dr
0 0
4
u(z,t) = ZUn(t) sin nmx
n=1

NOTES

In the finite sine transform, the resolutions were infinite series, whereas in most other integral
transforms, the resolutions are integrals (continuous resolutions)

Example Find four initial-boundary-value problems whose solutions sum to the solution of the
following problem:

U = Uy, + f(z,t) 0<x<l, 0<t<oo

u(0,t) = g4 (t) 0<t<oo
u(l,t) = g5(t)
u(z,0) = ¢(x) 0<z<1
Answer 5 (end of chapter) - Solution
Example Solve the problem
Uy = Uy, +sindrr 0<z <], 0<t <00
u(0,t) =0 0<t<oo
u(l,t) =1
u(z,0) = sinmz 0<z<l1

Answer 6 (end of chapter) - Solution
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12.12 The Fourier Integral and Transform

An integral transformation can be thought of as a resolution of a function into a certain
spectrum of components:

Let’s consider the resolution of a periodic function f(z) into Fourier series

—%4—2[& cos——kb sinn—zx]

n=1

nmwx
Here the coefficients a,, and b,, represent the amount of the function f(x) made up of cos —

. nmx .
and sin < respectively

While the square root

Vaz + b2

(called the spectrum of the function) measures the amount of f(z) with frequency %

Functions that are periodic can be resolved into infinite series (they have discrete spectra)

Of course, if a function is defined only on a finite interval, we could extend the function
outside the interval in a periodic way, so that a Fourier series representation could be obtained
for the function inside the interval

Whereas functions that are not periodic must be resolved into a continuous spectrum of values

Although a nonperiodic function f(z) cannot be represented by an infinite series of sines and
cosines, we might write it as continuous analog of the Fourier series:

f(:v):C;()sz{ancos??qunsm?T}

1 L 1 L né i L g i
:%/Lf(f)d§+L;[(/Lf(§)cosLd§> cosL—i-(/ f({)sde§) smL]
b= A=ty —w, = T

1 L A L
_27T</Lf(§)d§> w+ — Z[( f(&) cosw,, {dﬁ)cosw ;U—I—(/Lf(g)smw §d£>smw x]
J L — o0, Aw—0, lim OoF :/

w%O -1 o

flz)= /DC [a(w) cos wz + b(w) sinwz] dw
0
= ;/_: f(zx) coswz dz

1 oo
= / f(z)sinwz dz
T —00

where the functions a(w) and b(w) are known as the Fourier cosine and sine transforms and
measure the cosine and sine component of f(z) and
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a?(w) + b?(w)

measures the w frequency component of f(x) and is called the spectrum of f(z). With this
intuitive explanation of the spectrum of a function, we now get to the nuts and bolts of

integral transforms
e The Exponential Fourier Transform

We are now in a position to define what is generally known as the exponential Fourier

transform:

@) = % /O h /_ : (&) [cos wé cos wr + sin wé sinwa] dé dw
o | [t —gaca— o [ [0 [cosw<x ~O+ isinata=g) | ded
oo /o0 oo /o0 odd in w: integrates to
S _: / : F(€)ei+0) de du
%
Flf@) = o= [ : f@)e = dz = Flw)
FFW) == [ : Flw)e® dw = f(z)

Try it in Python: Fourier and Laplace transforms with sympy: Integral transforms

12.13 The Fourier Transform and its Application to PDEs

o The usefulness of the Fourier transform comes from the fact that
; that is, partial differential equations are changed into

ordinary differential equations
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e Useful Properties of the Fourier Transform
Property 1 Fourier Transform Pair

The Fourier transform of f(z), —o0o < x < oo, produces a new function F(w):

@)= = [ e do = Flo)

and the inverse Fourier transform of F(w), —0o < w < 0o, will produce the original function

f(@):

FUF(W)] = w)e? du = f(x)

)"

For example,

1—|-w2

Property 2 Linear Transformation

Flaf(x) +bg(x)] = aF[f(2)] + bF [g()]

Property 3 Transformation of Partial Derivatives

Flf.] = / fre % dz = iwF[f]

Vor

Tl = 7= [ fuae o do = =271

Property 4 Convolution Property

Every integral transform has what is called a convolution property. The general idea is that
the transform of a product of two functions f(z)g(z) is not the product of the individual
transforms:
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Flf(@)g(x)]l # Ff (@) F [g(x)]

However, in transform theory, there is something called the convolution f * g of two
functions that more or less plays the role of the product:

Ff x gl = F[f(@)|Fg(x)]

So what is this mysterious convolution f * g? It’s given by formula

1 o0
(f*@@ﬁngﬂ/wf@—fMQﬁE

The importance of the convolution in applications is due to the fact that quite often, the
final step in solving a PDE boils down to finding the inverse transform of some expression
that we can interpret as the product of two transforms F[f]F[g]

¢ Solution of an Initial-Value Problem

Consider the heat flow in an infinite rod where the initial temperature is u(z,0) = ¢(x)

U = Qu,, —oo<x<oo 0<t<oo

u(z,0) = ¢p(xr) —oo<z <00

STEP 1 Transforming the Problem

Flu) = aF [ug,]
Flu(z,0)] = Fo(x)]
Y
o) = —aw?U(t)

dt
U(0) = o(w)
STEP 2 Solving the Transformed Problem

2

U(t) = (w)e "t

STEP 3 Finding the Inverse Transform

Il
S 9

u(z,t) -1 [@(w)e‘a“2t]
LP(w)] x+F T [e*a“’%]

1
1

% b))% ot
2,wﬁ[w¢@x a

Note that the integrand is made up of two terms:

—x2/4at

|
-

e

1. The initial temperature ¢(x)
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2. The Green’s function or impulse-response function

G(x - 57 t) = 76_@_5)2/40&7 lim G(‘T - 57 t) = 5<‘T - 5)
2vart t—0"
Dirac delta function
It can be shown that this impulse-response function G(x — &,t) is the temperature response to an
initial temperature impulse at x = &

shaped like a normal distribution with variance 2at
(t=1.5)

G(z —¢&,t) spreads out and damps
/\ (t=0.3)

G(z —¢&,t) for small ¢: a sharp spike at z=¢
(t=0.05)

r=¢

Hence, the interpretation of solution is that the initial temperature u(x,0) = ¢(z) is decomposed
into a continuum of impulses of ¢(&) at each point = £ and the resulting temperature ¢(§)G(x—
€,t) is found. These resulting temperatures are then added (integrated) to obtain the solution.
This general idea is also superposition

def example plot5(alpha, xi, t, x):
plt.figure(figsize=(7, 5))
for tt in t:
plt.plot(x, 0.5 /np.sqrt(alpha *np.pi *tt)
*np.exp(-(x -xi)**2 /(4.0 *alpha *tt)),
label=f"'$t={tt:0.2f}$")
plt.legend(loc="upper right')
plt.text(x[0] +1, 1.5,
r'$$G(x-\xi,t)=\frac{1}{2\sqrt{\alpha\pi t}}'
r‘e~{-(x-\xi)"2/4\alpha t}$$")

plt.xlim(x[0], x[-11)
plt.ylim(0, 2)

plt.xlabel('$x$")
plt.ylabel(r'$G(x-\xi,t)$")

plt.title(rf'$\alpha={alpha:2.1f}, \;\xi={xi:2.1f}$"')

plt.show()
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alpha =1

xi =20
t =1[0.05, 0.1, 0.2, 0.4, 0.8, 1.6, 3.2]
X = np.linspace(-6, 6, 1000)

example plot5(alpha, xi, t, x)

2.00
— =005
1.75F —— t=0.10
, — 1 =0.20
I Gz —&,1) = e~ (@=8)?/dat —— +=0.40
Ho0 o S — $=080

1.25

G(I - 57 t)

0.75

0.50

Figure 12.5: Impulse-response function

NOTES

The major drawback of the Fourier transform is that not all functions can be transformed. For
example, even simple functions like

f(x) = constant

flz) = e

f(z) =sinz

cannot be transformed, since the integral

o= = | S s

does not exist. Only functions that damp to zero sufficiently fast as |z| — oo have transforms
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12.14 Sine and Cosine Transforms

e Fourier Sine Transform Pair

/oof )sinwz dr = F(w)
0

_2
FLF(w)] = /00 F(w)sinwz dw = f(x)
0

/Oo f(z)coswzdr = F(w)
0

_2
FF(w)]= /OO F(w)coswz dw = f(x)
0

e The next step is to list a few properties of these transforms that make them work

F | ()] = 72r/00 f/(z) sinwzx dx
0
[o.¢] 2 o0
= — X Sinwx — W— X ) COSWx axr = —CU? xr
_ f)sinas| Wz f(@) coswz d @)
F 1 (2)] = i/w F/(2) coswa dx
0

= f(z) coswzx

—f-w% /00 f(z)sinwz dx = —% F0) + wF, [f(x)]
0

0

F1f" (x)] = i/ooo 7 (z)sinwz dz = %f/@) sinwz :O_wfr /Ooo J'(w) coswa dx
:%wﬂw—w@lﬁmﬂ

F. " (x)] = i/oo f"(x) coswz dx = %f’(m) COS WXT
0

2 o0
+w/ f'(x)sinwz dx
0

0 ™

=2 1/(0) ~ 7 [f(x)

e Solution of a Semi-infinite Diffusion Problem via the Sine Transform

The problem we are interested in is the semi-infinite diffusion problem

u =oau,, 0<x<oo 0<t<oo
u(0,t) = A 0<t<oo
u(z,0) =0 0<z<o0
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Ut = X Ugy

u(0,t)=A

u(z,0)=0

To solve this, we break into three simple steps. First our strategy is to transform the
x-variable via Fourier sine transform so that we get an ODE in time

STEP 1

We start by transforming each side of the PDE;

?s [ut] = a‘?s [umm]
§ Flulz, )] = U1)

%U(t) =« %wu(o,t) — wQ?S[u]] =a [Aiw — WU (t)
§ Ffu(z,0)] = U(0)

2
% + aw?U = A;aw, U)=0

We arrive at the ODE
STEP 2

To solve this IVP, we could use a variety of elementary techniques from ordinary differential
equations. The solution is

2 [1—e ot
U(t)=A— ]
T w
We have now found the sine transformation for the answer u(z,t)

STEP 3

To find the solution, we can either evaluate the inverse transform directly from the integral or else
resort to the tables. Using the tables, we get

u(z,t) = Aerfe (%)

where erfe(n), 0 < n < oo, is called the complementary-error function and is given by

erfe(n) = ;7? /OO e P dp
U
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from scipy.special import erf, erfc

def example plot6(A, alpha, t, x):
plt.figure(figsize=(7, 5))
for tt in t:
plt.plot(x, A *erfc(x /(2 *np.sqrt(alpha *tt))),
label=rf'$t={tt:0.1f}$"')
plt.xlim(0, x[-1])
plt.ylim(0, 1.2)
plt.legend(loc="'upper right"')
plt.xlabel('$x$")
plt.ylabel('$u(x,t)$")
plt.text(2, 0.8,
r'$su(x,t)=A\, \mathrm{erfc}'
r'\left( \dfrac{x}{2\sqrt{\alpha t}} \right)$$")
plt.title(rf'$A={A:3.1f}, \; \alpha={alpha:3.1f}$")

plt.show()
A=1
alpha =1

= [0.1, 0.2, 0.4, 0.8, 1.6, 3.2]
np.linspace(0, 8)

X r+
|

example plot6(A, alpha, t, x)
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A=10, a=10

1.2
— =01
— =02
1.0 — =04
— =08
| T — =16
i u(x,t ::/1erﬁ:< )
0.8 (%) 2v/at — =232
£ 06¢
S
0.4F
0.2F
0.04 1 9 3 N 6 7 8

Figure 12.6: Heat conduction in semi-infinite domain with fixed temperature at the boundary

Example Solve by means of the cosine transform

U = QU 0<z<oo, 0<t <0
u,(0,t) =0 0<t<oo
u(z,0)=H(l—2) 0<z<o0
where H(x) is the Heaviside function

Answer 7 (end of chapter) - Solution

X0 [0, 1, 1, 8]
UO = [1’ 1, Or 0]

def example ploté6b(alpha, t, x, u solution):
plt.figure(figsize=(7, 5))
plt.plot(x0, ud, 'r:', label='$t=0.0%")
for tt in t:
u = u_solution(alpha, tt, x)
plt.plot(x, u, label='$t=%0.1f$' % tt)
plt.xlim(0, x[-1])
plt.ylim(0, 1.1)
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plt.
.xlabel('$x$")

plt

plt.
plt.

legend(loc="upper right"')

ylabel('$u(x,t)$")
text (2, 0.35,

(r's$su(x,t)=\dfrac{2}{\pi}\,"
r‘\int_0”\infty \dfrac{\sin\omega}{\omega}\, "
r'‘\exp(-\alpha\omega”~2 t)\, \cos\omega x \,d\omega$$'))
title(r'$\alpha=%3.1f$' % alpha)
show ()

plt.
plt.

alpha =1

t=1[0.1, 0.2, 0.4, 0.8,
X = np.linspace(0, 8)

1.6, 3.2, 6.4]

u solution(alpha, t, x):

# closed form of the cosine-transform integral

s = 2.0 *np.sqrt(alpha *t)

return 0.5 *(erf((1.0 +x) /s) +erf((1.0 -x) /s))

example plotéb(alpha, t, x, u solution)

a=1.0
...... t: 00
10 ............. _— = 01
— t=0.2
— t=04
08¢ — t =038
— t=1.6
— t =32
< 0.6 — t=64
&
S
0.4r :\ 2 [®sinw 9
\\\\ u(z,t) = - /0 " exp(—aw?t) coswz dw
: A\
0.2} ‘m.l'ia.heg_~\
09 1 2 3 4 5 6 7

Figure 12.7: Heat conduction in semi-infinite domain insulated at the boundary
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12.15 The Laplace Transform

The Laplace transform

<) - | T fe dt
0

is probably the only integral transform the student has seen before, since it is a very powerful
tool for transforming initial-value problems in ODEs into algebraic equations

e Not only is the Laplace transform useful in transforming ODEs into algebraic equations, but
now we will use the Laplace transform to transform PDEs into ODEs

e The major difference in applying the Laplace transform to PDEs in contrast to ODEs is that
now when the original PDE is transformed, the new resulting equation will be either a new
PDE with one less independent variable or else an ODE in one variable

o We must then decide how to solve this new problem (maybe by another transform, by
separation of variables, and so on)

Property 1 Transform Pair

e The Laplace transform and its inverse are given by

L = F(s) = - e st
(5] = F(s) / F(t)est dt
1

y+ioco
L7HF(s)] = 2m/ F(s)etds
Y—100

e The Laplace transform has one major advantage over the Fourier transform in that the
damping factor e ** in the integrand allows us to transform a wider class of functions (the
factor e~* in the Fourier transform doesn’t do any damping since its absolute value is one)

o In fact, the exact conditions that ensure that a function f(¢) has a Laplace transform are
given by the following theorem:

If we can find constants M and a such that

|f(t)] < Me® for t>T,

oo
then / f(t)e st dt exists for s > a
0

e« We now list a few functions that have Laplace transforms

1
ft)y=1 (pick M =1,a=0) — F(s)=—
s
1
f(t)=e* (pick M =1,a=2) — F<S>:s—72’ s> 2
. : w
f(t) =sinwt (pick M =1,a=0) — F(s)= 21

2

f(t) =¢

(doesn’t have a Laplace transform)
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e In the definition of the Laplace transform, the variable s is taken to be a real variable
0 < s < oco. It is possible to extend this definition to complex values of s and, in fact, to
evaluate the inverse Laplace transform

1 Y4100

L7HF(s)] = 27”/ | F(s)estds

We must often resort to contour integration in the complex plane and the theory of residues.
We won’t bother ourselves with this topic here but will use the tables for finding inverse
transforms

Property 2 Transforms of Partial Derivatives

e Suppose we have a function u(z,t) of two variables. Since the Laplace transform transforms
the t-variable, the rules of transformation for partial derivatives are

Llu,] = / u(z,t)e st dt = sU(z, s) — u(x,0)
0

Lluy = / uy(z,t)e st dt = s*U(x, s) — su(z,0) — u,(x,0)
0

> oU
— —st —
Llu,] = /0 u, (x,t)e st dt = D (x,s)

0 QU
’C[uwm] = /0 UII<$,t)6 tdt = W(l" 8)

Property 3 Convolution Theory

e Convolution plays the same role here as it did in the Fourier transform, but now the
convolution is defined slightly differently. The finite convolution of two functions f and g is
defined by

(f*g)(t) = / f(r)g(t —7)dr = / F(t —)g(r)dr

As in the case of the infinite convolution, the important property of this new convolution is
that

Llf = g] = L[f] L[y

or the equivalent formula

LHLf Llgl = f*g

For example

4 [1 1 b
L - | = sinTdr =1 — cost
s s4+1 b
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NOTES

The Laplace transform can also be applied to problems where the PDE is nonhomogeneous (in
separation of variables, the equation had to be homogeneous), but the Laplace transform will
generally work only if the equation has constant coefficients (in separation of variables, we could
have variable coefficients)

¢ Heat Conduction in a Semi-infinite Medium

heat flows out if u(0,t) >0, in if u(0,t) <0

AR BN SR

u(z,0) =uy
insulated sides

deep enough that the
bottom does not affect
the solution near the
surface

N\

— Consider a large (deep) container of liquid that is insulated on the sides. Suppose the
liquid has an initial temperature of 1, and that the temperature of the air above liquid is
zero. Our goal is to find the temperature of the liquid at various depths of the container
at different ¢ values:

Uy = Uy, 0<x <00, 0<t <00
u,(0,t) —u(0,t) =0 0<t<oo
u(z,0)=u, 0<z<oo

— Transforming our problem, we arrive at an ODE in x

d*U
sU(m)—uUZW 0<z<oo
au
—(0)=U(0
o) = vi0)

We first find the general solution of the ODE, which is

U(x) = eV 4 coe V5T + %o
s
— Substituting the BCs into this expression allows us to find the constants ¢; and ¢, (first
note that ¢; = 0 or else the temperature will go to infinity as = gets large). Finding c,
from the BC at x = 0 gives us the answer for U(z)

e Vs
Vi) == [M

S S

s Vst

Uy  Ug [e‘/gw e VT
Ug
Now for the last step, to find u(z,t), we compute
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w(z,t) = £ U(x, 8)] = ug — ug [erfc (;/i) —erfe (ﬁ +

See Inverse Laplace Transform Table

def example plot7(t, x, u®, u solution):

plt.figure(figsize=(7, 5))
plt.plot(x, np.full like(x, u0@), label='$t=0%")
for tt in t:
plt.plot(x, u solution(tt, x, u0), label='$t=%1.3f$"' % tt)
plt.legend(loc="'lower right"')

plt.xlim(@, 5)
plt.ylim(0.4, 1.2)

plt.xlabel('$x$")
plt.ylabel('$u(x,t)$")
plt.title(r'su 0=%3.1f$' % u0)

plt.show()

def u solution(t, x, u0):
sqrt t = np.sqrt(t)
x_2sqrt_t = x /(2 *sqrt_t)
return u0 -u@*(erfc(x 2sqrt t)
-erfc(sqrt_t +x 2sqrt_t) *np.exp(x +t))

ug =1
t = np.logspace(-3, 0, 6)
x = np.linspace(0, 5, 300)

example plot7(t, x, u@, u solution)
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1.2

1.1

0.5

0.4

Ug 1.0
— t=0
i t =0.001
— ¢ =0.004
i — t=10.016
— t=0.063
- — t=0.251
t = 1.000
0 1 2 3 4

Figure 12.8: Heat conduction in semi-infinite domain with 3" kind BC

Try it in Python: Laplace transforms with sympy: Sympy: Laplace Transform

12.16 The Convection Term u, in the Diffusion Problems

e Suppose now we consider the problem of finding the concentration of a substance upwards
from the surface of the earth where the substance both diffuses through the air and is carried
upwards (convected) by moving currents (moving with velocity V')

e In any case, it is our purpose here to solve the diffusion-convection equation

e To get an idea of what solutions look like or how they behave with the convection term

u, = Du,, —Vu

x

included, let’s first work a problem that is pure convection (the diffusion term is zero)

A typical problem would be dumping a substance into clean air (moving with upward velocity
V') and observing the concentration of the substance at the upperside. Then the concentration

of substance u(x,t) can be found by solving the following mathematical model:
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O<zr<oo 0<t<oo

(CV)
u(0,t) = <— Constant Input of the Substance

u(z,0) = <— Initially Clean Air

u(x,t) =P H({t—x/V)
U

P <Vt
u(@,t) = 0 z>Vt

To see what happens when a moving wave diffuses, we solve the following problem (P = 1)

u, = Duy, —Vu, —oo<z<oo 0<t<oo

u(z,0)=P(1—H(zr)) —oco<z<00 (DC)

Note that in the new problem (DC), we have moved the boundary to —oco (we now have an
initial-value problem)

In this case, we introduce a new coordinate £, which moves along the z-axis with velocity V.
In other words, we now place our coordinate system so that it moves with the wave front (of
course, now when diffusion in addition to convection, we won’t have a sharp wave front)

Mathematically this says that we change our space coordinate x to & =z — Vt. It’s now
clear that when £ = 0, we are on the wave front

To begin, we introduce new coordinates (£, 7) and use the chain rule to get the new IVP in
terms of £ and 7:

u, = Du,, —Vu,
V=V, 7=1

up = ugly +u, T = —Vue +u,

u, = ugﬁgc +u, T, = ug

Upy = (Ug)x = Uggf;c = Uge
\
—Vue +u, = Duge — Vg

ﬂ E=zatt=0

u, = Dug, —00<§<00

u(§,0) = P(1— H(E)) = ¢(¢)
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e This problem has already been solved in Section 12.13 by the Fourier transform and has the

solution
’ ¢—w)?/ADT dw = e~ (E—w) 2/4Dt dw
ulem) = 2V Drr J_ 2\/l)ﬂ7
where ¢(w) is the initial condition
o By letting
E—w 1
= , d ————duw
b 2V Dt b 2v Dt

we get the interesting result

Pl et ( ¢ )} £<0
— erf | — )
u(.r) =% / } 123 3 o\
7 2 \/>
CNoars — erfc , >0
e 2 2\/DT> ¢
o Finally, the solution of our problem in terms of the coordinates x and ¢ is
P
2[1+«xf< f)], Vit>zx
o %i z— Vi Vi<z
2 2Dt )’ -

def example plot8(D, V, t, x, u solution):

def

plt.
plt.

for

plt.
plt.
plt.
.xlabel('$x$")

plt

plt.
plt.
plt.

figure(figsize=(8, 6))

plot([-1, O, O, x[-1]1, [1, 1, O, O], 'r:', label='$t=0.0%")
tt in t:

x_tt = V¥tt

plt.plot(x, u solution(D, V, tt, x), label=rf'$t={tt:3.1f}$")
plt.plot([-1, x tt, x tt, x[-1]], [1, 1, O, O], 'k:')
xlim(-1, x[-11)

ylim(0, 1.2)

legend(loc="upper left', bbox to anchor=(1.0, 1.0))

ylabel('$u(x,t)$")
title(rf'$D={D:4.1f},\;V={V:3.1f},\;P=1.0$")
show ()

u solution(D, V, t, x):

= (x -V*t) /(2.0 *np.sqrt(D*t))

r;turn [0.5%(1.0 +erf(-q)) if g <= 0.0 else 0.5*erfc(q) for q in x t]

0.1
1.0

= [2.0, 4.0, 6.0, 8.0]

np.linspace(0, 16, 400)
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example plot8(D, V, t, x, u solution)

D=0.1, V=10 P=10

1.2
....... t=0.0
— =20
— t=4.0
— t=6.0
— t=8.0

Figure 12.9: Diffusion-convection on the infinite domain

12.17 Duhamel’s Principle

e Quite often, it is important to find the temperature inside a medium due to time-varying
boundary conditions. For example, consider an insulated rod with temperature specified as
f(t) on the right end

U =1Uy, 0<zx<l 0<t<oo
u(0,t) =0 0<t<oo
u(Lt):f(t)
u(xz,0) =0 0<zx<1

o We may think that the solution to (D1) can be easily found once we know the solution to the
simpler version (constant temperature on the boundaries)

w=w,, 0<zr<l, 0<t<oo
w(0,t) =0 O0<t<oo
(0,2) D2)
w(l,t) =1
w(z,0) =0 0<zx<1

481



In fact, if we solve (D1) and (D2) side by side by the Laplace transform, we will see a striking
result (Duhamel’s principle) that will give us the solution to (D1) in terms of the solution of

(D2)
o Solving (D2) by Laplace transform, we have

d>W

Jnz sW =0
W(0) =0
W(1)=1/s

»U Solve the ODE

S
»U Find the inverse transform

w(x,t) =z + 2 i ﬂe’(”ﬁ)% sin nmw
’ T

e And we also obtain the following by transforming (D1):

d*U

ol sU =0
U0)=0
U(l) = F(s)

| Solve the ODE

Ulz,s) = F(s) [M] = Fls)s- [W} — F(s)sW (. 5)

ﬂ Llw,|=sW—w(z,0)=sW
Uz, s) = F(s)L[w]
H Find the inverse transform
u(z,t) = L7 [F(s)Llwy]] = f(t) * wy(,1)
-t
= / wy_(z,t —7) f(1)dT
0
‘t

= —w(z,t —7) f(7) —I—/ w(z,t —7)f' (1) dr
0

0

_ / w(z,t — ) (7) dr + w(a, t) £(0)
0

We have found the solution u(x,t) to the time-varying problem in terms of the solution to
the easy problem (constant BCs). The above result is known as Duhamel’s principle

NOTES

o There is another interesting version of Duhamel’s principle that gives the answer to (D1) in
terms of the solution v(x,t) of the alternative simple problem

482



V=V, 0<z<l, 0<t<oo
v(0,t) =0 0<t<o
v(1,t) =46(t)
v(z,0) =0 0<z<1

¢ Knowing this formula
it
u(x,t) = / v(x,t —7) f(1)dT
0

allows us to find u(x,t) to an arbitrary boundary temperature f(¢) once we have carried out
an experiment to determine the temperature response v(x,t) from an impulse temperature

Summary
Topic Key result
Classification Au,, + Bu,, + Cu,, +--=0: B> —4AC <0
elliptic, = 0 parabolic, > 0 hyperbolic
Heat equation Up = OUyy
Separation of variables u(0,t) = u(L,t) = 0:
[ee]
w=Y b, /L gin Lj_jx
n=1
2
/ o(x Sln — dm
Nonhomogeneous BCs U= steady state + tran51ent the transient
satisfying homogeneous BCs
Substitutions u; = au,, — Bu: u= e Plw;
Uy = QU — VU, U = eXP [27; (ac — gt)} w
Eigenfunction expansion uy = aug,, + f(z,t): w=> T, (t)X,(x), one
ODE for each T,
Finite sine transform T [uge] =
nmw\2 2n n
-(%F) 7l ul + T [w(0,0) = (<1 (L)
Fourier transform Flf] = — x)e T dy,
=05 | 1@
1 o 2
Infinite rod u(zx,t) = e (@=8)%/4at g
0= g7 |99 ;
" ow
Duhamel’s principle u(z,t) = 5 —(x,t —7) f(7)dT, where w
solves the problem with the constant boundary

value 1
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Worked Exercises
1. Solve the problem

Uy = QUy,, a<xz<b t>0
u(a,t) =0, u(b,t) =0, u(z,0) = (r —a)(b—z)
Solution
Step 1: Separation of Variables

We look for solutions of the form:

Substitute into the PDE:

- (@) _ X'(z)
X(@)T() = aX " (2)T(0) = s = S5 = A

We get two ODEs:

T(t)+a\T(t) =0
X"(x)+AX(x)=0

with boundary conditions:

Step 2: Solve the Spatial Part

We solve:

X" +AX =0, X(a)=0, X(b)=0

This is a standard Sturm-Liouville problem

The eigenfunctions are:

nm(x —a)

X%@)zﬁn( S

), n=1,23,..

The corresponding eigenvalues are:

Step 3: Solve the Temporal Part

T, (t) = e Mt = exp (—a < nr )2 t)

b—a
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Step 4: General Solution

u(z,t) = ZBn sin (nﬂ;:p__aa)) =

n=1

Step 5: Apply Initial Condition

nw(x —a)

u(z,0) = (z —a)(b—x) = g:an sin (b)

a

To find coefficients B,,, use Fourier sine series:

B, =2 /b(m—a)(b—x)sin<m>dx

b—a b—a

a

Let’s use substitution: Let { = =2, so v = (b —a){ + a, dv = (b —a)d, and when z = a = § =
O,z=b=>¢=1

Then:
(zr—a)(b—=)=(b—a)*¢(1—¢)
and:
8

1 —_—
L = 2/ (1 — &) sin(nmé)dé = < n3w3’
0

(b—a) 0, n even

n odd

import numpy as np
import matplotlib.pyplot as plt

# Parameters

a=20
b=1
alpha =1

t values = [0, 0.05, 0.10, 0.15] # Times to plot
x vals = np.linspace(a, b, 400)
N terms = 50 # Number of terms in Fourier series

# Solution series function
def u series(x, t, N=N terms):
u = np.zeros_like(x)
for n in range(1l, N + 1, 2): # Only odd n
coeff = 8 /(n**3 * np.pi**3)
term = coeff *(np.sin(n *np.pi *(x - a) /(b - a))
*np.exp(-alpha *(n *np.pi /(b - a))**2 *t))
u += term
return u

# Plotting
plt.figure(figsize=(7.5, 5))

485



for t in t values:
u vals = u series(x vals, t)
plt.plot(x vals, u vals, label=f"t = {t}")

plt.title("Solution $u(x,t)$ of the Heat Equation")
plt.xlabel("x")

plt.ylabel("u(x,t)")

plt.legend()

plt.grid(True)

plt.show()

Solution u(z,t) of the Heat Equation

0.25

0.20

0.15

u(x,t)

0.10

0.05

0.00

0.0 0.2 0.4 0.6 0.8 1.0

2. Solve the problem

Uy = Qy,,, 0<z<m, t>0

1
u,(0,t) =0, u,(m,t) =0, u(z,0) =1+ 5 cos 3x

Solution
Step 1: Separation of Variables

Let’s look for a solution of the form:

w(z,t) = X(2)T(t)

Plug into the PDE:
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(1) — o X () _ X7(x) _
X(x)T(t) = aXV(2)T(t) = o)~ X(2) =—A

Which gives us two ODEs:
T'(t) +aXT(t) =0
X"(z)+ XX (z) =0

With Neumann boundary conditions:

X'(0)=0, X'(r)=0

Step 2: Solve the Spatial ODE

X" 4+2X =0
Solutions depend on the value of A:

e The eigenfunctions satisfying Neumann BCs are:

XTL(x):{l, n=>0

cos(nr), n=1,2,3,..

¢ Corresponding eigenvalues:

=n% n=0,12,..

Step 3: Solve the Time Part

T,(t) = e ot

Step 4: General Solution

(&)

A
wat) = 4 32 A, cos(n)e
Step 5: The initial condition is:

u(z,0) =1+ cos 3z

. . . A
This already matches our eigenfunctions: * 1 corresponds to = * %

Ajg cos(3x)

cos 3x corresponds to

So the expansion is:

u(z,t) = % + A cos(3x)e 9t

Comparing with u(z,0) =1+ %cos 3z, we get:
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All other A, =0

Final Answer:

1
u(z, t) =14+ 3 cos(3x)e %t

3. Solve the problem
Uy = Uy, + F(z,t), —co<z<oo, t>0

u(z,0) =0, u(z,t) ~ bounded
Solution
For the heat equation on R, the Green’s function (or heat kernel) is:

1
G(x, t) = 7m€712/(4t)

The solution to the nonhomogeneous heat equation with zero initial condition is given by the
Duhamel’s principle:

u(x,t) _/Ot/:G(x—f,t—T)F(f,T)dde

So,

4. Solve the problem

Uy = Uy, 0< <00, £t>0

u(0,t) = g(t), u(z,0) =0, u(z,t) ~ bounded

Solution
This is a classical problem with the Dirichlet boundary condition on a semi-infinite domain.

Since the initial condition is zero and the boundary condition is nonzero at x = 0, we apply a
Green’s function method for the semi-infinite domain

The appropriate solution is:

u(z,t) = /Ot mexp (—4(;”_27)) g(r)dr

This is the Poisson kernel representation for the half-line heat problem with a source at the
boundary
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5. Solve the problem

U = Uy, — VU, —Pu, 0<z<l, t>0

u(0,t) =0, u(l,t) =0, u(x,0) = exp (ix)

Solution
Step 1: Change of variables

We use the substitution:

u(w,t) = e Muw(z,t)

with the goal of choosing r and so that the PDE for w(x,t) becomes the standard heat equation

Compute derivatives:

U = rerzf)\tw + e’r‘a:f)\tw

rwf)\t(

'r:z:f)\t<

L =€ rw 4 w,)

Uy, = € 72w + 2rw, + w,,)

u, = "M (= Aw + w,)

Now plug into the PDE:

Uy = Oy, — VU, — U

Substituting everything:

M (= w4+ wy) = ae™ M (12w + 2rw, + w,,)

_ Vemcfz\t (,r.w + wx) _ Berxfz\tw

Cancel the common exponential ™~

—w + w, = a(r?w + 2rw, + w,,) — v(rw +w,) — fw
Group terms:

w, = qw,, + (2ar —v)w, + (ar? —vr — B+ Nw

We want to choose r and A so that:

o Coefficient of w,, is 0: 2ar —v =0
e Coefficient of wis 0: ar? —vr—pB+A=0
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Solve for r:

v
2ar=v = r=—

2a
Plug r = 5 into the second equation to find A:
2 2
)\:mﬂ—yr—kﬁ:a(L) —V'L—F,B:—L—f—ﬁ
2a 2a 4o

Step 2: Resulting equation for w

We now have:

2
u(z,t) = e My(x,t), with A = _% +8
(0%

Then w(x,t) satisfies the heat equation:
wy = ow,,, 0<z<l, t>0
with boundary conditions:
w(0,t) =0, w(l,t)=0

and initial condition:

w(z,0) = u(x,0) e 2a® = exp (ix) - exp (—%x) =1

Step 3: Solve the heat equation with constant initial condition

We solve:

wy, = ow,,, 0<z<l,
w(0,t) = w(1,t) =0,
w(z,0) = 1.

Use Fourier sine series:

w(z,t) = Z b, e ™% sin(naz)

n=1

where the coefficients b,, come from:

nmw 0, ifn even.

1 .

2 = if n odd

bn:2/ 1-sin(nmz)dr = —(1 — cos(nm)) = {mr’ 1 nodd,
0

So,
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o0

4
w(x,t) = Z — e~ ™% gin(nra)

—~ nmw
n odd
Step 4: Final answer for u(x,t)
u(z,t) = esat fatPt i ie“’“"”)%‘/sin(mra:)
' —~ nm
n odd

6. Solve the problem

U =Uy,, 0< <1, 0<t <00

u(0,t) =0
u(1,t) = cost
u(z,0) =x

by
(a) transforming it to one with zero BCs
(b) solving the resulting problem

Solution
(a)
Let’s define:
u(z,t) = v(x,t) + w(x,t)

where w(z,t) is chosen so that it satisfies the boundary conditions, and thus the new function
v(x,t) will satisfy homogeneous (zero) boundary conditions.

We want:

We can try a linear function in x:

w(x,t) = xcost

Then we compute the equation for v:

o u, =v, + 0y(rcost) =v, —xsint
o Uy, =, + 0, (rcost) =v,, + 0 (since x cost is linear in z)
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So the equation becomes:

v, —xsint =v,, = v, =V, +xrsint

And the transformed problem is:

vV, = U, +xsint, 0<z<1, t>0
v(0,t) =0,
v(1,t) =0,
v(x,0) = u(x,0) —zcos(0) =x—2 =0

(b)
Step 1: Apply the Fourier sine transform

Let’s define the sine transform:

Flo(z,t)] =0,(t) = / v(z,t) sin(nnzx) d
0

Apply this transform to both sides of the PDE:

Left-hand side (time derivative):

Right-hand side:

F vy, (z,t)] = —n2720,(t)

1 (_1)n+1
Flrsint] = sint - / zsin(nmz)dr = sint -
; nm
Step 2: Solve the ODE for 9,,(t)
Let’s write the equation again:
R -1 n+1
0, (t) + n*n%0,,(t) = ( n>71 sint
Use integrating factor:
d R -1 n+1
p(t) = e’ ™t = yr [e"gﬂ% n(t)] = (=1) sint - et
nm
Now integrate both sides from 0 to ¢:
-1 n+1 t
e TG, (1) = H/ sins - e’ ™5 ds
nToJy
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So the solution in the transform domain is:

—1 n+1 t
U, (t) = <)/ sins - e"’ ™ (571 dg

nm 0

Step 3: Invert the Fourier sine transform

Recall:

v(x,t) = i 0,,(t) sin(nmx)

n=1

Substitute the expression for v, (¢):

) (_1)n+1 t -
v(z,t) = Z [/ sins- e ™ (57 ds} sin(nmx)
0

el nm

This gives us the complete solution for v(z,t) using the Fourier sine transform method

So the full solution is:

) —1)ntl gt
u(z,t) = Z [<n)7r/ sin s - e’ ™ (s1) ds] sin(nmz) + x cost
0

n=1

import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import quad

# number of Fourier-terms
N _terms = 20

# Define parameters
L=1
x_vals = np.linspace(0, L, 200)

# times at which to plot u(x, t)
t vals = [le-2, 1.5, 3.0, 4.5, 6.0]

# Compute u(x, t)
def compute u(x, t, N=N terms):
u = x *np.cos(t) # add x cos t term
for n in range(1l, N +1):
n_pi =n *np.pi
prefactor = (-1)**(n +1) /n pi

# Integrate I n(t)
integrand = lambda s: np.sin(s) *np.exp(n_pi**2 *(s -t))
I n, = quad(integrand, 0, t)

A n = prefactor *I n

u += A n *np.sin(n _pi *x)
return u
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# Plot

plt.figure(figsize=(6, 4))

for t in t vals:
u vals = [compute u(x, t) for x in x vals]
plt.plot(x vals, u vals, label=f"t = {t}")

plt.title("u(x,t) to the heat equation with nonhomogeneous BC")
plt.xlabel("x")

plt.ylabel("u(x,t)")

plt.legend()

plt.grid(True)

plt.show()
u(x,t) to the heat equation with nonhomogeneous BC
1.00
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>
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7. Solve the problem

U =Uy, —u+w, 0<r<l, 0<t<o0

u(0,t) =0
u(l,t) =1
u(z,0) =0

by

(a) changing the nonhomogeneous BCs to homogeneous ones
(b) transforming into a new equation without the term —u
(c) solving the resulting problem

Solution
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(a) Make the boundary conditions homogeneous

Let’s define a new function:

u(z,t) =v(x,t) + w(z)

Choose w(x) to satisfy the boundary conditions:

Let’s take the linear function:

Then:

u(z,t) =v(z,t) + 2z = v(z,t) =u(z,t) —x

* *

Now we compute: * u, = v, * u,,

Substitute into the original PDE:

So the PDE for v is:

Transformed problem for v(z, t):

V=0, —v, 0<z<1,t>0
v(0,t) =v(1,t) =0

v(z,0) = —x
(b) Eliminate the reaction term —v by a second transformation
Let:
v(z,t) = e tz(x,t)
Then:

o vy, =—€elztetz,=et(z,—2)

° wa = ei z%([
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Substitute into v, = v, — v:

elzy—2)=elz,,—e 2= —2=2,, — 2= 2, = 2,
So now we have the heat equation!
From v =€tz at t = 0:
z(z,0) = v(z,0) = —x

And since v(0,t) = v(1,t) =0, we have:

2(0,t) = 2(1,t) =0

Final simplified problem:

2 = Zpyy 0<ax<1,t>0
2(0,t) = 2(1,¢t) =0
2(z,0) = —x
(c¢) Solve the simplified heat equation
We solve this using separation of variables / Fourier series

Step 1: Expand initial condition in sine series

2(z,0) = —x = Z A, sin(nmx)

n=1

Compute coefficients:

1 1
A, = 2/ (—x)sin(nmz)dr = —2/ xsin(nmz)dx
0 0
Use integration by parts:

1 n+1
—1)t
/ xsin(nrz)dr = =™ = A, =
0

nm nm

Step 2: General solution for z(z,t)

(0.t) =3 Ay sin(umr) = 3 2D 2 i )
Z\T, = ne sininmTxr) = & sin\nmTxr
n=1 n=1 nm

Step 3: Back-substitute to get u(x,t)

So finally:
= 2(=1)" 2o
u(z,t) =z +et Z (7)6771 ™t sin(nmx)
~ nm
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Final Answer:

u(z,t) =z + ? 2t_Dne4”%lHﬁsnmnwx)
’ nm
n=1

# Re-import necessary libraries after kernel reset
import numpy as np

import matplotlib.pyplot as plt

import matplotlib.animation as animation

from IPython.display import HTML

# Spatial domain
x = np.linspace(0, 1, 200)

# Number of Fourier terms
N = 50

# Time parameters
t vals = np.linspace(0, 1, 100) # from t=0 to t=1.5

# Precompute sin(nmx) terms
sin terms = np.array([np.sin(n *np.pi *x) for n in range(l, N +1)1)

# Compute the solution u(x, t) at each time t
def compute u xt(t):
coeffs = np.array([
(2 *(-1)**n) /(n *np.pi)
*np.exp(-(n**2 *np.pi**2 +1) *t)
for n in range(1l, N +1)
1)
v_xt = np.dot(coeffs, sin terms)
return x +v. xt # u = x +e”{-t} *z(x,t)

# Set up the plot
fig, ax = plt.subplots(figsize=(6, 4))

line, = ax.plot([], []1, lw=2)
ax.set x1lim(0, 1)

ax.set ylim(-0.1, 1.1)

ax.set xlabel('x")

ax.set ylabel('u(x,t)")

title = ax.set title("")

# Initialization function
def init():
line.set data([], [1)
title.set text("")
return line, title

# Animation update function

def update(frame):
t = t vals[frame]
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u = compute u xt(t)
line.set data(x, u)

title.set text(f"u(x, t) at t = {t:.2f}")

return line, title

# Create animation
ani = animation.FuncAnimation(
fig, update, frames=len(t vals),

init func=init, blit=True, interval=80

plt.close()

HTML('<center>' + ani.to_html5 video() + '</center>")

u(x, t) at t = 0.00

0.0 0.2 0.4 0.6 0.8
X

u(x, t) at t = 0.67

1.0

0.0 0.2 0.4 0.6 0.8 10

X

u(x, t) at t =0.33

0.0 0.2 0.4 0.6 0.8 10
X

u(x, t) at t = 1.00

0.0 0.2 0.4 (LG 0.8 1.0
x

Figure 12.10: Four frames of the animation; play it on the web page

8. Consider the heat equation on the interval 0 < z < 1:

subject to the boundary conditions
u(0, 1)

and the initial condition

Uy = U

0,

rxr

u(l,t) =0

u(z,0) = f(x) = 2z(1 —x)

(a) Find the solution u(z,t) using separation of variables and Fourier sine series
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(b) Show explicitly that u(x,t) — 0 uniformly as t — oo
Solution
(a) Using separation of variables

The eigenfunctions for the Dirichlet problem on (0, 1) are
X, (x) =sin(nmz), n=1,2,3,..

with eigenvalues

Thus the solution is -
u(z,t) = Z b, e "™t sin(nmx)
n=1

We compute coefficients:

1
b :2/ z(1 — z) sin(nmx) dx
0

A standard integral computation gives

4
= 1— (1"
by = o 1= ()"
Thus - <
u(z,t) = ; (mr)3€_<m> tsin(nmx)
n odd

(b) Show u(z,t) — 0 as t — o

Each term satisfies

and the series

converges

By the Weierstrass M-test, the solution converges uniformly for each ¢, and the factor e~ (nm*t 0
exponentially. Therefore
u(z,t) — 0 uniformly

9. Consider the inhomogeneous heat equation:
Uy = Uy, +e ta?
on the whole line —oo < z < oo, with initial condition

u(z,0) =0
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(a) Use Duhamel’s principle to express u(zx,t) in integral form involving the heat kernel

1 x?
G($,t> = mexp *471:

(b) Evaluate the integral explicitly and simplify the final closed-form expression
Solution
(a) Duhamel formula

For inhomogeneous forcing F(z,t) = e ‘2%, Duhamel’s principle gives
t e}

u(x,t) = / / Glx —&t—T1)e T2 dedr
0 —00

Thus the integral representation is
t I
u(x,t) = e | —— exp| ——— | £2d¢| dr
(@) /0 [2«/7r(t—7)/_oo p( wi-n)" "

(b) Evaluate the Gaussian integral

We use the standard identity

/M§Qexp(—(x;a§>2)d§:2\/ﬁ(x2+2a), a=t—T

Thus the inner integral is

/OOG(x—f,t—T)§2d£—x2—|—2(t—T)

—00

Therefore .
u(z,t) = / e[ +20t—71)] dr
0

Hence the final closed form is

u(w,t) =2t + (22 —2)(1 —e7t)

10. Consider the heat equation on the half-line x > 0 with Dirichlet boundary at x = 0:

uy(z,t) = uy, (x,t), =>0,t>0,
u(0,t) =0, t>0,

u(z,0) = uy(z), x>0

(a) Using the method of images, derive the integral representation of the solution in terms of the

1 2
heat kernel G(z,t) = e~/ (41)
(1) 2y/mt
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(b) Let ug(x) = 1y 4(x) for some fixed a > 0. Compute u(z,t) explicitly (expressions with erf are

acceptable). Then determine the pointwise limit tlim u(z,t) for each fixed x > 0 and briefly justify
—00

the result

Solution
(a) Method of images and integral representation

Let the heat kernel on the whole line be

1

e’zz/w), t>0
2/t

G(x,t) =

To enforce the Dirichlet condition u(0,t) = 0, extend the initial data w, to an odd function %, on

R:
{u0<§>a 5 2 O,
_UO(_£>7 5 <0

The solution on the whole line with initial data , is

ao(f) =

it = [ " Gl — €, iy €) de

Restricting to > 0 and using oddness of %, gives the half-line solution

u(x,t):/oo<G(:c§,t)G(erf,t))uo(f)df, x>0, t>0
0

One readily checks u(0,¢) = 0 and that u satisfies the heat equation for x > 0
(b) Indicator initial data and long-time limit

Take uy(§) = 1y 4(§) with fixed a > 0. Then

u(x,t) :/QG(x—ﬁ,t)—G(x—i-f,t)df

Compute each convolution term by the primitive of the Gaussian. Using the error function

2 # 2 # 1 2 1 z 1
P e/t ge — Lo 2} 4 L
erf(z) ﬁ/oe ¢ an /002\/7ﬁ6 ¢ 5 °f NG +2

one convenient form for u(z,t) is

Fix > 0. Ast — oo, we have

xia_}o’ 2 —0

2Vt 2Vt

and erf(0) = 0. Therefore each error-function term tends to 0, so

lim u(x,t) =0, for every fixed z > 0

t—o0
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Answers

Answer 1 (Section 12.5)
w(z,t) =1+e ™ tcosmar 4+ 0.5 27t cos 3mx

Answer 2 (Section 12.7)

x—f—Za e« ntsin\/xx

u(z, )—1+

hsin /%,

2 R —A

n

A, +h?)
An: positive roots of tan VA = —V/A/h, (n — l)27r2 <\, <n’r%  a, = 200, + [ sm\ﬁ
Answer 3 (Section 12.9)
1 _ 67/\ t

u(zx,t) = sin\/A\; &, /A =2.028758, \; = 4.115858

Answer 4 (Sectlon 12.10)

(&)

t 1
u(zx,t) = Z [/ e @’ BT P (1) dr | sinnmz, F,(t) = 2/ f(z,t)sinnrz dr
0 0

n=1

Answer 5 (Section 12.11)

u = u; + Uy + ug + uy, each solving u, = u,, with one source of nonhomogeneity and zero for the
rest:

(P1) heat source f(z,t) only  (P2) w(0,t) = g;(¢t) only  (P3) u(1l,t) = go(t) only  (P4)
u(z,0) = ¢(z) only
Answer 6 (Section 12.11)

sin 3wz e 9t

972
Answer 7 (Section 12.14)

(2. 1) 2/°° sinw o, p 1 [ f<1+w)+ f<1—x>]
u(z, t) = — —e coswx dw = = |er er
T Jy w 2 2y at 2vat

—n27r2t

sin nmx

_ 72 .
+e Tt gin e — —

u(x,t) =
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13 Hyperbolic Partial Differential Equations

Learning objectives After this chapter you should be able to

e solve the infinite string by d’Alembert’s formula and interpret the solution as traveling
waves, including reflection at a boundary

e solve the wave equation in two and three dimensions in free space, and explain Huygens’
principle

e solve vibrating strings and drumheads by separation of variables, and nonhomogeneous
problems by finite transforms

e nondimensionalize problems, classify second-order PDEs and reduce a hyperbolic equa-
tion to canonical form

o solve first-order linear and nonlinear (conservation) equations and hyperbolic systems
by the method of characteristics, including shocks

13.1 The One-dimensional Wave Equation

We will now begin to study the second major class of PDEs, hyperbolic equations

e Vibrating-String Problem

We consider the small vibrations of a string that is fastened at each end

u
u(z,t) = displacement of the string
from equilibrium

/

/\1

6 \/

SE
v
&

o To mathematically describe the vibrations of this string, we consider all the forces acting on
a small section Ax of the string
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If the horizontal component of tension is constant 7, then the tension acting on each side of
the string segment is given by

Ticosa~rT
T,cosf~T

¢ In the vertical component of Newton’s second law, the mass of this piece pAz times its
acceleration u,, will be equal to the net force on the piece:

pAxu,, =Tysin B+ T, sina
4
pAx T,sinf T)sina
Uy = +
T T,cosB  Tcosa
4
T u,(x+ Azx) —uy(x)

utt:; A
b 2=T/p, Ax =0

_ .2
utt =c umx

= tan 4+ tan o

This is the wave equation for w(z,t) and in the
string

13.2 D’Alembert Solution of the Wave Equation

o If the student recalls the parabolic case, we started solving diffusion problems when the space
variable was bounded (by separation of variables), and then went on to solve the unbounded
case (where —oo < 2 < 00) by the Fourier transform
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o In the hyperbolic case (wave equation), we will do the opposite. We start by solving the
one-dimensional wave equation in free space:

Uy = cuy,, —oo<z<oo, 0<t< oo
w(z,0) = f(z) (DA)
—oo<r <o
u(2,0) = g(x)

o We could solve this problem by using the Fourier transform (transforming x) or the Laplace
transform (transforming ¢), but we will introduce yet a new technique (canonical coordinate),
which will introduce the reader to several new and exciting ideas

STEP 1 Replacing (z,t) by new canonical coordinates (§,7)

Uy = iy,
V&=ax+ct,n=0—ct
Uy = ugy +uyn, = clug —u,)
Ugp = C(“gg - ung)ft + C(ugn - Unn)”t
= c2(u§£ — 2ug, +u,,)
Uy = uegly +uyn, =ue +u,
Uy = Ugely + Upely + UgyNy + Uy,
= Uge + 2Ugy + Upy
Y

Ugy =0

STEP 2 Solving the Transformed Equations

Ugy =0

4

Integration with respect to &

I3
u, (&§,n) = ()
I3

Integration with respect to n
I o= / pdn
w(&n) = o(n) + (&)
STEP 3 Transforming back to the Original Coordinates = and t
w(&,n) = o(n) + (&)

Vé&=a+ct,n=a—ct
u(z,t) = ¢(z —ct) + P(z + ct)

NOTE This is the general solution of the wave equation, and it is interesting in that it physically
represents the sum of any two moving waves, each moving in opposite directions with velocity c

STEP 4 Substituting the General Solution into the I1Cs
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u(z,t) = ¢p(x—ct) + (z + ct)
$ u(z,0) = f(z), u(z,0) = g(z)
o(x) +¥(z) = flz)
—c,(7) + e, (x) = g(x)

H' integrating the 2" %equation from To to x

4
o) = 3005 [ otordo— -
o) = 31w+, [ oleydecs
4
u(xz,t) = % [f(x —ct) + flx+ct)] + % /i: g(a) da (DAS)

This is what we were aiming for, and it is called the D’Alembert solution to (DA)
e Motion of a Simple Square Wave

1 —1<z<l
u(a:,()):{ v

0 everywhere else

uy(,0) =0

u:%f(a?—ct)-é—éf(x-ﬁ-d), c=1

1.0 t=0

0.5

0.0

1.0 t=0.5

0.5

0.0 e B

1.0 t=1.0

0.5 1

0.0{ ——t b

1.0 t=25

0.5 1

00{ —-cecee o b —
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¢ Initial Velocity Given

Suppose now the initial position of the string is at equilibrium and we impose an initial
velocity (as in a piano string) of sinz

Here, the solution would be

1 z+ct
u(zx,t) = 26/ sin £ d€

x—ct

1
=5 [cos(x — ct) — cos(x + ct)]

— —sinx -sinct
c

import numpy as np

import matplotlib.pyplot as plt

from matplotlib import animation, rc
from IPython.display import HTML

plt.rcParams['font.size'] = 12
plt.rcParams['xtick.direction'] '
plt.rcParams['ytick.direction'] = 'in'

I
-
S 5

fig = plt.figure(figsize=(6, 4))
ax = plt.axes(xlim=(-6.0*np.pi, 6.0*np.pi), ylim=(-1.5, 1.5))

ax.set xticks([-6.0*np.pi,-3.0*np.pi, 0, 3.0*np.pi, 6.0*np.pi])
ax.set xticklabels([r'$-6\pi$',r'$-3\pis$', '$0$"',r'$3\pis$',r'$6\pis'])
ax.set yticks([-1.2, -0.6, 0, 0.6, 1.2])

ax.set xlabel('$x$")

ax.set _ylabel('$u(x,t)$"')

plt.close()

time text = ax.text(-1.5, 1.3, '')
line, = ax.plot([], []1, lw=2)
def init():
time text.set text('t = 0.0")
line.set data([], [1])
return (line,)

c=1

def animate(t):
time text.set text(f't = {t:3.1f}")
X = np.linspace(-6.0*np.pi, 6.0*np.pi, 300)
u=1.0/(2.0%c)*(np.cos(x -c*t) -np.cos(x +c*t))
line.set data(x, u)
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return (line,)

tt = list(np.linspace(0, 2.0*np.pi/c, 100))
anim = animation.FuncAnimation(fig, animate,

init func=init, frames=tt, interval=200, blit=True)
HTML( '<center>"' + anim.to html5 video() + '</center>")

Initial Velocity Given: w,(z,0) =sinx

t=0.0 t=21
1.2¢ 1.2¢
0.6 - 0.6
= =
x 0.0 x 0.0
= =l
=0.6 -0.6
-1.2 -1.2
-6 —3n 0 3n 6 —6n —3n 0 3n (914
X X
t=4.2 t=6.3
1.2+ 1.2+
0.6+ 0.6+
= =
x 0.0 ¥ 0.0
=] ]
—0.6 —0.6F
=12+ =12+
—bn =3 0 3n 6 —bn =3n 0 3n e
X X

Figure 13.1: Four frames of the animation; play it on the web page

13.3 More on the D’'Alembert Solution

e We proved that in the last section the solution of the pure initial-value problem

Uy = u,, —oo<x<o00,0<t<o0

w(z,0) =fl@)
u(2,0) = g(x) ST

is given by

we ) =3 f =)+ fe+enl+ o [ ole)de

2c

DN | =

We now present an interpretation of this solution in the xt-plane at the two specific cases

508


https://seoultechpse.github.io/EngMath/ch_x2_Hyperbolic_PDEs.html#sec-x2-19

CASE 1 [Initial Position Given; Initial Velocity Zero

e Let’s consider the following initial condition

0 —_
u(a:, f(:U), —oo<r <o
uy(,0) =0
the D’Alembert solution is
1
u(w,t) = 3 [f(z — et) + (o + b))

and the solution u(z,t,) can be interpreted as being the average of the initial displacement
f(z) at the points (z, — cty,0) and (z, + cty, 0) found by backtracking along the lines

T —ct = x4 — cty

T+ ct = x4 + cty

characteristic curves

depends on the initial
u(zo, to) displacement at two points

v
8

(wo — cty,0) (wo + cto, 0)

o For example, using this interpretation, the initial condition

1 -1 1
u(a:,O):{ <z <

0 everywhere else

uy(2,0) =0
would give us the solution in the xt-plane shown in figure

t
T +ct= z—ct=1

//% /wszzl?:;%ts\ ///

e ////// e

> T
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CASE 2 Initial Displacement Zero; Velocity Arbitrary

o Consider now the IC

the solution is

z+ct
uet) =5 [ @)

x—ct

and, hence, the solution wu(z,t,) can be interpreted as integrating the initial velocity
between z, — ct, and z, + ct, on the initial line ¢ =0

e Again, using this interpretation, the solution to the initial-value problem

u(z,0) =0 —oo<z<o0

(2,0) 1 —-1I<z<l1
uy(2,0) =
¢ 0 everywhere else

has a solution in the zt-plane in figure

2 6)@ 3 L
N ‘Q’é Region 3 ‘x°Q®><
X, 0 u=1/c Q@2 AL
N X
< w//
. "AX,. 7 .
Region 1 KN /c\ Region 5
u=0 N < u=0

v
8

Region 6: u=t

e To find the displacement, we compute the D’Alembert solution
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1 x+ct
t)=— d
et =g, [ oteas

1 x+ct

= — 0d¢ =0
2c rx—ct € ’
1 x+ct 1 t

L [T g et
2c ) 2c
I 1

=— [ ld¢=-
2c ) ¢ c
1! 1—

_ L[ e Lot
2c¢ ), 2c
1 x+ct

= — 0d¢=0
2c r—ct € ’
1 x+ct

S 1d¢ =t
2c

r—ct

6, 4))

fig = plt.figure(figsize=(

ax = plt.axes(xlim=(-15, 15), ylim=(-0.1, 1.5))

ax.set xticks([-15, -10,
ax.set yticks([0, 0.5,
ax.set xlabel('$x$")
ax.set ylabel('$u(x,t)$")

plt.close()

time text ax.text (-2, 1.
line, = ax.plot([],
def init():
time text.set text('t
line.set data([], [1)

return (line,)

1.0,

5, 0, 5,
1.5])

10, 15])

3, II)

[1, lw=2)

= 0.0")

15, 300)

c=1

def animate(t):
time text.set text(f't = {t:3.1f}")
xx = np.linspace(-15,
uu = np.zeros_like(xx)

for i, x in enumerate(xx):

chl = x +c*t
ch2 = x -c*t

if chl <-1.0 or ch2 > 1.0:

uuli] = 0.0
elif t < 1.0 /c:
if ch2 <-1.0:

(z,t) € Region 1

(x,t) € Region 2

, (z,t) € Region 3

(x,t) € Region 4

(z,t) € Region 5

(x,t) € Region 6

uu[i] = (1.0 +chl) /(2.0%*c)

elif chl < 1.0:
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uul[i] = t
else:
uu[i] = (1.0 -ch2) /(2.0*c)
else:
if chl < 1.0:

uu[i] = (1.0 +chl) /(2.0%*c)
elif ch2 <-1.0:

uu[i]=1.0 /c
else:

uu[i] = (1.0 -ch2) /(2.0%*c)

line.set data(xx, uu)
return (line,)

tt = list(np.linspace(0, 20, 50))
anim = animation.FuncAnimation(fig, animate, init func=init,
frames=tt, interval=300, blit=True)

HTML( '<center>"' + anim.to html5 video() + '</center>")

1 —1<z<l1
Initial Velocity Given: w,(z,0) = N
0 everywhere else

15 15
t=00 t=65
10} 10}
= fwy
> >
=1 =1
05l 05l
0.0 0.0
-5 -10 -5 0 5 10 15 -5 -10 -5 0 5 10 15
X X
15 15
t=135 t=20.0
10} 10
= fwy
x X
=1 =1
o5l o5l
0.0 0.0}
-5 -10 _5 0 5 10 15 -5 -10 -5 0 5 10 15
X X

Figure 13.2: Four frames of the animation; play it on the web page

Solution of the Semi-Infinite String via the D’Alembert Formula
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In the remainder of the section, we will solve the initial-boundary-value problem for the
semi-infinite string

Uy = C Uy, 0 <x <00, 0<t <00
u(0,t) =0 0<t<o
u(z,0) = f(z)
0<r <o
uy(x,0) = g(x)

We proceed in a manner similar to that used with the infinite string, which is to find the
general solution to the PDE

u(z,t) = p(x — ct) + P(x + ct) (GS)

If we now substitute this general solution into the initial conditions, we arrive at

sa—ct) = 5f—et)—o [ g©ds— 7

(IM)

2c

To

z+ct
votet) = pfwre+y [ g@der s

We now have a problem we didn’t encounter when dealing with the infinite string. Since we
are looking for the solution wu(z,t) everywhere in the first quadrant (x > 0, ¢ > 0) of the
xt-plane, it is obvious that we must find

¢(x—ct) forall —oo<x—ct<oo
W(x + ct) for all O0<z+ct<oo

Unfortunately, the first equation only gives us ¢(x — ct) for = — ¢t > 0, since our initial
data f(x) and g(z) are only known for positive arguments

As long as x — ¢t > 0, we have no problem, since we can substitute (IM) into the general
solution (GS) to get

wet) = 3@+ frel+ o [ g

x—ct

DO | =

The question is, what to do when x < ¢t?

When z < ct, substituting the general solution (GS) into the BC w(0,¢) =0 gives
p(—ct) = —y(ct)

and, hence, by functional substitution

d(x —ct) = —;f((:t—:l;)—zlc/’ i 9(§) df_%

0
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o Substituting this value of ¢ into the general solution (GS) gives

1 x+ct
u(z,t) = [f(a;+ct)—f(ct—a:)]+20/ g(&)dé, O<zxz<ct

N =

—T

e For x > ct, the solution is the same as the D’Alembert solution for the infinite wave, while for
x < ct, the solution u(x,t) is modified as a result of the wave reflecting from the boundary
(The sign of the wave is changed when it’s reflected)

e The straight lines

x + ct = constant

x — ct = constant

are known as characteristics, and it is along these lines that disturbances are propagated.
Characteristics are generally associated with hyperbolic equations

t
4 & < ct: modified

D'Alembert formula P &
7,
d
4
,/
’U,(m(), to) ,/
XS e x> ct: D'Alembert formula

disturbance
reflected at
the boundary

v
8

(cto —2,0) (o + cto, 0)

Example Solve the semi-infinite string problem

Uy =cu, 0<z<oo, 0<t<oo
u(0,t) =0 0<t<o
u(z,0) = f(z)
w(2,0) =0 0<z<oo
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u(z,0) = f(z)

Answer 1 (end of chapter) - Solution

fig = plt.figure(figsize=(6, 4))
ax = plt.axes(xlim=(0, 5), ylim=(-1.0, 1.5))

ax.set xticks([0, 2.5, 5])

ax.set yticks([-1.0, -0.5, 0.0, 0.5, 1.0, 1.5])
ax.set xlabel('$x$")

ax.set ylabel('$u(x,t)$")

plt.close()

time text = ax.text(2.2, 1.3, ''")
line, = ax.plot([], []1, lw=2)
def init():
time text.set text('t = 0.0")
line.set data([], [1)
return (line,)

c=1
def f i(x):
if x >= 1 and x <= 2:
u=1.0
else:
u==20.0
return u

def animate(t):
time text.set text(f't = {t:3.1f}")
xx = np.linspace(0, 5, 400)
uu = np.zeros_ Llike(xx)

for i, x in enumerate(xx):
chl = x +c*t
ch2 = x -c*t
if ch2 >= 0:
uul[i]
else:
uufil = 0.5*%(f i(chl) -f i(-ch2))

0.5%(f_i(chl) +f i(ch2))
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line.set data(xx, uu)
return (line,)

tt = list(np.linspace(0, 7, 100))
anim = animation.FuncAnimation(fig, animate,

init func=init, frames=tt, interval=750, blit=True)
HTML('<center>' + anim.to html5 video() + '</center>")

Semi-infinite String

15 15
t=0.0 t=23
10} 10}
_ost _ ost
£l —
x X
=] ]
0.0 0.0
-o5f —o5t \—
%% 25 5.0 195 25 5.0
X X
15 15
t=4.7 t=7.0
10} 10t
_osf _os}f
= =
x x
=1 =1
0.0 0.0
-05f -o5f
) 25 5.0 195 25 5.0
X X

Figure 13.3: Four frames of the animation; play it on the web page

Example Solve the semi-infinite string problem

Uy = c*u 0<z<oo, 0<t <o

u,(0,t) =0 0<t<oo
w(z,0) = f(x)
u(2,0) =gla) °0ST<®

following an approach analogous to the one used to solve the semi-infinite string problem in the
lesson

Solution For x > ct, the solution is the same as the D’Alembert solution for the infinite wave,
while for x < ct, the solution u(x,t) is modified as a result of the wave reflecting from the
boundary
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w(z, t) = % (2 + ct) + f(ct — )]
1 ct—x x+ct
+%[/0 g(§)d§+/0 g(ﬁ)dé‘], O<z<ct

Example Simulate the semi-infinite string problem with the initial conditions:

0= o[-
u,(2,0) = 0

import numpy as np
import matplotlib.pyplot as plt
from matplotlib.animation import FuncAnimation

#

# Parameters and Grid

#

c=1.0 # Wave speed

X max = 10.0 # Half of spatial domain
nx = 800 # Number of spatial points

X = np.linspace(-x max, x _max, nx) # Include negative side

# —
# Initial Conditions
#
def f(x):
"""Tnitial displacement: Gaussian pulse centered at x=3"""
return np.exp(-(x - 3)**2 /0.5)
def g(x):
"""Tnitial velocity: zero everywhere."""
return np.zeros like(x)
# —
# Extensions for boundary reflection behavior
#

def f even(x):
"""Even extension for Neumann BC (symmetric reflection)"""
return f(abs(x))

def f odd(x):
"""0dd extension for Dirichlet BC (sign-flipped reflection)"""
return np.sign(x) *f(abs(x))

# —
# Analytic solutions (using extended wave functions)
#
def u neumann(x, t):

"""Solution for Neumann BC (u x(O,t)=0)"""
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return 0.5 * (f even(x -c*t) +f even(x +c*t))

def u dirichlet(x, t):
"""Solution for Dirichlet BC (u(0,t)=0)"""
return 0.5 * (f odd(x -c*t) +f odd(x +c*t))

#
# Visualization Setup
#
fig, ax = plt.subplots(figsize=(8, 4))

# Main curves (physical side)

line neu, = ax.plot([], [], ww=2, color='royalblue', label='Neumann (ux(0,t)=0)")
line dir, = ax.plot([], []1, lw=2, color='crimson', Tlabel='Dirichlet (u(0,t)=0)")
# Ghost (mirror) curves for visual symmetry

ghost neu, = ax.plot([], [], lw=1, color='royalblue', alpha=0.3, ls='--"')
ghost dir, = ax.plot([], []1, lw=1l, color='crimson', alpha=0.3, ls='--"')
ax.axvline(0, color='gray', ls='--', 1lw=1.2, label='Boundary x=0"')

ax.set xlim(-x max, X max)

ax.set ylim(-1.2, 1.2)

ax.set xlabel("x")

ax.set ylabel("u(x,t)")

ax.legend(loc="upper right")

ax.set title("Wave Reflection Symmetry (Neumann vs Dirichlet)")

#

# Animation Functions
#

def init():

"""Tnitialize empty lines for animation frames"""

for 1n in [line neu, line dir, ghost neu, ghost dir]:
In.set data([], [1])

return line neu, line dir, ghost neu, ghost dir

def animate(frame):
"""Update frame at each time step
t = frame * 0.05
# Full-domain solutions
y neu = u_neumann(x, t)
y dir = u dirichlet(x, t)

# Restrict main waves to x > 0 (physical region)
mask pos = x >= 0

# "Ghost" mirrors for x < 0 to visualize symmetry
mask neg = x <= 0

# Main (physical side)

line neu.set data(x[mask pos], y neu[mask pos])
line dir.set data(x[mask pos], y dir[mask pos])
# Mirror (imaginary side)

ghost neu.set data(x[mask neg], y neu[mask neg])
ghost dir.set data(x[mask negl, y dir[mask negl)
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ax.set title(f"t = {t:.2f} — Blue: Neumann (symmetric) | Red: Dirichlet (sign-flipped)")
return line neu, line dir, ghost neu, ghost dir

#
# Run the animation
#
ani = FuncAnimation(fig, animate, init func=init, frames=200, interval=50, blit=True)
ani.save("figures/reflection.mp4", writer="ffmpeg", fps=30)

plt.close()

t = 0.00 — Blue: Neumann (symmetric) | Red: Dirichlet (sign-flipped) t = 3.30 — Blue: Neumann (symmetric) | Red: Dirichlet (sign-flipped)

1.0 i —— Neumann (ux(0,t)=0) 1.0 ! = Neumann (u«(0,t)=0)
—— Dirichlet (u(0,t)=0) — Dirichlet (u(0,t)=0)

---- Boundary x=0 -- Boundary x=0

0.5F [\ 05t
0.0 r . 0.0

u(x,t)
u(x,t)

-0.5 -0.5
-1.0 ! -1.0
-100 -7.5 50 -25 0.0 2.5 5.0 7.5 10.0 -10.0 -75 -50 -25 0.0 2.5 5.0 75 10.0
X X
t = 6.65 — Blue: Neumann (symmetric) | Red: Dirichlet (sign-flipped) t = 9.95 — Blue: Neumann (symmetric) | Red: Dirichlet (sign-flipped)
1.0 ' —— Neumann (ux(0,t)=0) 1.0 i —— Neumann (ux(0,t)=0)
== Dirichlet (u(0,t)=0) H = Dirichlet (u(0,t)=0)
-- Boundary x=0 | ---- Boundary x=0
05F 05}
X 00 < 00
=1 -1
-0.5 =05
-1.0 i -1.0
-100 -75 =50 -25 0.0 2.5 5.0 7.5 10.0 -10.0 -75 -50 =25 0.0 2.5 5.0 75 10.0
X X

Figure 13.4: Four frames of the animation; play it on the web page

Example Solve the wave equation on the semi-infinite string x > 0:

Uy = uy,, x>0,t>0

with initial conditions
w(z,0) = f(z), wu(z,0)=g(x) (z=0)
and a nonhomogeneous boundary condition

w(0,8) = h(t), t>0

Thus, the difficulty comes from the fact that the boundary value at x = 0 is not zero, so the
standard odd-reflection D’Alembert method cannot be applied directly
STEP 1: Constructing a Boundary-Generating Wave

To handle the nonhomogeneous boundary condition, we first construct a function w(z,t) that:
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« satisfies the wave equation,
o satisfies the boundary condition w(0,t) = h(t),
o and does not affect the given initial data

A convenient choice is a right-traveling wave of the form

w(z,t) = H(t — f)

C

where H(s) is the causal extension of h:
h >0
H(S) — (S>? S - 9
0, 5§ <0
This function meets the boundary condition w(0,t) = h(t) and has zero initial values:
w(z,0) =0, wy(x,0)=0
STEP 2: Reduction to a Homogeneous Boundary Problem
Define v(x,t) = u(x,t) — w(x,t). Then v satisfies:

e the same wave equation,
_ .2
Vg = C Vg

¢ homogeneous Dirichlet boundary condition

0(0,8) = u(0,t) — w(0,t) = h(t) — h(t) =0

e unchanged initial data,
U(.Q},O):f(.f), 'Ut<$,0>:g<.%')
Thus, the original nonhomogeneous boundary-value problem is transformed into a standard homo-

geneous Dirichlet problem on a half-line, which can then be solved by odd reflection and the usual
D’Alembert formula

Example Solve the wave equation on the half-line z > 0:

Uy :C2urzv $>O, t>0

with initial conditions

w(,0) = f(z), uy(z,0) = g(z)

and a nonhomogeneous Neumann boundary condition

u, (0,8) = p(t), >0

STEP 1: Constructing a Boundary-Induced Wave

We construct a right-traveling wave of the form
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w(z,t) = —cP(t — f)

C

where P(s) is the causal antiderivative of p(t):

This function satisfies w,,(0,t) = p(t) and has zero initial values,

w(z,0) =0, w(z,0)=0

so it produces exactly the incoming wave required by the boundary without disturbing the initial
conditions

STEP 2: Reduction to a Homogeneous Neumann Problem

Define v(x,t) = u(z,t) — w(x,t). Then v satisfies

¢ the same wave equation,

_ .2
vtt =c va:m

¢ a homogeneous Neumann boundary condition,
v,(0,t) = u,(0,t) —w,(0,t) = p(t) —p(t) =0
o and unchanged initial data,

’U(JI,O) = f($>7 Ut(:L’,O) = g(x>

Thus the original nonhomogeneous Neumann problem is transformed into a standard homogeneous
Neumann half-line problem, which can then be solved by an even extension of the initial data and
the classical D’Alembert formula

Solution of the Wave Equation on x > 0 with a Robin Boundary Condition

We consider the wave equation on the half-line

Uy = gy, >0,1>0

with initial data

u(1:70> = f(x)a ut(x70> = g(x)

and a homogeneous Robin boundary condition

au(0,t) + fu,(0,t) =0, t>0

where (a, 8) # (0,0)
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To solve this problem, we apply the Laplace transform in time and derive an explicit formula for
the transformed solution, which then leads to a time-domain representation involving a delayed
convolution kernel

STEP 1: Laplace Transform in ¢
Let U(z,s) = £{u(xz,t)}. Transforming the wave equation yields the ODE

U, (x,5) — s2U(x,s) = —(sf(z) + g(x))
The general solution of this inhomogeneous ODE is
Ulzx,s) = A(s)e 5%/¢ + V,(z,s)
where the first term is the decaying homogeneous solution and

Vos) = g [ e H I (570) + 9(0) dy

CS

is a standard particular solution for the half-line
STEP 2: FEnforcing the Robin Boundary Condition

Transforming the boundary condition gives
aU(0,s)+ pU,(0,s) =0
Since
U(0,5) = Als) + V (0,5), Uy (0,8) = = A(s) + 1, (0,5),
we substitute these and solve for A(s). Using the identities
s
Vp,x(ov 8) - E Vp(oa 8)

we obtain the closed formula

ac + Bs
A(s) = — V(0
()= =222V, 0.9)
Thus the transformed solution becomes
ac + Bs sw/e
U(z,s) =V,(z,s) — ac— Bs V,(0,s)e fe.
The factor
ac + (s
M =
(5) ac — (s

acts as the Laplace-domain reflection coefficient at the Robin boundary
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STEP 3: Inverse Transform and Time-Domain Representation

Write the inverse Laplace transform of

M(S):ac—{—ﬁs__l_ 2acc

ac—fBs Bs — ac

Its inverse transform is

20c  acy

m(t) = L7H{M(s)} = —0(t) — H(t),

a causal kernel consisting of

o an instantaneous reflection (—9),
¢ an exponentially weighted memory term

Let

Q}ﬁree<w7 t) = ﬁil{Vp('xv 3)}

be the free solution (the D’Alembert wave produced by the initial data)

Applying the convolution—delay rules of the Laplace transform gives the time-domain solution

xr
U(l‘, t) = Ufree(x7 t) - (m * /Ufree(07 )) <t - E)
= Ufrcc(xa t) + Vtree (07 t— %)

P
2ac ¢ ALy L

4+ — eb c )vfrCC(O,s)ds
B U

valid for ¢ > x/c, extended by causality for t < z/c

This formula expresses the solution as:

o the direct wave from the initial data, plus
o areflected wave generated by the boundary, described by a convolution kernel that incorporates
the Robin boundary’s impedance

The Nonhomogeneous Wave Equation

o We consider now the pure nonhomogeneous wave equation:

Uy = Cuy, + F(r,t) —oo<x<oo, 0<t<o0
(@, 0) =0 —00 <z <0
uy(,0) =0

which includes the forcing term F(z,t), but zero initial conditions
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e We again make the change of variables £ = x + ¢t and 1 = z — ¢t. The differential equation
then becomes

U integrating with respect to £ from 7 to &

& _ _
u,(&,m) = —412/ F (&n) d&+u,(n,n)
n

=0

b uEm=u(€8)—[f u,(€n) di, u(€.E)=0
A I A
0= | /UF(&??) dﬁ] di

o Welet £ = f4cr and 7= f—cr, (t > 7, f=x). The domain of integration n <7 < € < ¢
becomes

n<pf—cr<PBHer <
N[}
n+er<p<E—cr

0<T< o (E—)

o The transformation from (£, 1) to (B, 7) gives the solution formula

S L I S
u_402/n /HF(E,n)déldn

1 (6-m)/2¢
:%Z’

U E=x+ct, n=x—ct

1 t z+c(t—r)
U= — / F(B,r)dp| dr
2c Jo |-

xz—c(t—7)

0 B¢
ﬂdédﬁ: gg g% dfdr=|—-2¢|dB dr=2c dp dr
98 or

/ T dB] dr

LYn+cT

This expression shows how every part of the forcing function F(x,t) contributes to the

displacement u(z,t) through the wave propagation mechanism described by D’Alembert’s
principle
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e The Green’s function of the one-dimensional wave equation is given by

G(z,t) = QLCH (t— 1)

where H(t) is the Heaviside step function. According to Duhamel’s principle, the solution
u(z,t) can be written as a space-time convolution of the forcing term F'(x,t) with the Green’s
function G(z,t):

u(x,t) :/Ot/:G(x—ﬁ,t—T)F(ﬂ,T)dﬁdT

Substituting the form of G(x,t) and simplifying, we obtain the explicit D’Alembert-type
integral solution

e The inner integral

x+c(t—T)
[ remas

—c(t—T)

represents the total effect of the forcing term F' over the spatial region that influences the
point x after time ¢ — 7 It accounts for the wave propagation with speed ¢
t
o The outer integral / (-+-) d7 sums up all the contributions over time from the initial moment
0
7 = 0 to the current time ¢

e The factor 2—10 arises from the Green’s function normalization in one dimension

Example Solve the infinite string problem

Uy = uy, +e N oo <z <oo, 0<t< oo
w@,0) =0 —oo<x <00
uy(z,0) =0

Answer 2 (end of chapter) - Solution

13.4 The Wave Equation in Two and Three Dimensions (Free Space)

The problem of this section is to generalize the D’Alembert solution to two and three dimensions

¢ Waves in Three Dimensions

We start by considering spherical waves in three dimensions that have given ICs; that is, we
would like to solve the initial value problem

—00 < x < 00
Uy = Uy + Uy, + 10,), —00 <y < 00

—00 < 2z < 00 (3D)
u(@,y,2,0) = ¢(z,y,2)
Ut<l',y, 2y 0) = w(J:?ya Z)
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( £ = T )smct
u\r, Yy, z, (27’1’ 3/2 ngo w17w27w3 C\/m

— To solve this problem, we first solve the simpler one (set ¢ = 0)

Ugp = CQ(UZJJ + uyy + uzz)7 (J?, Y, Z) € [RS
u(z,y,2,0) =0 (3Dv)
ut(l’7 Y, 2, 0) - /L/}('/I’.a Y, Z)

This problem can be solved by the Fourier transform

1
F(u) 27r)3/2 /// u(x,y, 2, t)e 1Tt wavtes?) do dy dz = U(wy, Wy, ws, 1)
1
F () 27r)3/2 // (2, y, 2)e Tty t@s2) do dy dz = U(wy, wy, wy)
¢ 7

w1+w2+w3

witwi+wi<L?

(w1x+w2y+w3z dw de dOJ3

> B 2 2 2
L V(&N Q) | =—=73 ifon (E—) ey (—y)bws ((—z)] SICEV W + W) + w3
(271')3/2 o > ( 3/2 L*)OO 5 5 5

Cy/ Wi +wj + w3

witwi+wi<L?

— We introduce spherical coordinates (g, ¢,?) in the (w;,ws,ws) space with the north
pole ¢ = 0 in the direction of the vector ({ —x,n—y,( —z). Then the integral in
(wq,wy,ws) becomes

: 2 2 2
;3/2 lim /// eii[wl(5*$)+W2(77*y)+w3(4*2>] sin ¢t 2w1 +2w2 +2w3 dw1 dwg dW3
(2m)3/2 L—oo /Wi + wi 4+ w3

witwi+wi<L?

dwl 4

br=lr=vV({E—22+n—y?+((—22% o=lo| =\ /w}+w]+w}

1 L 2 pm ) : t
= W Lh_)rgo/ / / e trecosy SH;; 0 0% sinpdpdido
0 0 0

I a=cosyp, da = —sinpdyp

_ 1 , o [F . —irea ! d
_(27r)3/2Lg£>lo c Jy esmete —iro |, e

N ——— —
2 .
g Sinre

1 _Am (P :
:WLILI&; A sinctg - sinrpdp

— To treat the integration with respect to £, n, and (, we introduce spherical coordinates
(r,¢,0) in the (£,n, () space with their origin at (z,y, z), so that

E—x =rsingcosl

n—y=rsin¢gsind

(—z=rcos¢
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Then the solution becomes

4 o] 2m T 1 L
u(x,y, z,t) = @ 7;3 Llim / / / W(x +rsingcosh,y + rsingsinb, z + rcos¢) — / sin cto
mT)°C L—oo o 0 0 r o

0o 27 ™
lim sin cto / sinro (/ / Y(z +rsingcosh,y + rsin¢sinb, z + rcos
0 0

27T2C L—oo
g(r)
1 92 [ 1 00
= %%;/ sin ctp LT/O sinrog(r dr} do = Tre /0 sinctpo G(o) do
Gle) g(ct)
t I _

= / / Y(x + ctsingcos,y + ctsingsinb, z + ct cos @) (ct)? sin p do df = t1)

47 (ct)? b

where 1) is the average of the initial disturbance 1 over the surface of the sphere of
radius ct centered at (z,y, 2)

— The interpretation of this solution is that the initial disturbance 1 radiates outward
spherically (velocity ¢) at each point, so that after so many seconds, the point (z,y, 2)
will be influenced by those initial disturbances on a sphere (of radius ct) around that
point

z
A _
¢ = average of w(z,y, z,0)
on the sphere
LTI ~c~t~\
u(z,y, 2, t) = typ = solution
at the center of the sphere
v
spherical coordinates:
= 7rsin ¢cos 0
) y = rsin ¢sin 6
Z=17Cos ¢
_______________________ >y
0

— Now, to finish the problem, what about the other half; that is
Uy = A (Uyy + Uy, +u,,), (2,4,2) €R?
uy(z,y,2,0) =0

This is easy: A famous theorem developed by Stokes says all we have to do to solve this
problem is to change the ICs to v =0, v, = ¢, and then differentiate this solution with
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respect to time. Indeed, if v solves the wave equation with v =0, v, = ¢ at t =0,
then u = v, also solves the wave equation and

u(a;,y,z,O) = ’Ut(l’,y, 2 0) = o, ut<x7y7 270) = vtt('r?y?zvo) = c2V2v(:c,y,z,0) =0
— In other words, we solve

vy = (v, + Vyy T 0..),  (2,9,2) € R3
U(l‘,y, 2 0) =0
Ut<x7y7 2 0) = ¢(:L‘,y, Z)

to get v = t¢ and then differentiate with respect to time. This gives us the solution

to problem (3Dp)

— We now have the solution to our general three-dimensional problem (3D). It’s just

ul@,y, 2,t) = gt [to] +ty

where ¢ and v are the averages of the functions ¢ and 1 over the sphere of radius ct
centered at (x,y, z)

injtial disturbance
region

t<ty:u=0; to<t<ty:u#0; t>t;: u=0again

— Suppose now the initial disturbances ¢ and 1 are zero except for a small sphere. As
time increases, the radius of the sphere around (x,y, z) increases with velocity ¢

— and so after t, seconds, it will finally intersect the initial disturbance region, and, hence,
u(x,y, z,t) becomes nonzero

— For t, <t <ts, the solution at (z,y,z) will be nonzero, since the sphere intersects the
disturbance region
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— but when ¢ = ¢4, the solution at (z,y,z) abruptly becomes zero again. In other words,
the wave disturbance originating from the initial-disturbance region has a sharp trailing
edge. This general principle is known as Huygens’ principle for the three dimensions,
and it is the reason why sound waves in three dimensions stimulate our ears but die off
instantaneously when the wave has passed

Example Ilustrate by picture and words the spherical wave solution of the three-dimensional
problem

—o0o < r <o

Uy = € (U + Uy, + 1), —00 <y < 00
—0 < 2 <00

u(z,y,2,0) =0
1 22 +y2+22<1

ut(‘ruyvz)()) = { Y N

0 elsewhere

Answer 3 (end of chapter) - Solution

¢ Two-Dimensional Wave Equation

To solve the two-dimensional problem

) —00 <z <00
Uy = C <uazm+uyy)v —OO<y<OO

2D
u(x,y, 0) = qﬁ(w,y) ( )

ut(:z:,y, 0) = Y,Z)(ZL‘, y)

we merely let the initial disturbances ¢ and % in the three-dimensional problem depend on
only the two variables z and y. Doing this, the three-dimensional formula

u= gt[té]mﬁ

for w will describe cylindrical waves and, hence, give us the solution for the two-dimensional
problem

— This technique is called the method of descent. Carrying out the computations, we get

1 27
U(z,y,t) = 4(75)2/ / Y(x + ctsingcos ),y + ctsingsin ) (ct)?sinp dpdf < spherical surface
m(et)? )y

m ct r
Il r=ctsing, dr=ct cospdop — / ctsingd :2/ —dr
’ Y T N

1 21 pct 1
= / / (x4 rcosf,y+ rsind) T drdf < circle interior
2ret Jyo (ct)? —r
_ 1 27 ct 1
o(x,y,t) = / / o(x +rcost,y+rsinf) —————=rdrdod
( ) 2net S, ( ) /(Ct)Q 2
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Note that in this solution, the two integrals of the initial conditions ¢ and 1 are
integrated over the interior of a circle with center (z,y) and radius ct. We see that
initial disturbances give rise to sharp leading waves, but not to sharp trailing waves.
Thus, Huygens’ principle doesn’t hold in two dimensions

¢ One-Dimensional Wave Equation

Finally, if we assume the initial conditions ¢ and v depend only on one variable, this gives
rise to plane waves and, hence, the preceding equation descends one more dimension

27 ct
- 1 / ¢(x+rcos€)rdrd9
o o

Bt = 5— e

Ur2 =22 + 42, (ct)? — 22 = o2

1 z+ct
dy (x)dz = QCt/ Y(x) dx

1 z+ct o' 1
- % /m—ct /—a \/OlQi_y2
B 1 T+ct "
e.0) = g [ o)

to the well-known D’Alembert solution. Note in the D’Alembert solution, the initial position
¢ gives rise to sharp trailing edges, but the initial velocity 1/ does not. In other words, one
dimension is a little unusual in that the initial position satisfies Huygens’ principle, but the
initial velocity does not

Example What is the two dimensional solution of the analogous cylindrical-wave problem

—oo<r <o

gy = 62(uxa: + uyy>7 {

u(z,y,0) =0

1 22+942<1
ut<xaya0) = {

—00 < Yy < 00

0 elsewhere

Answer 4 (end of chapter) - Solution

The Dimensional Geometry Summary

Dimension Region of Influence Type of Surface Formula Name Behavior
1D Interval = 4 ct 2 points D’Alembert Waves move
Formula left /right
2D Disk r < et Circle Poisson Formula  Influence
from entire
disk
3D Sphere r = ct Spherical shell Kirchhoff Influence
Formula from surface
only

The difference comes from the geometry of the wavefront and how energy spreads:

e In 1D, energy stays in two pulses (no spreading)
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« In 2D, energy spreads along the circular front — amplitude decays like 1/+/t

e In 3D, energy spreads over a sphere — amplitude decays like 1/¢

Green’s Functions for the Wave Equation (1D, 2D, 3D)

The wave equation considered:

02G(z,t) — 2A,G(x,t) = 6(x)6(t),

These scaling differences explain why sound intensity decreases faster in 3D than in 2D or

G(z,t) =0for t <0

Green’s
Dimension function G Support / where nonzero Key properties / remarks
1D G(z,t) = Inside the characteristic =~ Constant 5- behind both
1 H(t _ M) cone |z| < ct fronts: no Huygens’
2c ¢ principle. 9,G =
1[6(z —ct) + 6(z + ct)]
gives two undistorted
pulses
2D G(r,t) = Inside the light cone: Wave influence fills the
H(t—1) t>r/c interior of the light cone;
2r et — 2’ singularity at t = r/c
r = |zl
3D G(r,t) = On the light-cone surface Huygens’ principle:
S §t—1), t=r/c response lies exactly on
;17T_02|7J“:’ ¢ the spherical wavefront;

amplitude oc 1/r

e First Kind: Controlled End Points

We are now involved with problems like

_ 2
Ugp = C"Upy

u(0,t) 1(t
u(l,t) g(t) 0<t< oo
u(z,0) = f(z)
uy(2,0) =glxy O=TS!
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Notes: - H(t): Heaviside step function - All functions above are distributions - Formulas correspond
to the operator 97 — c?A

13.5 Boundary Conditions Associated with the Wave Equation

The purpose of this section is to discuss some of the various types of BCs that are associated with
physical problems of wave motions. Here, we will stick to one-dimensional problems where the
BCs (linear ones) are generally grouped into one of three kinds

O<z<l 0<t<oo



where we control the end points so that they move in a given manner

(3
A

| u(0,t) = g1 (t) ‘

J—
> T
\fu(l.f)g_»(f)

A typical problem of this kind would involve suddenly twisting (at ¢ = 1) the right end of a
fastened rod so many degrees and observing the resulting torsional vibration

7 u(0,t) =

0
D O O O O (/(D u(l,t)=0for0<t<1
u(l,t)=1fort>1
o

¢ Second Kind: Force Given on the Boundaries

Inasmuch as the vertical forces on the string at the left and right ends are given by —7'u,,(0,t)
and T'u,(1,t), respectively, by allowing the ends of the string to slide vertically on frictionless
sleeves, the boundary conditions become

, 0<t<o0

frictionless sleeve
u, =0

1 > T

If a vertical force f(t) is applied at the end z = 1, then the BC would be

uw(lvt) - %f(t)

¢ Third Kind: Elastic Attachment on the Boundaries

Consider finally a violin string whose ends are attached to an elastic arrangement like the
one shown in figure

u

M ‘ N> T
h = spring constant
(stretched spring)
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Here, the spring attachments at each end give rise to vertical forces proportional to the
displacements —u(0,¢) and —u(1,t)

Setting the vertical tensions of the spring at the two ends —T'u,(0,¢) and Tu,(1,t) equal to
these displacements (multiplied by the spring constant h) gives us our desired BCs

—Tu,(0,t) = —hu(0,t)
Tu,(1,t) = —hu(l,t)

We can rewrite these two homogeneous BCs as

7
(18 + L, =0
ur 5 T’LL y =

u,(0,t) — 0,t)=0

If the two spring attachments are displaced according to the functions 6, (¢t) and 6,(t), we
would have the nonhomogeneous BCs

h

ug(0,) = 7 [u(0, 1) — 0, (t)]

4y (1,0) = 1 [u(1, 1) — B,(1)]

:MMIVV—\ moving end point
0'7 t
01 (1) L\'\H\'\/I l( )I

| h = spring constant {

NOTE What is the general nature of BC

[u(0,) — 6, (1)]

Nl =

u, (0,t) =

when h—ocoand h—0

13.6 The Finite Vibrating String (Standing Waves)

e So far, we have studied the wave equation u,, = c*u,, for the unbounded domain and have
found D’Alembert solutions to be certain traveling waves (moving in opposite directions)

¢ When we study the same wave equation in a bounded region of space 0 < xz < L, we find
that the waves no longer appear to be moving due to their repeated interaction with the
boundaries and, in fact, often appear to be what are known as standing waves
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e Separation of Variables Solution to the Finite Vibrating String

Consider what happens when a guitar string (fixed at both ends x = 0, L) described by the
simple hyperbolic IBVP is set in motion

Uy =cu, O0<z<L, 0<t<oo

0<t <o

u(a:,()) :f(x>
= g(z) O=wst

— What happens is that the traveling wave solution to the PDE and IC keeps reflecting
from the boundaries in such a way that the wave motion does not appear to be moving,
but, in fact, appears to be vibrating in one position:

Xi(z)Ty(t) = fundamental standing wave (mode n=1)

— We start by seeking standing-wave solutions to the PDE; that is solutions of the form

u(z,t) = X(x)T(t)

Substituting this expression into the wave equation and separating variables gives us the

two ODEs
T/l X//
—_— = ——==-A<0
c2T X <
U
T" + AT =0
X" 4+XX =0

in which only positive values of A give feasible (nonzero and bounded) solutions
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— The solutions of these two ODEs yield

T(t) = acos VAt + bsin eVt
X(z) = dcos Vr + esin Vz

Plugging this equation into u(0,t) = u(L,t) =0 gives

w0,t)=d-T(t)=0 = T(t)+0, d=0
w(L,t) = esinVAL-T(t) =0 = T(t)#0, e+0, sinvVAL =0

= )\n:<T

2
L) ) n:172737'"

Hence, we have now found a sequence of simple vibrations (which we subscript with n)

uy, (z,t) = T,(t) X, (z)
¢ t
BT b sin T sin T = 1,2, 3, -

L

= [an coS

— All of which satisfy the wave equation and the BCs, and constitute a family of standing
waves. Since any sum of these vibrations is also a solution to the PDE and BCs (since
the PDE and BCs are linear and homogeneous), we add them together in such a way
that the resulting sum also agrees with the ICs. Substituting the sum

- nmet nmct nwx
u(an,t):Z[ancos 72 +b,, sin 7; sin%

n=1

into the ICs

gives the two equations

00
nnx

a,, sinT = f(z), Zb”T sinT =g(x)

— and using the orthogonality condition

/ L mrz | nmx 0 m#n
sin sin — dx =
b L L

we can find the coefficients a,, and b,

2 . nnx
=7 A f(x) sdex
2 L nwT
b, = .
v [ gty sin "
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NOTE

— " L L
1 T
=5 Zan [sin —(xz + ct) + sin —(x — ct)}
n=1
1 oo
—3 ; b, [cos %(w + ct) — cos %(m — ct)]

o0 [o.¢]
nmwx nmwe
ﬂ f, g extended as odd 2L-periodic functions, E a,, sin e _ f(x), g bnl sin
n=1

L

:;[f(a:—l—ct)+f(a:—ct)]+20/ g(a) da

r—ct

Example Find the solution to the vibrating-string problem (FS) if the ICs are given by
(2,0) . T L 05si 3rx
u(zx,0) = sin — .Hsin —
’ L L
uy(z,0) =0

Answer 5 (end of chapter) - Solution

Example What is the solution of the vibrating-string problem (F'S) if the ICs are

u(z,0) =0

. 3Tx
uy(2,0) = sin A

Answer 6 (end of chapter) - Solution

Example Solve the damped vibrating-string problem

Uy = ug, —Bu, 0<z <1, 0<t<oo

u(0,t) 0

w(l, b) 0 0<t<oo
u(x,O) =f<£ll')
uy(z,0) =0 Oses<l

Answer 7 (end of chapter) - Solution
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13.7 Solution of Nonhomogeneous Wave Equation via the Finite
Transform

e Consider the nonhomogeneous wave equation

Uy = Puy, +sintr 0<z <1, 0<t<oo

u(0,t) =0
w(l,t) =0 0<t<oo
u(z,0) =1

<z <
uy(z,0) =0 Oszsl

STEP 1 Determine the transform

Since the x-variable ranges from 0 to 1, we use a finite transform. Also, you will see why, in
this case, we use the sine transform. We could solve this problem with the Laplace transform by
transforming ¢

STEP 2 Carry out the transformation

?s[utt] = 6293 [umx] + ?s [Sin 7.('%]

U
dQZ;g(t) = —(nme)?U, (t) + 2nme? [u(0,t) — (=1)"u(1,t)] + S, (t)
I u(0,t) =0, u(l,t)=0
d?U,(t) )
F 7R —(nme)?U,(t) + S,,(t)

where

1 n=1

1
S, (t) = 2/ sinmx sinnwr dr =
. 0 n=23,

If we now transform the initial conditions, we will arrive at the initial conditions for our ODE

FJu(x,0)] = U, (0) = {nﬂ n=1,3,

0 n=24,--
du, (0)
?s[ut(aj?O)] = CYiLt =0
So, solving our new initial-value problem, we have
4
U,(t) = (W W202> cosmet + ——
0 n =24,
U (t) = 4
n(t) —cosnmct n=3,5,--
nmw
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Hence, the solution u(z,t) of the problem is

1
[( oy 2) cosmct + 502 sin Tx

4 o0
- Z 5 cos (2n + 1)met sin(2n + 1)7x
T

n=

13.8 The Vibrating Drumhead (Wave Equation in Polar Coordinates)

o The problem is to find w(r,0,t) (which stands for the height of the drumhead from the plane)
that satisfies

5 ( 1 1 )
Uy = € | Uy + — u -|— 5 Ugg
u(1,0,t) =0 0<t<oo
u(r,6,0) = f(r,0) 0<r<l1
uy(r,0,0) = g(r,0)

We will look for solutions of the form

u(r,0,t) =U(r,0)T(t)

This gives the shape U(r,#) of the vibrations times the oscillatory factor 7'(t)

e Carrying out this substitution, we arrive at the two equations

1 1
U= c? (u,.r—i- —u, + u99>

U
Ur” =c* (U, +1U +iU T
=c rr ror r2 00
\
1 1
T” U?”?” + ;Ur + ﬁUGG \ <0
2T U -
\
T"+c2XT =0 Simple Harmonic Motion
1 1
Upt=U, + SUgp + AU =0 Helmholtz Equation
r r

e For the next step, we want to solve the Helmholtz equation, but, first, it needs a boundary
condition. To find it, we substitute wu(r,8,t) = U(r,0)T(t) into the boundary condition of
the drumhead to get

u(1,0,t) = UL, O)T(t) =0 = U(1,0) =0
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¢ Solution of the Helmholtz Eigenvalue Problem

— To solve

1 1
U -U, + U, AU =0
r7‘+T T+T2 90+
U(1,6) =0

we let

U(r,0) = R(r)©(0)

and plug it into the Helmholtz BVP

1 1
UTT'+ ;UT.“‘ ﬁU@@‘i‘)\U: O
Y U(r,0) = R(r)©(0)
1 1
R”@ + ;R/@ + ﬁR@ﬂ + )\R@ — O
N[}
r?R” +rR' + X?R  ©”
_ = =—u<0
N[}
0" 4+ u®=20
R + 1R +(\? — )R =0

We get a new separation constant pu

— It’s obvious that the drumhead is periodic with period 27 in 6. Thus

0" +u0 =0
\
©(0) = acos/ub + bsin /160
I e(=e(2r), ©(0)=0’(2r)

Vi ﬁ@sinci:gfm} H B [8]

non-trivial solution
OISO (1 — cos 2m /)2 + Hsin? 2m i =0 — 1 -
4
p=n2 n=0,1,2,
4

0,,(0)= a, cosnf + b, sinnd
b
= /a2 + b2 (cosnb cos ¢ +sinnfsin ), tan¢o = a—”

n

= ¢, cos(nf — ¢)
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— So, in order to solve the Helmholtz equation, we must solve the following differential
equation

r?R! +rR, + (A? —n?)R, =0, 0<r<l1
IR, (0)] < oo
R,(1) =0

It is the parameterized Bessel’s equation and has two linearly independent solutions

Jn(ﬁr) and Yn(ﬁr)

from scipy.special import jv, yv, jn zeros

fig = plt.figure(figsize=(6, 8))
axl = fig.add subplot(211)
ax2 = fig.add subplot(212)

axl.axis((0, 10, -0.6, 1))
axl.set ylabel('$J n$')

ax2.axis((0, 10, -3, 1))
ax2.set xlabel(r's$\sqrt{\lambda}$"')
ax2.set ylabel('$Y n$')

axl.plot([G, 101, [0, 0], 'k:')
ax2.plot ([0, 101, [0, O], 'k:")

x = np.linspace(0, 10, 200)
for n in range(4):
yl = jv(n, x)
y2 = yv(n, x)
axl.plot(x, yl, label=rf'$] {n:d}(\sqrt{{\lambda}})$")
ax2.plot(x, y2, label=rf'$Y {n:d}(\sqrt{{\lambda}})$")

axl.legend(bbox to anchor=(1.01, 1), loc='upper left')
ax2.legend(bbox to anchor=(1.01, 1), loc='upper left')

plt.show()
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-0.6
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Yo(VA)
Y1(VA)
Y>(VA)
Y3(VA)

Figure 13.5: Bessel’s functions

«  — Since the functions Y, (v/Ar) are unbounded at = 0, we choose as our solution .J,, (v/Ar).
The last step in finding R, (r) is to use the boundary condition R, (1) =0 to find A.
We must pick A to be one of the roots of J, (v/A) = 0; that is

V )‘nm, = anm,

where «,,,,, is the m-th root of J,(r) =0, m =1,2,3,---. With these roots, we have
just solved the Helmholtz eigenvalue problem

are o2, ; and the corresponding eigenfunctions are

— The eigenvalues A s

nm
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U,

nm

(r,0) =c,J,(a,,,r)cos(nf —¢), n=0,1,2,-, m=1,2,3,

The general shape of U, (r,0) is the same for different values of the constants ¢, and
¢. We plot these functions for the different values of n and m with ¢, =1 and ¢ =0

1l
B

ncols
nrows

]
N

fig, axs = plt.subplots(ncols=ncols,
nrows=nrows, figsize=(7, 7),
subplot kw=dict(projection='polar'))

for ax in axs.flat:
ax.set(xticks=[], yticks=[])

azimuths = np.radians(np.linspace(0, 360, 100))
zeniths = np.linspace(0, 1, 100)

theta, r = np.meshgrid(azimuths, zeniths)

for n in range(ncols):
alpha nm = jn _zeros(n, nrows)
for m in range(nrows):
U nm = jv(n, alpha nm[m] *r) *np.cos(n *theta)
axs[n, m].contourf(theta, r, U nm, levels=[0, 10])
if m ==
axs[n, 0].set ylabel(f'n = {n}")
if n ==
axs[nrows -1, m].set xlabel(f'm = {m +1}')

plt.show()
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Figure 13.6: Helmholtz Eigenfunctions: U, (r,0)

Now that we have solved the Helmholtz equation for the basic shapes U,,,(r,0), the final
step is to multiply by the time factor

~

() = A, cosca,,,.t+ B, sinca,,.t

and add the products in such a way that the initial conditions are satisfied. That is, the
solution to our problem will be

u(r,0,t) = Z Z J, (ap,r) cos(nl — ¢, ) [Anm, €OS cay,,, t + B, sin cay,,. t]

n=0m=1

Rather than going through the complicated process of finding A4,,, and B,,, for the general
case, we will find the solution for the situation where wu is independent of 6 (very common,
n =0). In other words, we will assume that the initial position of the drumhead depends
only on r
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In particular, we consider
u(r,6,0) = f(r)

uy(r,0,0) =0

(It’s just as easy to do the case where u, # 0). With these assumptions, the solution now
becomes

o0
U(’F, t) = Z AOmJO (aO’ITLr) cos CaOmt
m=1
and our goal is to find A, so that

f(r) = Z Ao Jo (o) (1C)

m=1

To find the constants A we use the orthogonality condition of the Bessel functions:

om>»

0 i#]
%J%(am) =7

/ rJo (1) Jo(agr) dr = {
0

Hence, we multiply each side of equation (IC) by 7J,(ag,;r) and integrate from 0 to 1,
giving

1 1
/ rf(r)JO(anr) dr = AOJ-/ 7"J02(040j7") dr
0 0
from which we can solve for Ay;

2
le(“()j)

1
Agj = / rf(r)Jolagr)dr, j=1,2,3,--
“0

For example the solution to the vibrating drumhead with initial conditions

u(r,0,0) = Jy(2.405) + 0.5.J,(8.654r)
uy(r,0,0) =0

would be

u(r,t) = Jy(2.405r) cos(2.405¢t) + 0.5.J,(8.654r) cos(8.654ct)

We start by drawing J,(v/A). Now, in order to graph the functions

Jo(aoﬂ’)v Jo(aoﬂ’)v ) Jo(a()mr)

we rescale the r-axis so that m-th root passes through r =1
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from mpl toolkits.axisartist.axislines import SubplotZero

fig = plt.figure(figsize=(7, 8))
axl = SubplotZero(fig, 211)
ax2 = SubplotZero(fig, 212)

fig.add subplot(axl)

axl.axis["left", "right", "bottom", "top"].set visible(False)
axl.axis["xzero", "yzero"].set visible(True)
axl.axis["xzero", "yzero"].set axisline style("-|>")

axl.set xticks([2, 4, 6, 8, 10])

axl.set ylim(-0.5, 1.1)

axl.set yticks([-0.5, 0.5, 1.0])

axl.text(1ll, -0.03, r'$\sqrt{\lambda}$', fontsize=14)

fig.add subplot(ax2)

ax2.axis["left", "right", "bottom", "top"].set visible(False)
ax2.axis["xzero", "yzero"].set visible(True)
ax2.axis["xzero", "yzero"].set axisline style("-|>")

ax2.set xticks([0.2, 0.4, 0.6, 0.8, 1.0])
ax2.set ylim(-0.5, 1.1)

ax2.set yticks([-0.5, 0.5, 1.0])
ax2.text(l.1, -0.03, '$r$', fontsize=12)

mm = 3
alpha Om =jn zeros(0, mm)

rl np.linspace(0, 10, 100)

yl jv(0, rl)

axl.plot(rl, yl, label=r'$J 0(\sqrt{\lambda})$")
axl.plot(alpha Om, np.zeros(mm), 'ro')

for m in range(mm):
axl.text(alpha Om[m] -0.2, 0.1, rf'$\alpha {{0{m +1}}}$', fontsize=12)
ax1l.legend()

r2 = np.linspace(0, 1, 100)
for m in range(mm):
y2 = jv(0, alpha Om[m]*r2)
ax2.plot(r2, y2, label=rf'$J O(\alpha {{O0{m +1}}}r)$")
ax2.plot(alpha Om[:m +1] /alpha Om[m], np.zeros(m +1), 'x')
ax2.legend()

plt.show()
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A
1.0 — Jo(a@o1r)
— Jo(ao2r)
—— Jo(@o3r)
0.5+
r
_0'5 L

o In general, what we would do is to expand the initial position f(r) into the sum of these
basic shapes J(c,,T), observe the vibration for each one and then add them up

fig = plt.figure(figsize=(7, 5))
ax = plt.axes(xlim=(0, 1), ylim=(-1.5, 1.5))

ax.set xticks([0.0, 0.2, 0.4, 0.6, 0.8, 1.0])
ax.set yticks([-1.5, -1.0, -0.5, 0, 0.5, 1.0, 1.5])
ax.tick params(pad=10)

ax.set xlabel('$r$")

ax.set ylabel('$u(r,t)$")

plt.close()
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linel, ax.plot([], []1, lw=l, 1ls=":")
line2, ax.plot([], [], lw=l, ls=":")
line sum, = ax.plot([], []1, lw=4)

time text = ax.text(0.45, 1.3, ''")
def init():
time text.set text('t = 0.0")
linel.set data([], [1)
line2.set data([], [])
line sum.set data([], [1])
return (linel, line2, line sum)

c=1
alpha Om =jn zeros(0, 3)

def animate(t):
time text.set text(f't = {t:.2f}")
r = np.linspace(0, 1, 100)

ul = jv(0, alpha 6m[@] *r) *np.cos(c *alpha Om[O] *t)
u2 = 0.5 *jv(0, alpha Om[2] *r) *np.cos(c *alpha Om[2] *t)
u sum = ul +u2

linel.set data(r, ul)
line2.set data(r, u2)
line sum.set data(r, u_sum)
return (linel, line2, line_ sum)
tt = np.linspace(0, 10, 100)
anim = animation.FuncAnimation(fig, animate,

init func=init, frames=tt, interval=200, blit=True)

HTML( '<center>"' + anim.to html5 video() + '</center>")
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Figure 13.7: Four frames of the animation; play it on the web page

Example Solve the vibrating drum head problem
uy,y = Vu 0<r<l, 0<t<oo
u(1,0,t) =0 0<t<oo

u(r,0,0) =1—r?
u,(r,0,0) =0

Answer 8 (end of chapter) - Solution

13.9 Dimensionless Problems

o The basic idea behind dimensionless analysis is that by introducing new (dimensionless)
variables in a problem, the problem becomes purely mathematical and contains none of
the physical constants that originally characterized it

o In this way, many different equations in physics, biology, engineering, and chemistry that
contain special nuances via physical parameters are all transformed into the same simple form

Converting a Diffusion Problem to Dimensionless Form
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e Suppose we start with the initial-boundary-value problem:

u =au,, O0<z<L, 0<t<oo
W(I,t) =T, 0<t<oo
u(x,O):sinﬂ—g 0<z<L

Our goal is to change this problem to a new equivalent formulation that has the properties

1. No physical parameters (like o) in the new equation
2. The initial and boundary conditions are simpler

t)—T
o Transforming the Dependent Variable v — U = M

T, =T,
U,=aU,, O<z<L, 0<t<oo
U,t) =0
ULt =1 0<t<oo
sinT%E—T1
= <z<L
U(x,0) T,—T, 0<z
 Transforming the Space Variable z — &= 7/
o
U,t) =0
U(l,t) =1 0<t <0

i - T
U<£7())=S'1;;T€Tl1 0<e<

¢ Transforming the Time Variable ¢t — 7
Since our goal is to eliminate the constant % from the PDE, we proceed as follows:

1. Try a transformation of the form 7 = ¢t, where ¢ is an unknown constant

2. Compute U, = U1, =cU_

3. Substitute this derivative into the PDE to obtain

cU. a

- = 12UV

. (6% . . .
and, hence, pick ¢ = Iz This gives us our new time
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o We now have the completely dimensionless problem

Uo,7) =0
Ul,r) =1 0<T< 0
sinmé — T3
0)=_"—~> "1 <¢£<1

Transforming a Hyperbolic Problem to Dimensionless Form

e Consider the vibrating string

Uy = cuy, 0<z<L, 0<t<oo

u(0,t) =0

u(L., —0 0<t<

(L, 1)
u(z,0) =sin 2% + 0.5sin 272
uy(2,0) =0 O<z<L

e By transforming the independent variables (no need to transform u) into new ones

&= % and 7= %t
we get the new problem
Upp = Ugg 0<é<l, 0<T <00
%%3 zg 0<7<00
u@:E? 8; i (s)inwf + 0.5sin 37¢ 0<e<1

which has the solution

u(&,7) = cosmrsin € + 0.5 cos 377 sin 3w€

Example How could you pick a new space variable £ so that v is eliminated in the equation

u, +ou, =0

Answer 9 (end of chapter) - Solution
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13.10 Classification of PDEs (Canonical Form of the Hyperbolic
Equation)

e The purpose here is to classify the second-order linear PDE

Aug, + Buy,, + Cu,, + Du, + Eu, + Fu=G (SL)

vy

in which A, B,C, D, E,F, and G are, in general, functions of z and y in two independent
variables and could be constants, as

— Hyperbolic if B> —4AC >0 at (x,y)

— Parabolic if B2 —4AC =0 at (z,y)

— Elliptic if B2—4AC <0 at (x,y)

e and depending on which is true, the equation can be transformed into a corresponding
canonical (simple) form by introducing new coordinates ¢ = &(z,y) and n = n(x,y)

uEn = (I)(f, n,u, uf, un) or u§§ - unr] = \I](éa n,u, u§7 un)
unn = (P(gv n,u, uga un)
u§£ + unn = (I)(ga n,u, Ug, un)
The student should note that whether equation (SL) is hyperbolic, parabolic, or elliptic

depends only on the coefficients of the second derivatives. We now come to the major portion
of this section; rewriting hyperbolic equations in their canonical form

e The Canonical Form of the Hyperbolic Equation

The objective here is to introduce new coordinates £ = &(x,y) and n = n(z,y) so that the
general PDE contains only one second derivative uy, . First of all, we compute the partial
derivatives

Aug, + Buy, + Cuyy, + Du, + Eu, + Fu=G
b ¢=¢&=y), n=n(zy)
e = Uy tuym,
Uy = Uy + Uy
Upgp = Ueell + 2Ugy €Ny + Uy 13 + Uy T Uyllay
Ugy = Uge&y &y + Uy (E1y + §yM0) + UMy + Ueoyy + Uy
Uyy = u&fg + 2ugy €,y + u777777121 + Ueyy + Upllyy

4
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Au& + Bugn—i—éum + Dué + Eun +Fu=0G

in which
A= A2 + BE&, +CE
B =2A¢,n, + B(&,n, + &,mn,) + 205,
C = An? + Bn,n, + Cng

e

24 B\ (& &)\ (24 B\ (& &\"

B 2c) \m, n,)\ B 2C)\n, n,
|3

B? —4AC = (&, — &,m,)*(B* —4AC)

= J2(B? — 4AC)

in which J is the Jacobian of the transformation and we select the transformation (&,7)
such that J # 0

e The next step in our process is to set the coefficients A and C to zero and solve for the
transformation & and 7. This will give us the coordinates that reduce the original PDE to
canonical form:

A=A+ BEE,+CEE=0
C=An? + Bn,n, + 077121 =0

U
AF%]ZB[@] + O =0, A[%]2+B[%] +C0=0
&y &y Ty Ty
U
[ﬂ _—B+VB?—4AC [nw] _ —B—VB?—4AC
&, 2A Ly, 2A

o We have now reduced the problem to finding the two functions &(x,y) and n(z,y) so that
their ratio [¢,/€,] and [n,/n,] satisfy the above equation. Finding functions satisfying these
conditions is really quite easy once we look for a few moments at figure

{(xz,y) = constant
dé=¢& de+&,dy=0
= dy/de=-&/§,

n(z,y) = constant
dn=mn, dx +n,dy=0
= dy/dz=—n,/n,

> T
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ﬂ ¢ = constant, n = constant

dy ¢,] B—VB2—4AC
da::_[fy] = 9A =g1(2,y)
dy Ny B+ VB2 —4AC
de:_[ﬁy] = 94 = g5(z,y)
|l integration and arrangement
Gi(2,y) = ¢
Gy(2,y) = ¢y
\
§=Gy(z,y
= Gy(z,

Example Consider the simple equation

Uy — 4ty +u, =0, B*—4AC =16 >0

whose characteristic equations are

dy  [& _B—\/B2—4AC’_72
dr &y N 2A N
@__ Ny _B+VBQ—4AC_2
dr us N 2A N

To find & and 1, we first integrate for z and solve for the constants ¢; and ¢y, getting

y=—2r+c E=y+2x=¢
=
y =2z +c, nN=y—2r =cy

n=y—2x
= constant

§=y+2z
= constant

v
8
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Example Suppose we start with the equation

v u,, —xQuyy =0, z>0,y>0

which is a hyperbolic equation in the first quadrant. We consider the problem of finding new
coordinates that will change the original equation to canonical form for z and y in the first
quadrant

STEP 1 Solve the two characteristic equations

dy__[nw] _ B-VB*—4AC =z

dx My 2A Y
dy & _B+\/B2—4AC_£
dr &y N 2A oy

Integrating these two equations by the ODE technique of separating variables gives the implicit
relationship

y2—l'2:C1
4
§=y* —a?
n=y’+a°

»
>

¢=vy? —z? = constant
(hyperbolas)

n=1vy*+z? = constant
(circles)

v
8

We substitute this new coordinate into the equation to find the new equation

v, —xzuyy =0
b &=y —2* n=y*+2°

—1622y%ug, — 2(x® + ¥ )ue + 2(y* — 2°)u, =0

554



STEP 2 Finally, solving for x and y in terms of £ and 7, we get

_ Mg — 8uy
T e )

Example Find the new characteristic coordinates for

Uyy +4uy, =0

Solve the transformed equation in the new coordinate system and then transform back to the
original coordinates to find the solution to the original problem

Answer 10 (end of chapter) - Solution

NOTES

e The general hyperbolic equation actually has two canonical forms; the other one can be found
by making yet another transformation

a=E+n
B=&—n

and rewriting the first canonical form in terms of « and . The partial derivatives are
transformed as follows:

U, = Uy, +ugh, = u, —ug

Ugy = Uy + uaﬁﬁn + ugy o, + uﬁﬁﬁn = Uqq — Ugg

e In the general parabolic equation, we obtain only a single canonical transformation as

A=0, W_ | , or C=0, dy _ |
dx Sy dx ’r]y

Suppose ¢ is calculated. What could be the possible choice for n? We can select n as any
arbitrary function of z and y such that 7 is independent of £ (J # 0)

e In the general elliptic case, AX?> + BA + C = 0 leads to complex conjugate canonical
transformation £ and 7. Since £ and 7 are complex, we introduce new real variables

o= et

1
5:27.(5—77)

Under the transformation (z,y) — («, ), the canonical form is given by

Upo +ugg = P(a, B,u, Uy, ug)
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e The three major classifications of linear PDEs as hyperbolic, parabolic, and elliptic equations
essentially classify physical problems into three basic physical types:

— Wave propagation
— Diffusion
— Steady-state problems

The mathematical solutions of these three types of equations are quite different

13.11 First-Order Equations (Method of Characteristics)

o If the student recalls, when we solved the diffusion-convection equation

Uy = QU,, — VU, —00<zx<oo, 0<t<oo

the constant « stood for the amount of diffusion, while v stood for the velocity of the medium

o Hence if a =0 (no diffusion), it is clear (since we only have convection) that the solution will
travel along the z-axis with velocity v. In other words, if the initial solution is u(x,0) = ¢(x),
then the solution to

Uy = —VU

would be u(z,t) = ¢(x — vt)

e So we can think of the first-order equation

a(x,t)u, + b(z,t)u, =0

as the concentration along a stream where the velocity is given by

o The purpose of this section is to introduce the notion of first-order partial differential equations
and method of characteristics. The problem we will solve is the initial-value problem

a(x,t)u, + bz, t)u, + c(z, t)u =0
u(z,0) = ¢(z), —co<z<oo, 0<t<oo

The solution to this equation is based on a physical fact, that an initial disturbance at some
point = propagates along a line (curve) in the xt-plane (called a characteristic)

556



'y characteristics: s increases along each curve, 7is constant on it

_ s = constant
~" on this curve

v
8

7 changes along the initial curve (s=0)
o With this in mind, the idea is to introduce two new coordinates s and 7 (to replace x and
t) that have the properties
— s will change along the characteristic curves

— 7 will change along the initial curve (most likely the line ¢ = 0)

a(x,t)yu,+b(z, t)u, + c(z,t)u =0
ﬂ characteristic curves {(z(s),t(s)) : 0 < s < oo}

dx dt
E - a(:c,t), % - b(CC,t)
\

V)
=

Example Solve the following IVP with constant coefficients:

Uy +u +2u =0 —oco <z <oo, 0<t<oo

u(z,0) =sinz —oo<x < o0

STEP 1 Find the characteristics (along which the initial data propagate)

%:1, %zl 0<s<o0
)
z(s) =s+¢
t(s) =s+cy
J z(0)=7, t(0)=0
rT=s+T
t=s
\
r—t=7, —o00o<T<O00
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r—t=T1

7 varies along the initial line t =0

STEP 2 Using this coordinate system, we change the PDE to the ODE

d
d—z +2u=0, u(0)=sinT
4
u(s,7) =sin7-e 2

STEP 3 We now solve the transformation for s and 7 in terms of z and t:

u(x,t) =sin(z —t) - e 2!

u(x,t) =sin(z — t) e *: profiles shift along = — ¢ = const and decay
t
A

7 N

Example Solve the following IVP with variable coefficients:

TU, +uy +tu =0 —oo <z <o, 0<t<oo

u(z,0) = F(x) —oo<x<oo, an arbitrary initial wave

STEP 1 Find the characteristics (along which the initial data propagate)

%:x,%zl 0<s <o
4
z(s) = cy€®
t(s) = s+cy
J z(0)=7, t(0)=0
= Te€’®
t= s
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STEP 2 Using this coordinate system, we change the PDE to the ODE

du
%—&-su:O, u(0) = F(7)
Y

u(s,7) = F(1) - es°/2

STEP 3 We now solve the transformation for s and 7 in terms of z and ¢

u(z,t) = Flze ). e t°/2

Example Solve the problem in higher dimensions (surface waves)
au, + bu, + cu, +du =0 —oo<x <00, —00<y<oo, 0<t<oo
u(z,y,0) = e @) 50 <1< 00, —00 <y < 00

Answer 11 (end of chapter) - Solution

13.12 Nonlinear First-Order Equations (Conservation Equations)

e One of the most useful partial differential equations in mathematics is the conservation
equation

u+ f, =0

This equation says that the increase of a physical quantity w, is equal to the change in flux
—f, of that quantity across the boundary

¢ Derivation of the Conservation Equation

Suppose we have a stretch of highway on which cars are moving from left to right, and we
assume there are no exit and entrance ramps. We let
u(x,t) = density of cars at = (cars per unit length at z)

f(z,t) = flux of cars at = (cars per minute passing the point x)

Then, it is fairly obvious that for a road segment [a,b], the change in the number of cars
(with respect to time) is given by both of the following expressions:

d [P
change in the number of cars in [a,b] = 7 / u(z,t)de

"of

o (x,t)dx

change in the number of cars in [a,b] = f(a,t) — f(b,t) = —
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Setting these two integrals equal to each other, we have

b ou bof
a(x,t)dx—— ==

a a

Finally, since the integral [a,b] was arbitrary, we have the one-dimensional conservation
equation

ut+fm:0

If we carried out a similar analysis in two or three dimensions, we would have

ut—i-Vf:O ’th+ (f1>w+ (f2>y :07 ut+(f1)m+(f2)y+<f3>z =0

¢ Conservation Equation Applied to the Traffic Problem

— We are now ready to see how the conservation equation u, + f, = 0 can be applied to
the traffic problem

— To do this, we rewrite the change in flux f, as

fr = ﬁum, chain rule

du

and substitute it in the conservation equation. Doing this, we arrive at

d
ut+i

duux =u, +g(w)u, =0

where we can imagine a disturbance (wave) in the traffic density moving upstream or
downstream with velocity g(u)

— Hence, after ¢ minutes, the position x of the disturbance will be

xr =z + g(u)t, characteristic equation

— Remembering that the density wu(z,t) will not change along each characteristic, if we
know the initial density w(z,0), then the characteristic equation for = can be written

x =z + glu(zy, 0)]t

— It is clear that by knowing these characteristic curves starting from each point (and
knowing the solution doesn’t change along these curves), we can piece together the
solution wu(x,t) for all time ¢t. We won’t actually find the explicit equation for the
solution u(z,t) in terms of = and t but will use our knowledge of the characteristics of
the equation to solve some interesting problems
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z = + glu(wo, 0)] ¢

aracteristic
tarting from (z,0):
u stays equal to u(z,0)

(zU%O)

e Traffic-Flow Problem

— We will now solve a traffic-flow problem where the flux is given by f(u) = u? and the
initial density of cars is given. In other words, we have

u, +2uu, =0 —oo<z<oo, 0<t<oo

1 <0
w(z,0)=<1—2z 0<z<l1

0 1<z
Al- flux f(u)=u?
i
3

0
0 1

STEP 1

We begin by finding the characteristics starting from each initial point (z,,0). For z, <0, the
characteristics are

2 = 3 + glu(zo, Ot
=z + g[1]t

=

1
t:§(x—x0)

Now consider those initial points 0 < xy < 1. Here, the characteristic curves are
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x =y + glu(zy,0)]t

=z + g[1 =zt
=25+ 2(1 —xzy)t
4

T

Finally, for 1 <z, < oo, we have the characteristics

7 = o + glu(zo, O))
=z + g[0]t

:$0

which represents vertical lines starting at z

t
A
. shogk: v =¢+1
behind the shock: u=1

ahead of
the shock
L u=0

[N
—
[
N
~

The solution remains constant along each characteristic line. Now the solution for x € R, 0 <t < %

is given by
1 x<2,  0<t<j3
1—2z
u(z,t) =49 —— 2t < L, o<t<i
()= 7= A=w<l 0st<y
0 1<z, 0<t<g

The difficulty in this example is that some characteristic lines will intersect each other. In
other words, at the intersection point (1, %) of the two characteristic lines, the solution becomes
multi-valued. This pathology means that the solution in the usual sense fails to exist after ¢ > %
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traffic density u(z,t) steepens into a shock at t =1/2

) \ -
0 .
11 \ t=0.16
0 .
H \ t=0.33
0
H t=05
0

0 1

x
STEP 2
e Hence, to find the solution past t = , we must use another type of analysis. When

characteristics run together, we have the phonomcnon of shock waves (discontinuous solutions),
and what we must ask is, how fast does the leading edge of the shock wave propagate along
the road?

o Before proceeding further, it is necessary to introduce the concept of a jump condition: a
condition that holds at a discontinuity or abrupt change. Consider one dimensional problem
where there is a jump in the conserved quantity w:

+f=0

Let the solution exhibit a jump (or shock) at @ = z(¢) and integrate over the partial domain,
x € (xy,24), where z; < z,(t) < g,

xs(t) Lo To
jt(/ ud:r—{—/ udaz) =— % (u) dz
Ty (t)

I
zs(t) d Ty d 5
/ uy de +u (z,(t),1) ;ts —i—/ uy do — ut (x4 (t),t) ;ts =— f(u)
L1 z,(t) Ty

Ly %ms(t)’ Ty — xs<t) U’

[u™ (2 (), 1) — u™ (), 1)] dis = fum(z,(2), 1)) — fuT(2,(2),1))
Y
dr,  flu(zy(t),t

_dr, _ ) — Flut (2, (8),1))
@t a0, t) —ut (@, (b))

in which s is the speed of the discontinuity and represents the jump condition for the
conservation equation
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e A shock situation arises in a system where its characteristics intersect, and under these
conditions a requirement for a unique single-valued solution is that the solution should satisfy
the Lax entropy condition

ft(z,(t),1) <s < f'(u(2,(0),1))

where f/(ut(z,(t),t)) and f'(u (x4(t),t)) represent characteristic speeds at downstream
and upstream conditions, respectively

« So, in our example, the speed of the wave front would be(remembering that f(u) = u?)

o Therefore, a shock is formed at (z,t) = (1, 3):
— After that, it moves with constant speed 1, along the line z =t + %, for t > %

— In conclusion, the solution takes different forms in the three different regions in the
space-time plane

1 z < 2t 0<t<joraz—i<t t>3
l1—2z
u(z,t) = o <<l 0<t<i
0 z>1, 0§t<%or :13—%>t, tZ%
Example Solve
u; +uu, =0 —oo <z <00, 0<t<oo

3(1 — Ix! |z <1
|z| > 1
Answer 12 (end of chapter) - Solution

Example Verify that u = ¢[x — g(u)t] is an implicit solution of the nonlinear problem

u+g(uu, =0 —oo<x<oo, 0<t<oo
u(z,0) = ¢(x)

Answer 13 (end of chapter) - Solution
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13.13 Systems of PDEs

o In many areas of science, several unknown quantities (and their derivatives) are modeled by
a system of interlocking equations. And we seek to find all of these functions simultaneously

e There are other reasons for studying systems of equations. Although things are not quite so
simple in PDE theory, it is often possible to write a single higher-order PDE as a system of
first-order equations

o For example, the telegraph equation

_ 2
Uy = C Uy, + au, + bu

can be rewritten in equivalent form as three first-order PDEs by introducing the three
variables:

U2 - 'U;:z
U3 == ut

o It is a simple matter to see that the telegraph equation is equivalent to the three equations:

o _,

or 2

ou

i

Oug  ,0uy

5% € o2 + aus + bu,

Solution of the Linear System u, + Au, =0

¢ Consider the initial-value problem consisting of two PDEs and two 1Cs

Ouy Ouy
E
Ou, Ouy
272 4 9271
o Zar 0
U1($,0):: f X

We start by writing the two PDEs in matrix form

ou ou
ful o 8] |2l o
duy Juy
[87&] 2 0] |52 0
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4
u,+Au, =0
Il u="Pv
v,+P1APv, =0
4
v,+I'v, =0

where

S

e These are the two uncoupled equations that we can solve independently

vy | 40

et Y} -
ot + ox 0
O0v, 0v,
— —4—==0
ot ox
These equations have travelling-wave solutions
vy(2,t) = ¢z — 4t)

vy, t) = (x + 4t)

where ¢ and v are arbitrary differentiable functions

e To obtain our general solution u, we merely compute

2(x — At) — 2(x + 4t)

u=Pv=1 G )+ (e + 4t)

We now substitute general solution into the ICs to get

2¢(x) — 2¢(x) = f(x)
¢(z) +P(z) = g(x)

and, hence, the solution to IVP is

ur (1) = 5 [ — 41) + 29(x — 40)] — 3 [29(x + 4) — f(o + 41)]
vy (1, 1) = i [f(x — 4t) + 2g(x — 48)] + i 29(x +48) — f(x + 48]
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Example What is the general solution of the system

Ouy | 0wy, Ouy

=0
ot = ox  on
Ouqy Ou;  Ouy
Z2 1,772
ot Y or T oa
Answer 14 (end of chapter) - Solution
Summary
Topic Key result
D’Alembert Uy = uy,, u(z,0)=f, u,(2,0) =g u=
1 1 x+ct
[f(x—ct)+f(x+ct)]+/ g(a) da
2 2¢ ),
Vibrating string fixed ends:
u = i [a cos@ +b sin@} sin 20
= L "L L
Drumhead radially symmetric:
U= E AmJO(aOmT) COS(aOmCt)7 JO(a0m> =0
. ... dy B++VB?—4AC .
Canonical form characteristics —= = give £, n
dx 2A
and ug, + =0
First-order linear uy +vu, =0: u= f(x —vt), constant along
the characteristics  — vt = const
Conservation law uy + f(u), =0; u, +g(wu, =0, u(z,0) = ¢:
LT - s
dx flu™)— fu
Shock d s S\ AR
ock spee §=— pp——

Ju) <s < f'(u”)

Worked Exercises
1. Find u(0,0,0,t)

uy = Viu, t>0
u(z,y,2,0) =0, u,(x,y,2,0) =2+ 3> + 22
Solution
Step 1: Use the Kirchhoff’s formula (solution to 3D wave equation)

For the 3D wave equation (with wave speed ¢ = 1), the solution with initial conditions u(x,0) = f(x),
g (x,0) = g(x) i
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1
47t

u(x,t) =

[ e9ds©+
le—x|=t

/ £(6)dS(€)
6—x|=t

where the integrals are over the sphere of radius ¢ centered at x

In our problem:

s flz,y,2) =0
o gla,y,z) =2 +y? + 22 = [¢?
o Point of interest: x = (0,0,0)

Thus:

1
U(O, 07 O7t> = m 4_75 |€‘2 dS(g)

Step 2: Evaluate the integral
On the sphere |¢| = t, we have ||? = t? constant
Then:

1 t?
1(0,0,0,t) = 47rt/ t2dS(&) = ypr Surface area of sphere of radius ¢
|€l=t

The surface area of a sphere of radius ¢ is 47t?, so:

2

¢
u(0,0,0,) = o - dmt? = 2 =[]
vy

2. Find u(z,y, z,t)

uy = Viu, t>0
u(xay7 2, 0) = 07 ut(xaya 2:70) =z

Solution

Step 1: Use Kirchhoff’s formula (3D wave equation)

For the 3D wave equation u,, = V2u with wave speed ¢ = 1, the general solution with initial data
U(X’ O) = f(X), ut(xa O) = g<X)

is given by:

In our case:

« fla,y,2)=0
o g(z,y,2z) = x (we'll write this as & to distinguish from the field point x = (21, x4, x3))
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e Therefore:

uxt)= oo [ 6dsE©

Step 2: Use coordinate shift
Let’s simplify by performing a change of variables to center the sphere

Let x = (2,74, 73), and let £ = x + tw, where w € S? is a unit vector. Then | — x| = ¢, and
dS (&) = t? dw. So:

u(x,t) = 4;/

le—x|=t

£, dS(¢) = 4% / (2 + tw,) - £2 duw
SQ

Simplify:

t t
u(x,t):M/(x1+tw1)dwz4ﬂ[az1/dw+t/ wldw}
52 52 52

Now compute the integrals:

. / dw:47r
52

. / w; dw =0 (odd function over symmetric sphere)
5‘2

So:

t
u(x,t)zﬂ-xl‘@r:xlt:xt

3. Solve the vibrations of a membrane which is in the xy plane:

p [0%u  O%*u
Uy = T [8:62 + 373/2
u(0,y,t) =0, u(m,y,t) =0
u(z,0,t) =0, u(z,m,t) =0
u(z,y,0) = sin 2z sin 3y + sin 3z sin 2y. w,(x,y,0) =0

}, O<ax<mO<y<m

Solution
Step 1: Separation of Variables

Assume a solution of the form:
u(z,y,t) = X(2)Y (y)T(t)

Plugging into the wave equation:

XYT” = (X"YT + XY'T)

Divide both sides by XYT":
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T// X// Y//
_— = — = —)\
c2T X + Y

We separate variables:

X// Y// X?’ + MX — 0
= ==
X 'y Y4+ A—p)Y =0

With the boundary conditions:

X(0)=X(r)=0= X, (z) =sin(nz), p=n?
Y(0)=Y(r)=0=Y,,(y) =sin(my), A—p=m?=X\=n?+m?

Then the time part:
T +c2(n* +m?)T =0
= T, m(t) = A, , cos(cvVn? +m?t) + B, ,, sin(cv/n? + m?t)

Step 2: General Solution

o0

u(z,y,t) = Z [Amm cos(cv/'n? + m?2t)

n=1m=1

+B,, , sin(cy/n? + m%)] sin(nx) sin(my)

Step 3: Apply Initial Conditions

Initial displacement:
u(z,y,0 Z A m Sin(nz) sin(my) = sin 2z sin 3y + sin 3z sin 2y

So Ay 3 =1, A3 5 =1, all others zero

Initial velocity:

uy(x,y,0) = —c Z cvn?+m2B, . sin(nz)sin(my) =0= B, ,, =0

Final Answer

u(z,y,t) = cos (C\/Et) sin(2z) sin(3y) + cos (C\/Et) sin(3z) sin(2y)
where ¢ = /p/T
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import numpy as np
import matplotlib.pyplot as plt

def plot rectangle membrane normal modes(n, m):
fig, ax = plt.subplots(figsize=(3, 3))
ax.set(xticks=[], yticks=[])

X = np.linspace(0, np.pi, 100)

y = np.linspace(0, np.pi, 100)

X, Y_ = np.meshgrid(x , y )
U = np.sin(n*X ) *np.sin(m*Y ) +np.sin(m*X ) *np.sin(n*Y )

ax.contourf(X , Y , U, levels=[0, 10])
ax.set title(f'$n={n}$, $m={m}$")

plt.show()

plot rectangle membrane normal modes(2, 3)

n=2, m=3

4. Solve the vibrations of a membrane which is in the zy plane:

P v 0%
= [+
u(0,y,t) =0, u(m,y,t) =0
u(x,0,t) =0, u(x,m,t) =0
u(z,y,0) =sinxsindy + sindz siny, u,(x,y,0) =0

], I<z<mO<y<m

Solution

Step 1: Use Separation of Variables
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Assume a solution of the form:

o0 oo
u(z,y,t ZZ { m cos(cv/n? +m?2t)
n=1m=1
+ B,,,, sin(c\/n? + m? t)] sin(nzx) sin(my)

From the initial displacement:

u(z,y,0 Z A, sin(nx) sin(my) = sinx sin 4y + sin4z siny

So the only nonzero coefficients are:
A1,4:17 A =1

)

From the initial velocity condition:

u(z,y,00=0=B,,, =0
Step 2: Final Solution

u(w,y,t) = Ay 4cos(cy/ 12 + 42 t) sin z sin 4y
+ Ay cos(cV/42 4 12t) sindx siny
= cos(cV17t)sinz sin4y + cos(cV17t)sindzrsiny

Thus, the solution is:

u(z,y,t) = cos(cV17t) [sin x sin 4y + sin 4z sin y]

where ¢ =

Nl

plot rectangle membrane normal modes(1l, 4)

n=1 m=4
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5. Suppose the vibration of a string is described by u,; = u,, and has an initial displacement as
given by the following diagram:

(a)
(b)

Assuming the initial velocity u,(z,0) = 0, describe the solution of this problem in the zt-plane and
plot the solution at ¢t = 4 in the xu-plane

Solution

# Re-import libraries due to code state reset
import numpy as np

import matplotlib.pyplot as plt

import matplotlib.animation as animation

from IPython.display import HTML

# Define the piecewise function f(x)

def fa(x):
X = np.array(x)
result = np.zeros like(x)
result[(x >= -3) & (x < -2)] =1
result[(x > -2) & (x < -1)] = 2
result[(x >= -1) & (x < 1)] =1
result[(x >= 1) & (x < 2)] = 2

result[(x >=2) & (x < 3)] =1
# result is already 0 elsewhere
return result

def fb(x):
X = np.array(x)
result = np.zeros like(x)

result[(x >= -3) & (x < -2)] =1
result[(x > -2) & (x < -1)] = 2
result[(x >= -1) & (x < 1)] = 3
result[(x >= 1) & (x < 2)] =2
result[(x >=2) & (x <3)] =1
# result is already 0 elsewhere
return result

# Create meshgrid

x = np.linspace(-10, 10, 400)
t = np.linspace(0, 6, 200)

X, T = np.meshgrid(x, t)

Ua = 0.5 *(fa(X -T) +fa(X +T))
Ub = 0.5 *(fb(X -T) +fb(X +T))
# Plot u

fig, axes = plt.subplots(2, 1, figsize=(7, 7))
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cha
cbb
plt.colorbar(cba, shrink=0.9, ticks=[0, 0.5, 1,
plt.colorbar(cbb, shrink=0.9, ticks=[0, 0.5, 1,

axes[0].axhline(y=4, color="black", linestyle=":
axes[1l].axhline(y=4, color="black", linestyle=":

# Plot characteristics

for x0 in [-3, -2, -1, 1, 2, 3]:
axes[0] .plot(x0 +t, t, 'red', linestyle=':")
axes[0].plot(x0 -t, t, 'red', linestyle=':")
axes[1l].plot(x0 +t, t, 'red', linestyle=':")
axes[1l].plot(x0 -t, t, 'red', linestyle=':")

axes[0].pcolormesh(x, t, Ua, vmin=0, vmax=
axes[1l].pcolormesh(x, t, Ub, vmin=0, vmax=

3, cmap='gray r')
3, cmap='gray r')
1.5, 2, 2.5, 3], label='u')
1.5, 2, 2.5, 3], label='u"')

*, label="$t=4%")
", label="$t=4%")

axes[0].set title('Characteristic Lines and $u(x,t)$ in $x$-$t$ Plane')

axes[1l].set xlabel('x")
axes[0].set ylabel('t")
axes[1l].set ylabel('t")

plt.legend(loc=4)

plt.tight layout()
plt.show()
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Characteristic Lines and u(x, t) in x-t Plane
5|
Y ST . W VAN R S
+~ 3
>
1}

800 —75 50 -25 00 25 50 75 100

800 —75 50 -25 00 25 50 75 100

# Define u(x, t) = 1/2 [f(x -t) +f(x +t)] at t = 4

t=4

x vals = np.linspace(-10, 10, 1000)

ua vals = 0.5 *(fa(x vals -t) +fa(x vals +t))
ub vals = 0.5 *(fb(x vals -t) +fb(x vals +t))

# Plot u(x, 4)
fig, axes = plt.subplots(2, 1, figsize=(7, 6))

axes[0].plot(x vals, ua vals, color='blue')
axes[1l].plot(x vals, ub vals, color='blue"')

axes[0].set title('Displacement $u(x, 4)$ in the $xu$-plane')
axes[1l].set xlabel('x")
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axes[0]
axes[1]
axes[0]
axes[1]

axes[0]
axes[1]

.set_ylabel('u(x, 4)')
.set_ylabel('u(x, 4)")
.grid(True)
.grid(True)

.set ylim([-0.1, 2.1])
.set ylim([-0.1, 2.1])

plt.tight layout()
plt.show()

2.0

0.0

Displacement u(x, 4) in the xu-plane

~100 -75 -50 -25 00 25 50 75

10.0

—ldO —%5 -5.0 =25 0.0 2.5 5.0 7.5
X

# Create grid
X = np.linspace(-10, 10, 400)
t vals light = np.linspace(0, 6, 40)

# Set up the figure
fig, axes = plt.subplots(2, 1, figsize=(7, 6))

line®, = axes[0].plot([], [], lw=2)
linel, = axes[1l].plot([], [], lw=2)

axes[0]

.set xlim(-10, 10)
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axes[1l].set xlim(-10, 10)

axes[0].set ylim(-0.1, 3.1)
axes[1l].set ylim(-0.1, 3.1)

axes[1l].set xlabel('x")

axes[0].set ylabel('u(x,t)")

axes[1l].set ylabel('u(x,t)")

#axes[0].set title('Wave Propagation Over Time')

plt.

close()

# Animation functions

def

def

init():

line0.set data([], [1)
linel.set data([], [])
return line0@, linel
animate(i):

t = t vals light[i]

ua = 0.5 *(fa(x -t) +fa(x +t))

ub = 0.5 *(fb(x -t) +fb(x +t))

line@.set data(x, ua)

linel.set data(x, ub)

axes[0].set title(f'Wave at t = {t:.2f}")
return line0O, linel

# Create and save animation

ani

= animation.FuncAnimation(fig, animate, frames=len(t vals light),

init func=init, blit=True, interval=400)

HTML('<center>"' + ani.to_html5 video() + '</center>")
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Wave att = 0.00 Wave at t = 2.00
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Figure 13.8: Four frames of the animation; play it on the web page

Uy = Uy, 0<e <], 0<t <00
u,(0,t) =0
u(l,t) =0
u(x,0) = (1 —2x)3
uy(,0) = (1 — )2

Solution
Method of Solution: D’Alembert’s Formula with Function Extension
Step 1: D’Alembert Solution on the Infinite Domain

The general D’Alembert solution for the wave equation on the entire real line is:

1

vw+w+ﬂx—m+—/”g@m3

t) =
u(a, 1 5

N =
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This solution assumes that u is defined on the entire real line with no boundary conditions. To use
this method on the interval 0 < z < 1, we extend f(z) and g(z) to the whole real line by reflecting
them in such a way that the boundary conditions are satisfied

Step 2: Extend f(z) and g(x) to the Real Line
We extend f(x) and g(z) as follows:

Boundary Conditions:

¢ Neumann at £ = 0 = Extend as an even function about z = 0
e Dirichlet at z =1 = Extend as an odd function about z =1

This leads to a 2-periodic extension over R. The steps:

1. Reflect f(x), g(x) evenly about x =0
2. Reflect them oddly about z =1
3. Periodically extend with period 4

We denote the extended functions as f (), g(x), defined for all x € R and this pattern repeats every
4 units:

Step 3: Apply D’Alembert Formula

Using the extended functions, the D’Alembert solution becomes:

l\.')\)—t

we) = 5 [Fo+0+fa—o]+5 [ gs)as

Now substitute z = %, t=3:

(3) 3G TG0

« Construction of f(z) on [0,4):

Interval Definition of f(z) Reasoning

0<z<l1 (1—2x)3 Original definition

1<r<?2 (1—x)3 Odd reflection about z =1

2<z<3 (x —3)3 Even reflection about x = 2 of
previous term

3<zr <4 (x—3)3 Odd reflection about = = 3 of

previous term

« Construction of g(x) on [0,4):
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Interval Definition of g(x) Reasoning

Interval Definition of g(x) Reasoning

0<z<1 (1—x)2 Original definition

1<x<?2 —(1—x)? Odd reflection about = =1

2<zr<3 —(z — 3)? Even reflection about x = 2 of
previous term

3<r<4 (x—3)2 Odd reflection about & = 3 of

previous term

import numpy as np
import matplotlib.pyplot as plt

def tilde fg(x):

X = np.array(x)
f = np.zeros like(x)
g = np.zeros_ like(x)

# (0, 1): original

maskl = (0 <= x) & (x < 1)
f[maskl] (1 -x[maskl])**3
g[maskl] (1 -x[maskl])**2

# (1, 2): odd reflection about x =1
mask2 = (1 <= x) & (x < 2)

f[mask2] (1 -x[mask2])**3

g[mask2] -(1 -x[mask2])**2

# (2, 3): even reflection about x = 2

mask3 = (2 <= x) & (x < 3)

f[mask3] (x[mask3] -3)**3 # no sign change
g[mask3] - (x[mask3] -3)**2

# (3, 4): odd reflection about x = 3
maskd = (3 <= x) & (x <= 4)
f[mask4] (x[mask4] -3)**3
g[mask4] (x[mask4] -3)**2

return f, g

# Domain
x _vals = np.linspace(0, 4, 1000)
f vals, g vals = tilde fg(x vals)

# Plot

plt.figure(figsize=(6, 4))

plt.plot(x vals, f vals, color='red', label=r'$\tilde{f}$")
plt.plot(x vals, g vals, color='blue', label=r'$\tilde{g}$")

plt.title(r'$\tilde{f}(x), \tilde{g}(x)$ on $[0, 4)$')
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plt.xlabel('x")

plt.ylabel(r'$\tilde{f}(x), \tilde{g}(x)$"')
plt.legend()

plt.grid(True)

plt.tight layout()

plt.show()

—he

(x) on [0, 4)

Q.

X),

Step 4: Evaluate f(z + t)

x:%:0.375, t=3=2+t=23375 x—t=—2625

Using 4-periodicity:

e 3.375 mod 4 = 3.375
e —2.625 mod 4 =1.375

Thus:

f 27
« [(3.375) = (3375 - 3)° = (0.375)° = 5

e f(1.375) = (1 —1.375)3 = —(0.375)3 = — 2%

So the average is:

[(3.375) + f(—2.625)] = % <52172 - 52172> =0

N

Step 5: Evaluate the Integral Term

We now compute:

581



We computed the tails:

2 2 485
-A:/ mgw:—/m<&4y@:-
—2.625 1. 1536

375
3.375
-B:/i i(s) ds
2

We split this into two parts, because the definition of §(s) changes at s = 3:

e On[2,3): g(s) = (3—3s)?

/23(3—3)2ds = /10 u?(—du) = /01 w?du = [1;3]: = é

e On [3,3.375]: g(s) = —(s — 3)2

3.375 3/8 313/8 3 9
/ —(s—3)%ds = —/ vidv = — [v] = _B/8) S
4 o 3 0 3 1536

So:

3.375 1 27 512 — 27 485
JRT -
3 3 1536 1536 1536

Final Answer:

Recall that from the previous step:

[f(x +4)+ f(z— t)]=0 and (integral term) =10

N |

7. Suppose the vibration of a string is described by u,, = u,, and has an initial displacement as
given by the following diagram:
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— 3

1
0o 1 2 3 4 5

Assuming the initial velocity u,(x,0) = 0, describe the solution of this problem in the xt-plane

-4 -3 -2 -1

8. Consider the one-dimensional wave equation on the interval 0 < z < L:

g (z,1) = uy,(z,t), O<z<L,
u(0,t) =0, u(L,t) =0, t>0,
u(z,0) = ug(z), u(x,0) =v(x), 0<zx<L

(a) Write down the eigenfunctions and eigenvalues for this boundary-value problem

(b) Using separation of variables, provide explicit expressions for the solution in terms of u, and
Yo

Solution
(a) Eigenfunctions and Eigenvalues

Solve X” + AX = 0 with X(0) = 0 and X (L) = 0. Nontrivial solutions occur when

2
A, = (%) C n=1,2,3,..

and the eigenfunctions are

(b)-1 Series representation

The general solution is

- t t
u(z,t) = Z (An Ccos anﬂ + B,, sin CTZT ) sin ?

n=1

This follows by separation of variables: u(z,t) = X (z)T(t) leads to the spatial eigenfunctions above,
and T(t) solves T” + ¢®\,, T =0

(b)-2 Coefficients A,, and B,,
Using orthogonality:
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Answers

Answer 1 (Section 13.3)

u(z,t) = %X(l—o—ct, aret)(T) + %X(l—ct, 9—et) (T) — %X(ct—z, c-n(@), >0

(X(a,py = 1 on (a,b) and 0 elsewhere): the left-moving pulse is reflected upside down at the fixed
end

Answer 2 (Section 13.3)

2/55 /Ot e b7 [erf(\/&(:n +c(t—1))) —erf(va(z —c(t — 7')))} dr

u(zx,t) = 1

Answer 3 (Section 13.3)

t, ct<l—r
_ 1= (r—ct)? . . . .
u(r,t) = e lr—ct| <1<7r+ct a spherical shell of thickness 2 moving outward;
cr
0, otherwise

behind it u = 0 again (Huygens’ principle)
Answer 4 (Section 13.3)

1
L[ epir)p t ct <
ty=— [ —=Ll_4d 0,t) = Jar -1
U(T‘, > 2me A \/m P U( ) ) ct — 62t2—1’ ot > 1
C

Unlike 3D, the wave leaves a tail that decays slowly instead of vanishing

Answer 5 (Section 13.6)

wct | Tx 3met . 3z
u(x,t) = cos - sin— + 0.5 cos

Answer 6 (Section 13.6)

Answer 7 (Section 13.6)

00 1
u(zx,t) = ZTn(t) sinnmz, b, = 2/ f(z)sinnrxdzx, w, = nmc
n=1 0

T, =b,e P2 [COSVnt—i- Qﬁsinynt], v, = Jw2 —B%/4 ifw, >pB/2; T, =b,e P> (1 + gt)
if w, =3/2
ot

roe"t —rie

2 .
T,=b, ,7“1’2:—%;& %—w% if w, < (/2

ro— T
Answer 8 (Section 13.8)
= 8
t) = —_— t J, =0
u(r,1) mZ::l a2 Ty (o) o(@gnT) cos(agy,t), 0(@om)

Answer 9 (Section 13.9)
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x
13 ” Uy + Ug

Answer 10 (Section 13.10)

u(z,y) = F(y) + G(y — 4x), with arbitrary twice-differentiable F'; G
Answer 11 (Section 13.11)

2 b 2
“(%y,t) = exp [— (.’E — %t) — <y _ Et> ] e—dt/c

Answer 12 (Section 13.12)

3(1+x)
—, -1
u(z,t) = { 143t _$<x8<t), shock at z (t) = \/2(1 +3t) — 1

0, otherwise

For ¢t >

Answer 13 (Section 13.12)
u = ¢[z — g(u)t] satisfies both the PDE and the initial condition as long as 1 +tg'(u) ¢’ () # 0
Answer 14 (Section 13.13)

[Zj = ¢(x — 3t) B] + YP(x +t) [_12], with arbitrary differentiable ¢, v
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14 Elliptic Partial Differential Equations

Learning objectives After this chapter you should be able to

 interpret the Laplacian, and set up Dirichlet, Neumann and Robin problems, including
the compatibility condition for the Neumann problem

e solve Laplace’s equation in a disk, an annulus and an exterior region by separation of
variables, and derive the Poisson integral formula

e solve Laplace’s equation in spherical coordinates with Legendre functions and spherical
harmonics

e solve a nonhomogeneous Dirichlet problem with a Green’s function

e apply these methods to the hydrogen atom

14.1 The Laplacian (an Intuitive Description)
e The Laplacian operator

0? 02 0?
2 v Y 9
V= 0x? + 0y? + 072

is probably the most important operator in mathematical physics. The question is, what
does it mean and why should the sum of three second derivatives have anything to do with
the laws of nature?

e The answer to this lies in the fact that the Laplacian of a function allows us to compare
the function at a point with the function at neighboring points. It does what the second
derivative did in one dimension and might be thought of as a second derivative generalized to
higher dimensions
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V2u(p) <0

p
average of v near p average of v near p average of u near p
is equal to u(p) is greater than u(p) is smaller than u(p)

® u(p) m  average of u at the neighbouring points

The heat equation u, = aV?u measures temperature u, and the equation can be interpreted
to mean that the change in temperature with respect to time wu, is proportional to V2u.
That is, the temperature at a point is increasing if the temperature at that point is less than
the average of the temperature on a circle around the point

The wave equation u,, = ¢?V?u measures the displacement of a drumhead and can be
interpreted to mean that the acceleration (or force) of a point on the drumhead wu,, is
proportional to V2u. That is, the drumhead at a point is accelerating upward if the
drumhead at that point is less than the average of its neighbors

Laplace equation V2?u = 0 says that the solution w is always equal to the average of
its neighbors. For example, a steady-state, stretched rubber membrane satisfies Laplace
equation, hence, the height of the membrane at any point is equal to the average height of
the membrane on a circle around the point

Poisson equation VZ?u = —f, where f is a function that depends only on the space variables

— V2u = —p describes the potential of an electrostatic field where p represents a constant
charge density
— V?u = —g(x,y) describes the steady-state temperature u(x,y) due to a heat source

g(x,y)

V2u + A = 0 is known as the Helmholtz equation which describes the fundamental shapes
of a stretched membrane

Changing Coordinates

Before we start, however, let’s review briefly the three major coordinate systems in two or
three dimensions except for Cartesian system:

— Polar Coordinates
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v
8

x =rcost r? = 2% + y?
. =
y =rsinf tanf = y/x

As an illustration, we see how the two-dimensional Laplacian is transformed into polar
coordinates:

2, —
Vau = Uy, + uy,

¢

sin 6
Uy = U, T, + ugl, = u, cos —uy
. cosf
u, = u,r, +ugh, = u, sinf + uy "
sin 6 sin 6 . sin 6
Uy = (Uy ), Ty + (Uy) g0, = (urr cos 0 — uy, + ug—s— > cos f — <u,,,9 cosf — u,.sin 0 — uy, —u
r
) cos @ cosf\ . . cosf
Uy = ()7, + (uy)e0, = u,,sind + Ugr— — U= 5 | sin 0+ | uppsind + u, cos 6 + uy, pa

¢

1 1
Vu = um,Jr;uT + U0

— Cylindrical Coordinates
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A
.(7‘79,z)
z
>y
T
x
x =rcosf r? = 2?2 + ¢
y=rsinf = tanf=y/z
z=2z z=2z

Changing the Laplacian VZu = u,, + Uy, +u,, to cylindrical coordinates, we can show
1 1
V2u = u,, + U + 2l +u,,

— Spherical Coordinates

L N

>y
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r =rsin¢cosf r? =22 +9% + 22
y=rsingsinfd = cos¢ = z/r
Z=1CoS¢ tanf = y/x

Finally, if we write the Laplacian in spherical coordinates, we have

2, —
Vau = ug, + uyy +u,,

¢
cos ¢ cos f sin @
Uy = Uy Ty + Upd, + ugh, = u, singcost + ud,d)f — uersliuﬁ
) . cos @sinf cos
Uy = U Ty + Uy @y + Ugh, = u, SN Psinb + uy q; + uersingb
sin
U, = U, T, +uyd, +uph, = u, cosp—u, r¢
U
. cos ¢ cos 6 cos ¢ cos 0 sin 6
Ugy = (ux)rrx + (U’x>¢¢x + (ux)Oex = (urr SlngbCOSg + u¢r r - uqS r2 - uerrsingb
cos ¢ cos 0 sin ¢ cos sin 6 E
+ (u,,sin¢cosf +u,cospcosf +uyy—— —Uy;———— — Up-
( rg SIN r COS @ T Uge r ¢ r 99 1 sin ¢ o
cos ¢ cos 0 cos ¢ sin 6 sin 6 (
— sin ¢ cos —u..sin ¢ sin # —_—1 gy — — Uy —
(g sin ¢ u,. sin ¢ sin 0 + u " Uy . ueersinqﬁ 0
) . cos ¢ sin 6 cos ¢ sin cosf
Uy, = ()7, + (uy) 50, + (uy,)e0, = (urr sin ¢ sin 0 + u,, " U3 + UGTTSiHQb — Uy
cos ¢ sin 0 sin ¢ sin 0 cos cC
U, singsinf +u,.cospsing + u —u U — Uy —
+( ro S Y Fup cos g + e r ¢ r + 99 sin ¢ 0
. . ) cos ¢ sin 6 cos ¢ cos 0 cos 0 S
+ (ugsin@sin @ +u,. sin ¢ cos + uyy . +u, " + U - . up-
sin ¢ sin ¢ .
Uy, = (u,), 7, + (u,) 0, + (u,)el, = (uw cos ¢ — Ugr— + u¢r—2> cos ¢+ (_Ums cos ¢ + u,.sin ¢ -
\
2 1 cot ¢ 1

2, ., =, o ;
V U = LL,,,T + , LLT+ 2 U¢d) + 7”2 M¢ + uﬁ@

r r2sin? ¢

1
=2 (TQUT) +

1
——— (sinowu + —u
r r r281n¢( ¢ ‘7’>¢ 25in? ¢ 06

72 sin

NOTES

e The Laplacian in cartesian coordinates is the only one with constant coefficients. This is one
reason why problems in other coordinate systems are harder to solve. It is still possible to
use the separation of variables for these equations with variable coefficients; it’s just that
some of the resulting ordinary differential equations have variable coefficients

e We arrive at a lot of fairly complicated equations, such as Bessel’s equation, Legendre
equation, and other so-called classical equations of physics. To solve these equations, we
must resort to infinite-series solutions and, in particular, the method of Frobenius
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Example What is the wave equation u,, = ¢*V2u in polar coordinates if you know that the
solution u depends only on r and ¢

Answer 1 (end of chapter) - Solution

Example What is Laplace equation in spherical coordinates if the solution u depends only on
r? Can you find the solutions of this equation? These are the spherically symmetric potentials in
three dimensions

Answer 2 (end of chapter) - Solution

14.2 General Nature of Boundary-Value Problems

e Many important problems whose outcomes do not change with time are described by elliptic
boundary-value problems. There are two common situations in physical problems that give
rise to PDEs that don’t involve time; they are:

1. Steady-state problems
2. Problems where we factor out the time component in the solution

o When studying boundary-value problems (BVPs), there are three types of BCs that are most
common; we discuss these three types now

e Dirichlet Problems

Here, the PDE holds over a given region of space, and the solution is specified on the
boundary of the region. An example would be to find the steady-state temperature inside a
circle with the temperature given on the boundary

Ll L, =0
u u u
rr rr r2 60 )

u(1,0) =sinf, 0<r<1, 0<6<2rm

u=sinf on the boundary
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Another example would be an exterior Dirichlet problem in which we are looking for the
solution of Laplace equation outside the unit circle, and the boundary condition is given on
the circle
,
/ Wy
Viu=07

u=sin@
on the circle

_

¢ Neumann Problems
Here, the PDE holds in some region of space, but now the outward normal derivative
ou
on

(which is proportional to the inward flux) is specified on the boundary. For example, suppose
the inward flow of heat varies around the circle according to

% =sin6

or

The steady-state temperature inside the circle would then be given by the solution of the
BVP

Viu=0, 0<r<l1

—u:sinQ7 r=1, 0<0<2m
or

Here, we can see that the flux of heat across the boundary is inward for 0 < 6 < 7 and
outward for 7 < 0 < 27
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heat flows in for 0 <0 <7 (u, > 0)
A

{r//—\

(J

N

v ~————

Y v Y

and out for 7 < 0 <27 (u, <0);
net flux is zero, so a steady state exists

However, since the total flux

27 27
/ @dG :/ sinfdf =0
h O 0

(a condition that must be true for Neumann problems), we can say that the temperature
at each point inside circle does not change with respect to time. In other words, Neumann
problems make sense only if the net gain in heat across the boundary is zero

The Neumann problem is somewhat different from other boundary conditions, in that solutions
are not unique. In other words, the above Neumann problem has an infinite number of
solutions u(r,d). Once we have one solution, we can get the others just by adding a constant.
For example, one solution to our Neumann problem is

u(r,0) = rsiné

and it is obvious that if we add a constant to this solution, another one is obtained. For
this reason, if we want to find one solution to the Neumann problem, we must have some
additional information (like knowing the solution at one point)

Robin Problems

These problems correspond to the PDEs being given in some region of space, but now the
condition on the boundary is a mixture of the first two kinds

ou

= = _h(u—

o (u—g)

where h is a constant and ¢ is a given function that can vary over the boundary. This
BC says the inward flux across the boundary is proportional to the difference between the
boundary value of u and specified environment value g

In heat transfer, this, of course, is just Newton’s law of cooling. The constant h is a physical
parameter that measures the amount of flux across the boundary per difference between w
and ¢g. If h is large, the solution looks very much like the solution of the Dirichlet problem
u = ¢g. On the other hand, if A =0, then the BC is reduced to the insulated BC

ou
o =0
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Example Does the following Neumann problem have a solution inside the circle?
Viu=0, 0<r<l1

%:sirﬁ@, r=1, 0<60<27
or

Answer 3 (end of chapter) - Solution

Example For different values of h, imagine the solution u(r, ) to
Viu=0, 0<r<l1

gu—i-h(u—sine)zo, r=1, 0<6<2n
.

Answer 4 (end of chapter) - Solution

14.3 Interior Dirichlet Problem for a Circle

o This section presents a number of new ideas to solve the interior Dirichlet problem for the
circle

1 1
1 “u —ugy =0, 0<r<l1
Uy + T.UT + 7,2 Ugo ’ :

u(l,0) =g(0), 0<6<2r

The method of separation of variables will be the usual procedure
1
Upp + ;ur + ﬁu99 =0

u(1,0) = g(0)
Yulr,0) = R(r)©(0)
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_'I"QR”-F’I“R/ B @//

Z— <0
R © -
4
0(0)=6(21), ©/(0)=0’ (27)
©"+20=0 0,,(0) = a, cosnf + b, sinnd, A\, =n? n=0,1,2,-
4
. B (0)] < 00
"Ry +rRy=0 ——— Ry(r)=1
|R,(0)] <oo
r?R! +rR, —n’R, =0, n=1,2,++ ——— R (r)=1"
4

u(r,0) = % + Z’r” (a,, cosnf + b, sinnf)

— The solution can be interpreted as expanding the boundary function ¢(#) as a Fourier
series

9(0) = 22 +

5 (a, cosnb + b, sinnh)

M]3

Il
it

n

and solve the problem for cosnf and sinnf in the series. Since each of these terms will
give rise to solutions r" cosnf and r"sinnf, we can then say (by superposition) that

Q

M]3

0+

u(r,0) = 5 " (a,, cosnd + b, sinnf)

3
Il
i

a
— Note that the constant term ?0 in the solution represents the average of ¢(f)

27
ag 1
- =— 0) do
> “ar ), 9(9)

— If the radius of the circle was arbitrary (say R), then the solution would be

a

u(r,0) = ?O + i (%)n (a,, cosnbd + b, sinnd)

n=1

This completes our discussion of the separation of variables solution. We now go to the
interesting Poisson integral formula

Example The solution of

V2u=0, 0<r<l1
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1
uw(1,0) =1+sinf + isin30+cos49
would be

3
u(r,0) =1+ rsinf + %sin30+r4c084¢9

o Poisson Integral Formula

We start with the separation of variables solution

a

u(r,0) = ?O

_l’_

M]3

(%)n (a,, cosnbd + b, sinnd)

Il
—

n

and substitute the coefficients a,, and b,,. After a few manipulations, we have

2m 0

i(0—a) —i(6—a)
re re
1+ i o) + fra—— } g(a)da

27 R2 o 742 ( ) p
a) da
R? +1r2 —2rRcos(f — «) g
This last equation is what we were looking for; it’s the Poisson Integral Formula

— We can interpret the Poisson integral solution as finding the potential v at (r,6) as a
weighted average of the boundary potentials g(6) weighted by the Poisson kernel

1 R? — 7?2
P(r,0) = —
(r,6) 21 R2 4+ r2 — 2rR cos(f — «)

d?=R?+7r*—2rRcos( — o)
= denominator of the
Poisson kernel

For boundary values g(a) close to (r,0), the Poisson kernel gets larger, since the
denominator of the Poisson kernel is the square of the distance from (r,0) to (R, «)
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— If we evaluate the potential at the center of the circle by the Poisson integral, we find

u(0,0) = ;ﬁ/ " (0)do
0

In other words, the potential at the center of the circle is the average of the boundary
potential

14.4 The Dirichlet Problem in an Annulus and in an Exterior

o The Dirichlet problem between two circles (annulus) is

1 1
A —u,+ —= =0, R <r<R
u7’1+7,u1+,’42u00 1 r 2

), 0<6<2r

e We begin by looking for solutions of the form

u(r,0) = R(r)0(0)

Substituting this into Laplace equation, we get the two following ODEs in R(r) and ©(0):

r?R” +rR' — AR =0 (Euler’s equation)
0"+ X0 =0

Note that in the two equations, we required the separation constant A\ to be greater than,
or equal to zero, or else the solution for ©(#) would not be periodic
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e Solving these two ODEs, we now have

and using the requirement that ©(f) must be periodic with period 2w, we have that
=0 at A=0 and A(>0) must be n?, n=1,2,3,

o Hence, we arrive at the following solutions to Laplace equation

1 (constants)
Inr

r™ cosnd

r™ sin nf

r~ "™ cosnf

r~"sin nd

e Since any sum of these solutions is also a solution, we arrive at our general solution
ag a = -
u(r,0) = ?O + ?0 Inr+ Z [(anr" + a,r ") cosnf + (bnT" + bnr’"’) sin n@]
n=1

The only task left is to determine the constants in the sum so that wu(r,6) satisfies the BCs

u(Ry,0) = g,(0)

, 0<0<2r
u(Ry,0) = g,(0)

e Substituting the general solution into these BCs and integrating gives the following equations

~ 1 2m
a0+a01nR1:7r/ g1 (@) da
0

4 1 e Solve for ay, a,
a0+dolnR2:/ gs(@) da
0

27
a, R} +a,R{" = g1 (@) cosnada
Solve for a,,,a,,

)
3

go(a) cosnada

S—

a, Ry +a,R;" =

o
3

b, R + b, R{" = g1 (a)sinnada

Solve for b,,, i)n

o
3

b, RY + ?)nRZ_” go(a) sinnada

A= 3= 3= 3=

O\o\o
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Example Suppose the potential on the inside circle is zero, while the outside potential is sin 8

1 1
“u 4 gy =0, 1<r<?2
/U’rr+ Tur+ r2u99 r

0<<2n

Solving the necessary equations for «a, ay, a,,,a,, b,, and Bn yields

2

u(r,0) = 3 (r— 1) sin @
r

Example Consider the problem with constant potentials on the boundaries

1 1
urr+;ur+r—2u99:0, 1<r<2

=3
_ 0<0<2r

In this case, since it’s obvious that the solution is independent of 8, we know our solution must be
of the form ay + agInr. Using our two equations for a, and a,, we obtain

2
u(r, ) —3—|—mlnr

The only solutions of the two dimensional Laplace equation that depend only on r are constant
and In7. The potential In7 is very important and is called the logarithmic potential

Example Another interesting problem is
1 1
uw—i—;uT—I—r—Qu@O:O, l<r<2

u(1,0) =sind

1
, 0<6<2
u(2,60) =sind - i

A quick check of the coefficients reveals that they are all zero except for b; and ?)1. Solving for b,
and b; gives the solution
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e Exterior Dirichlet Problem

The exterior Dirichlet problem

1 1
Uy + u+ —Ugg =0, Ry <r<oo

u(R,0) =9g(0), 0<6<2rm

is solved exactly like the interior Dirichlet problem except that now we throw out the solutions
that are unbounded as r goes to infinity

Hence, we are left with the solution

B ?0 il ( ) h <&n cosnf + b,, sin n@)

where a,, a, and b are exactly as Fourier series. In other words, we merely expand

u(Ry,0) = g(0) as a Fourier series

_ag
2

+ i (&n cosnf + b, sin n@)

n=1

—n

r

and then insert the factor (R) in each term to get the solution
1

Example The exterior problem
+ ! + ! 0, 1<r<
U —U,. + —SUgg = r < o0
rr P r2 06 ’
u(1,0) =1+sinf +cos30, 0<6<2r
has the solution

1 1
u(r,0) =1+ —sinf + — cos30, 0<6<2r
r r

Example The exterior Neumann problem
1 1
Uy, + u+ —ugg =0, 1<r<oo

ou

So(1,0)=g(6), 0<9<2m

has a solution that is the same form as the Dirichlet problem
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u(r,0) = % + i " (&n cosnf + b, sin n0>
n=1

but now the coefficients a, a,, and ?)n must satisfy the new BC. Of course, once you have this
solution, any constant plus this solution is also a solution

14.5 Laplace Equation in Spherical Coordinates (Spherical Harmonics)

e An important problem in physics is to find the potential inside or outside a sphere when the
potential is given on the boundary

o For the interior problem, we must find the solution u(r, ¢,0) that satisfies

(r*u,) + gy =0

1 .
. singb<sm¢u¢> +

1
¢ sin? ¢

u(l,¢,0) = g(¢,0), 0<0<2m, 0< <7

Note that this spherical Laplacian is written in a different form than those we’ve seen before.
This form is slightly more compact and easier to use

e Quite often g(¢,0) has a specific form, so that it isn’t necessary to solve the problem in its
most general form. Two important special cases are considered in this section. One is the
case when ¢(¢,0) is constant, and the other is when it depends only on the angle ¢ (the
angle from the north pole)

u(1,¢,0) = g(¢,0) on the sphere

e Special Case 1 — ¢(¢,0) = constant

In this case, it is clear that the solution is independent of ¢ and 6, and so Laplace equation
reduces to the ODE

(TQUT) =0

”

This is a simple ODE that the student can easily solve; the general solution is
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u(r)z%—l—b

a

In other words, constant and — are the only potentials that depend only on the radial
r

Newtonian potential

distance from the origin. The potential — is very important in physics and is called the
r
Example (Potential interior to a sphere)

Viu=0, 0<r<l1

u(l,¢,0) =3
Here solution must be u(r,¢,0) =3 in order to be bounded

Example (Potential between two spheres each at constant potential)
temperatures

Suppose we want to find the steady-state temperature between two spheres held at different

V2u=0, R1<T<R2

U(R17¢70) = A
U(R27¢70) =B

Since we know the potential has the general solution

r
we substitute it in the BCs and solve for ¢ and b; doing this gives

u(r) =(A— B) Ry Ry

=+
R2 - R]_ r R2 - Rl
A=B A>B A<B
A B
—A=B
=l
B AA
R, R,y Ry Ry R, Ry
T T T
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e Special Case 2 — ¢(¢,0) depends only on ¢
Here, the Dirichlet problem takes the form

1
2 : _
reu,.,. + 2ru, + Snd (smqbuqs)d) =0, O0<r<l1

and arrive at the two ODEs

(sing ®’)" + Asing® = 0 Legendre’s equation
R’ +2rR  — AR =0 Euler’s equation

Legendre’s equation isn’t easy; the general strategy in solving this equation is to make the
substitution

T = Cos ¢
Making this change of variable gives rise to the new Legendre’s equation

(sing @) + Asing® =0

,  dddzx ., dd
| x=cos¢p, ® —d—%——smgb%
. / /__i dIE_ 2 7@5@ .
(sing @) = dl’( gi) )dgb ( (;5 +2s1n¢cos¢d . )smgi)
d2<1> d®
_ 22T = -
= [(1 x )dl‘z 2xd$] sin ¢
!
2
(1 — a2 )%—2 (:Z{—(I)+)\(I)—O —1<z<1
dx
\

d 4o
%[(1— )dm]ﬂ@ 0

— One of the difficulties in this equation is that
. 2D .
the coefficient (1 — z?) of T2 is zero at the ends of the domain —1 <z <1
T

Equations like this are called singular differential equations. We arrive at a very
interesting conclusion
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— The only bounded solutions of Legendre’s equation occur when A\ = n(n + 1), n =
0,1,2,--- and these solutions are Legendre polynomials P, (x)

Py(z) =1

P (x)==x

Py(r) = 5 (322 1)

Py(z) = %(5;03 — 3x)

Pol@) = gt [(a? 1)

The graphs of a few Legendre polynomials are shown in

1.0' (171)
0.5
0.0

~0.5 1 — Py(z)

— Pi(2)

— Py(z)

—1.01 -1, -1) — B(z)

-1.0 -0.5 0.0 0.5 1.0

— We now solve Euler’s equation by substituting A = n(n + 1) and R(r) = r® in the
equation and solving for «. Doing this, we get two values

‘- {—(n—i—l)

and, hence, Euler’s equation has the general solution

bounded solution

R,(r)=a,r" + bnr*m*l) s Y ik

n

— The final step is to form the sum
u(r, o) = Z a, " P, (cos ¢)
n=0

in such a way that it agrees with the BC (1, ¢) = g(¢). Substituting the above solution
into the BC gives

9(¢) = a,P,(cos §)
n=0
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If we multiply each side of this equation by P, (cos¢)sin¢ and integrate ¢ from 0 to
T, we get

gk

/Wg(qﬁ)Pm(cosqb) singdgp = ) a, /7r P, (cos ¢)P,,(cos ¢) sin ¢ do
0 0

0

3
i

M

o / P ()P, () de

0 n+m

0

—_

3
Il

Il
N

a n=m

a, = / g(@) P, (cos ¢) sin ¢ do
0

Example Suppose the temperature on the surface of the sphere is given by

9(¢) =1—cos2¢, 0<¢p<m

and suppose we would like to find the temperature inside the sphere. In this problem, the
temperature is constant on circles of constant latitude. To find u, we must solve

(T2ur)r + (sinq§u¢)¢ =0, 0<r«l1

1
sin ¢
u(l,¢) =1—cos2¢, 0<op<m
Our goal now is to expand ¢(¢) as a series of Legendre polynomials;

1—cos2¢=1—(2cos’¢p—1)

4411,
=373 5(3608 p—1)

= SPy(cos9) — 3 Py(cosd)

g =

Hence, the solution to the problem is

u(r,¢) = %Po(cos o) — %rQPQ(cos @) = % — %7"2(3 cos? ¢ —1)

NOTE The solution of the exterior Dirichlet problem

S

u(l, @) =g(¢), 0<p<m

(r2ur)r+ ,1¢(sin¢u¢)¢:0, l<r<oo
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is

o0

u(r,6) = 3" P, (cosg)

n=0

2n+1
2

where b, =

/ g(¢) P, (cos ¢) sin ¢ deo
0

For example, the BC g(¢) =3 would yield the solution u(r,¢$) = 3/r. Note that in this problem,
the solution goes to zero, while in two dimensions, the exterior solution with constant BC was
itself a constant

o General Case — ¢(¢,0)

We consider the boundary value problem

(sin gf)ud)) + %u% =0, r<R

r2u,.,. + 2ru, + o
¢ sin® ¢

sin

in a sphere of radius R

1. Solve this problem by separation of variables,
2. Derive K(r,¢,0;R,p,?) in the equivalent integral formula:

27 T
u(r, 6,0) = / / K(r,6,0; R, 0, 9) g(ip, 0) sin p dip d)
0 0

1. Applying separation of variables, we find that the equation has the solution of the form
R(r) ®(¢) ©(0), provided

2 DN ’ . AV ”
r*R” 4+ 2rR _ein (singp®’)”  © — <0

R ® BNC) -

—sin® ¢

Since © must be periodic of period 2w, we have O =cosmf or sinmf, where
uw=m? m=0,1,2,---. Then

r?R” + 2rR’ _ (sing®”) m?2

= — =-A<0
R sin ¢ ® sin2¢) -
4
. I\’ . m?
(singp ®")" + (Asmqbsinqb) ®=0

R’ +2rR' — AR =0

— The equation for ®(¢) is singular at its two endpoints ¢ = 0 and ¢ = 7. In lieu of
boundary conditions, we impose the condition that ® and ®’ remain bounded at both
ends. This gives an eigenvalue problem with two singular endpoints. We introduce the
new variable 2 = cos¢ and let ®(¢) = P(x). Then the equation for ®(¢) becomes
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— In the case of m = 0:

CZ[@— )ZZ;]+AP—O (LG)

we obtain a function which is bounded for —1 <z <1 if and only if

A=n(n+1), n=0,1,2,-

These, then, are the eigenvalues. Setting P, (1) = 1, we obtain the eigenfunction P, (x)
corresponding to the eigenvalue A\, =n(n+1):

& n+k)!
Pule) =

It is called a Legendre polynomial

% Since P, (x) is of exactly degree m in x, any polynomial of degree k can be

expressed as a linear combination of P,(z) with n=0,1,---,k. Since P, (x) are
orthogonal, each P, (x) must therefore be orthogonal to all powers of z less than
n:

1
/ 2*P (v)dx =0, k=0,1,-,n—1

-1

These n linear conditions, together with the fact that P,(x) is of degree n,
determine P, (z) uniquely

* We can verify the identity

1 dn
2nn! dgm

Py(x) = (22 —1)"

which is called the Rodrigues formula. It is clear from this formula that P, (x)
is even in z if n is even, and odd if n is odd

* The Legendre polynomials can also be defined as the coefficients in a formal expansion
in powers of ¢ of the generating function

\/1—2:ct+t2 Z
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— We now wish to consider the equation (AL) with a positive m. For this purpose, we
first differentiate the equation (LG) m times with respect to z. This gives

m+2 m+1 am

1— 2
( m) dx™

We now introduce the new dependent variable

m/2 dm
dx™

Q(z) = (1—12?%)

P(z)
— The above equation becomes

d dQ m? B
= [(1—x2)dx] + [/\— l—xQ]Q_O

Thus any solution P(z) of (LG) leads to a solution Q(z) of (AL), unless P(z) is a
polynomial of degree less than m

— Since P, (x) is a polynomial of degree n,

dm

dximP”:O for n<m,
and we get no eigenfunction. Therefore, the eigenvalues are precisely n(n + 1) with
n=m,m+ 1,---. The eigenfunctions

m/2 am P (s 1 ( m/2 dern

P7Zn(l) = <1 - :I;2> dxm ”(‘L) - 2"71! ( - ‘1;2) dmern, (:L'z o 1)71/

are called the associated Legendre functions. P)"(x) corresponds to the eigenvalue
n(n+1), and n >m

— In Fourier expressions, it is useful to know the integrals of [PTT(J:)]Z It follows from
the Rodrigues formula and n integrations by parts that

" [Pu(cos )P sinodo = | [P da
| /

1 Lrar .
T 92np12 /_1 [d:c” (1_«T ) } dx
1 dn-1 d !
— _ 2 n Rl 1 _ 2 n
922np 12 |:dxn1 ( x ) dxm ( T ) ) 2
=0
_ <_1)n ! (1_ 2)“ d? ( _x2>n dx
- 22np)2 - v dx?
(=1)m(2n)!

1
_ : / (1 —LBQ)TL dﬂ’} _ <2TL>' 2n+1 n!2 _ 2
22np12 | 22np)2 2n+1)!  2n+1
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— Similarly,

/0 (P (eos) singdo = [ Py do = [ 1
dmfl

= L P) {(1 —a2)™ jmmPn(@}

(_1)7ncn 17/7!“)! (ntl"!nﬂwn_;’_
| 1
= (n + m)' / P (x)c,x™ dx
(n—m)! '
n+m) [}
- [ i@ o
s
2 (n+m)!
2n+1(n—m)!

in which ¢, is the coefficient of 2" in P,(x)

— Putting A = n(n + 1) in the equation for R(r), we obtain the two solutions " and
r~(*+1) " Only the first of these is bounded at r = 0

— The method of separation of variables thus gives the harmonic functions

r"™ P (cos ¢) cosmé

r™ P (cos ¢) sin m@

« We note that P (cos¢) is sin” ¢ times a polynomial of degree (n —m) in cos¢
which is even or odd according as (n —m) is even or odd

* Since rcos¢ = z, it follows that " ™ times this polynomial is a polynomial in 7?2
and z, and hence in z, y, and z

x Also, rsing = /a2 +y2. Thus rsin”™ ¢ cosmb and r™sin™ ¢sinmb are the
polynomial solutions in x and y obtained by separating the two-dimensional Laplace
equation in polar coordinates

x We see then that the functions rP)"(cos¢)cosmf and 7" P[*(cos¢)sinmé are
homogeneous polynomials of degree n in z, y, and z. They are of degree (n—m)
in z. These polynomials are called spherical harmonics

The formal solution of the problem is then

n

1 ‘ . ) ‘
5(1’71,0 n(COS (j) + Z (an,m cos md + bnm S 7719) P,’L”(COS (D>

00
)= m=1

u(r, ¢,0) = Z (%)n

n=0
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where

27 ™
a,, = (2712;: 1) EZ I Z;: / / g(@,0) P (cos ¢) cosmb sin ¢ de df
“Jo o
27 ™
b = (2n2—7: 1) EZ :L Z;: / / 9(¢,0) P™(cos ¢) sinmé sin ¢ de d
“Jo Yo

are the n-th Fourier coefficients of ¢(¢,0) = u(R, ¢, )

2. We can write this solution as

27 T
u(r, 6, 8) = / / K(r,6,0: R, 0, ) glp, 9) sin g dio 49
0 0

where K(r,¢,0; R, ¢,9) is

T;) (%) n; P, (cos ¢) P, (cos @) + > ( "12:: ) EZ - Z;‘ Pm(cos ¢) P (cos ¢) cos m (6 — 1)

K, (¢,0;0,9) (KL)

— For a fixed n,

27 ™
/ / K, (¢,0;0,9)r" P"(cos ¢) (acosmd + bsinmd) sin ¢ dep dv
o Yo

_ )" P (cos )(acosmlb + bsinmf) for I =n
o for 1+ n

— This means that any homogeneous polynomial of degree [ which is a solution of Laplace
equation can be written as a linear combination of the 2[ + 1 spherical harmonics
rt P™(cos ¢) cosmf and 7! P™(cos ¢) sinmf. The kernel K, (¢,0;,9) has the property
that it reproduces all homogeneous harmonic polynomials of degree n, and reduces
those of other degrees to zero

— Since rotation of the coordinate axes takes a homogeneous harmonic polynomial of
degree [ into another such polynomial in the new variable, the kernel K, must be
unchanged by such a rotation. That is, if the new polar coordinates are (r’',¢",0"), we
have K, (¢,0;¢,9) = K, (¢",0";¢",9"). In particular, we can rotate our coordinates so
that the new z-axis passes through (r,¢,0); that is, so that ¢’ =0

— By definition, P,(1) = 1. On the other hand, P*(x) with m > 1 has a factor
(1-— x2)m/2, so that P™(1) =0, for m > 1. Therefore

_2n+1

K, (¢,0,0,9) = K,(0,0;¢",9) ym

P, (cosp’) (KS)

where ¢’ is the angle between the direction (¢,0) and (¢,?) :

cos ¢’ = cos ¢ cos @ + sin ¢ sin p cos(f — )
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— Substituting the identity (KS) in (KL), we find

- ) Pulcos)

% (27"; + 1> Z (%)nPn(cos ')

n=

( ¢7‘9 R7Q05 ! iZn—l—l (

8{3@\ﬁ

o

— Evaluating the generating function at = = cos¢’ and t = %, we have the identity

x|

R o0
\/7"2+R2—21“Rc0sg0 HZO< ) n(cos @)

Since

1(2Ta+1> R _i R(RQ_TQ)
47 or V2 + R?—2rRcos¢’ A7 (12 4 R2 — 2rRcos¢’)*”

1 - (5)

An (1 + (%)2 — 2% cos @’)3/2

where (r? + R? — 2rR cos go/)l/2 is the distance from the point (r,¢,6) to the point
(R, ,1), thus, the solution formula is equivalent to the integral formula

=P(r,R,¢")

27
/ / P(r ) g(p, ) sin p dp dv

This is Poisson integral formula in three dimensions

Poisson Integral Formula in 2D and 3D — Summary Table
Dimension Domain Poisson Kernel P Poisson Integral Formula
L 11— |x)?
2D Unit disk  P(x,§) = o 5 u(x) = / P(x,£)g(&)d
D={xe m[x—¢]
2 x| <
1}
, 11— x|?
3D Unit ball  P(x,¢) = e 3 u(x) = / P(x,€)g(&)dE
B = {X c T |X - £| OB
x| <

1)

Try it in Python: Spherical harmonics ¥, evaluated with scipy.special.sph_harm_y and
visualized in 3D: Hydrogen Atomic Orbitals
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14.6 A Nonhomogeneous Dirichlet Problem (Green’s Function)

e A common problem in applied mathematics is to find the potential in some region of space in
response to a forcing term f. A typical example would be to find the potential inside a circle
in two dimensions that satisfies

1 1
+ —u,. + — = — #), 0 1
Upp Tur r2 Ugg f(’rv )a <r<

u(1,0) =0, 0<6<2r

o Note that we have chosen the boundary values to be zero. If we wanted to solve the general
case, where both the equation and BC were nonhomogeneous, we could add the Poisson
integral formula from Section 14.3 to the solution from this section

e In order to gain a little intuition about nonhomogeneous differential equations, let’s consider
graphing the solution to the following Poisson equation:

1 1
U —u —Ugg =—q, 0<r<l1
TT+’I"T+’I“2 00 q

uw(1,0) =0, 0<0<2r

Here, the potential is fixed at zero on the boundary, and the Laplacian of w is always equal
to —q inside the circle. Since VZu(p) measures the difference between u(p) and the average
of its neighbors, it will look like a thin membrane fixed at the boundary that was continuously
being pushed up by a stream of air from below

« Potentials from Point Sources and Sinks

— In solving a nonhomogeneous linear equation, it is sufficient to solve the equation with
a point source since we can find the solution to the general problem by summing the
responses to point sources. Our goal here is to find the potential in some region of space
due to a point source (or sink)

— Suppose we have a single point source of magnitude ¢ located at the origin. It is clear
that the heat will flow outward along radial lines, and, hence, if we compute the total
outward flux across a circle of radius r, we have

2m
Total outward flux across the circle = — / u,(r) rdd = —2mru,.(r)
0 -

<0

— But the outward flux must be equal to the heat generated within the circle (conservation
of energy), so we have

—27ru,.(r) =q

Solving this simple differential equation for wu,(r), we get
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u(r) = M

1
T T

A sink, on the other hand, is represented by a negative source, and so a sink with
magnitude —¢ would give rise to a potential field

q 1

¢ Poisson Equation Inside a Circle

— We will now solve the important problem

1 1
S A gy = —f(r0), 0<r<l
urr+ rur+ T2u99 f(T‘ ) r

u(1,0) =0, 0<0<2m

— The Green function technique (impulse-response method) consists of two steps:

* Finding the potential G(r,0,p,¢) at (r,6), which we force to be zero on the
boundary and which is due to a single charge (magnitude 1) at (p, @)

* Summing the individual responses G(r, 6, p,¢) weighted by f(p, ) over all (p, @)
in the circle to get the solution

21 1
u(r,0) = / / G(r,0,p,) f(p, ) pdpds
0 0

STEP 1 Since the function

1 | 1

ln—

2 R
is the potential at (r,6) due to a single unit charge at (p, ¢), where R is the distance from (r, )
to (p,¢), the only thing left to do is to modify the function so that it is zero on the boundary

STEP 2 The strategy is to place a sink outside the circle at such a point that the potential due
to both is constant on the circle at = 1. We can then subtract this constant value to obtain a
zero potential on the boundary. The big question is, of course, where do we place the sink outside
circle, so that the potential on the boundary is constant?

Without going into the details, we can show rather easily that if the sink is placed at (1/p, ¢),
then the potential due to the source and the sink will be constant on the circle r =1

1.1 1.1 1. R
w(r,9) 2m nR 2m nR 2m nR

1 I V12 +1/p2 —2r/pcos(0 — §)
=—1In
2m V12 + p2 —2rpcos(f — @)

J r=1

1
u*(1,0) = —ﬂlnp
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With these steps in mind, we construct Green’s function

111 1114_11
—In———In—=—+4+—In
2r R 27 R 27 p

G(T7 97 107 ¢) =

u(r, )
—@ (1/p, ¢): heat sink

origin

(p, ¢): heat source

constant potential on the circle r=1

To find the solution to our original problem, we merely superimpose the impulse functions; this
brings us to the final solution

u(r,0) = 21/0'% /O'1 In (Pﬁ) flp. @) pdpdd (CG)

This is Green’s function solution of Poisson equation inside a circle
NOTES

1. It is also possible to solve
1 1 B
urr+;ur+ﬁu99—0, O<T<1

u(1,0) =g(0), 0<6<2rm
by means of the Green’s function approach

o Choose any point (ry,6,) inside a circle. Let v(r,6) be any twice continuously differentiable
function in a circle such that v = g on the boundary, and v =0 near (ry,6,). Let w =u—w.
Then w satisfies

Viw=-V?, 0<r<l1

w(1,0)=0, 0<0<2r

Therefore

27 1
w(7“0790) :/ / G(rmeo»ﬁ;(b) Vzvpdpd¢
0 0
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o Since v =0 near the singularity (ry,6,) of G, we can apply the divergence theorem to the
identity

GV?v = GV?v —vV3G =V - (GVv —vVG)

to find that

27 1
w(rg,0) :/ / G(ro, 00,9, ¢) V2 pdpdg
0 0

U, Divergence Theorem

m ov oG
:/O l:G(rmeOalagb)ap(laQS)_U<1>d)>ap(r0790717¢) d¢

‘U’ On the boundary, G=0, v=g

e
— _/ 87p<7'0790717¢>g(¢> d(b
0

o But v(ry,6y) =0, so that w(ry,0,) = u(ry,0,). Since (ry,0,) was any point in a circle, the
solution is

27
u(r,0) = —/ (2)2:(7“79717@9((15) do
0

which, if we compute 3, gives
P

1 [ 1—r2
u(r,0) = 27r/0 [1 + 72 — 2rcos(f — ¢) 9(9) dg (P1)

which is the Poisson integral formula

2. The solution to the general Dirichlet problem
+ 1 + 1 f(r,0), 0<r<1
U —u — Uy = —f(r T
rr ror 72 00 sV

u(1,0) =g(0), 0<6<2rm

would be the sum of solutions (CG) and (PI)

¢ Poisson Equation Inside a Sphere

— We consider the problem

+ 2 + 1 + coté + =
U —u U U
rr T 2 g ¢

=—F(r,¢,0), r<R
rzsin2q§u90 (r,¢,6), (SK)

r2

u(R, ¢,0) =0

— The solution procedure consists of two steps:
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x Solve by taking the finite Fourier Transforms

27 ™
F e 100:6.0] = P [ fr0.6) Pitteos ) cosmb sin do do
0 0
27 ™
T soun 1(r,0,0)] = 2 [ [ f0,6.6) Py (cos) sinm sin oo df
0 0

« Derive G(r,¢,0;p,p,9) in the equivalent integral formula

21 g R
u(r, ¢,0) =/ / / G(r,9,0;p,0,9) F(p,,9) p*sinpdpde dd
0 0 0

STEP 1 Using the finite Fourier transforms of u and F":

Uy (1) = F ¢ [0, 0, 0)]
by (1) = F s, [, 0, 0)]
A (1) = F i [F (1, 0, 0)]
B (r) = F g i [F(r, 0, 0)]

we obtain the finite Fourier transforms of the differential equation and integrating by parts leads to

the system
r2a:bm + 2Ta;Lm - n(n + 1>anm = _T2Anm? anm<R> = O? |anm| <
TQb;;m + Q’rb;Lm - TL(TL + 1>bnm = _Tanmv bnm(R) = 07 |bnm‘ <0

These problems have the solutions

where (See Section 3.10)

G (r,p) = (2n+11)R <%>n (12)_(”“) - (%)n for 7 < p
n ,P) - 1 P\ P\ —(n+1) Fan
2n+ 1R (E) (E) - (§> for r > p

Thus the problem (SK) has a solution

u(r, ¢,0) = Z [;ano (r)P,(cos ¢) + (A (1) COSMO + b, (1) SINMEB) P (COS @) (SS)

STEP 2 We substitute the definitions of A4,,,(r) and B,,, (r) in (SG), and formally interchange
integration and summation in (SS). This process gives the formal solution
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27 T R
u(r, 6, 0) = / / / G(r, 6,0 p, 0, 9) Fp, 0, ) p? sin o dp dep 4

0 0 0

where for r > p

G(r,¢,0;p,9,9) = i(gnil) <£>n [(12

) ()| Katotip0

47TR <%> [( > " —(;)n} P,(cos¢’)

For r < p, we must only interchange r and p in this formula

To evaluate the series in the above equation, we use the generating function:

1
G(T‘, ¢7 0; 252 79) =

AT \/r2 + p% — 2rpcos ¢’

1
_E\/R2

This, then, is the Green’s function for r > p. It is already symmetric in r and p, so that the
same formula holds for r < p, and even for r = p. We note that G =0 for r=R

Green Function in 2D and 3D - Summary Table

Dimension - Domain Object Formula Purpose
2D - Unit disk Green G(x,y) = Solve Poisson
D={xeR?:|x| <1} Function 1 1 _equhtion ¥
— [ln——1In =
2t \ [x—vl M= i(x)'=
Y
ly|2 G(x,y)f(y)dy
Y D
3D - Unit ball Green G(x,y) = Solve Poisson
B={xeR®:|x| <1} Function i ( 1 1equa5ion .
ar \[x—yl  [yllx Ay f: u(x) =

ly|? /BG<X’Y) (y)dy

14.7 Hydrogen Atom

o As the electron circles around the nucleus, the system (the proton and the electron) rotates
around the center of gravity. For the rotating system, we can write the reduced mass, u, as

1 1
J— 4+ —
wo m, m
or
m_m
_ e’’p
'u_m +m
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Since the mass of the electron is so much less than that of the proton, m, +m, ~ m, and
1~ m,. Assuming that the nucleus is stationary and that the electron does all of the moving

(the infinite-nuclear-mass approximation) leads to the same result

The Hamiltonian can be written as the sum of the kinetic and potential energies

H=T+V

in which T = p?/2u and the potential energy V for the interaction of the electron with the
proton is —e?/r (Gaussian units; e? — e%/4me, in SI units). Therefore, the Hamiltonian
operator H is

H:—h—zvti
2u r

Therefore, the time-independent wave function ¢ gives

Hep = B
U
v2w+2“(62+E> =0
h r
U
1 1 . 1 2 2
2 (T2¢r)r + Zeing (51n¢1/1¢)¢ + mww + hl; (i +E> Yp=0

We assume that ¢(r,¢,0) = R(r) ®(¢) O(0) and make the substitution. For simplicity, we
will write the partial solutions as R, ®, and © without showing the functionality. We now
divide both sides by R®© and multiply by 72 sin? ¢:

sin? ¢
R

: 1 ) 2 in2 2
(R, + TG (o), + g+ BEEEE (T4 ) =0

Inspection shows that, of the four terms on the left side of the equation, there is no functional
dependence on 6 except in the third term. Therefore, with respect to the other variables,
the third term can be treated as a constant:

sin? ¢ sing , . 2ur?sin? ¢ [ e? 1
5 (r*R,) — (51n¢<1>¢)¢ g (T + E) = @@99 =-A<0
\’
@99 + A@ = O, @(O) = @(271')
U eri2mVX _
Ap =m2,m=0,4+1,42,
O (0) = —=c™

V2r

im0 and e "™ but we cover the latter by allowing m

Actually, there are two solutions: e
to run negative
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¢ We can now write the wave equation as

sin? ¢
R

. 9 2 a2 2
<T2Rr)r+81;¢ (Sin¢®¢>¢_m2+l“";2m¢ (iJrE) =0

If we divide the equation by sin? ¢ and rearrange, we obtain

2 /.2 2
l(7‘2RT)T+2MT (i+E>+ = (sing®;) — L'

R h2 dsin ¢ ¢ m N
U
Tsimg 0P, sg;qs =
% (r’R,) + 2;;:;2 (ej + E) =p
b sir11¢> (sin@®y), + (B_ siT22¢) ®=0
;(TQRT)T%—;/;((;QJrE) R—%Rzo

e We will now turn our attention to the equation involving ¢. The standard method for solving
this equation is to make the transformation x = cos ¢

1 d (sin?¢ d® m?
sinqsdqb(sinqb deb) - (ﬁ_sin%)(pzo

|l z=cos¢, de = —singpdop
2
d[(l—xQ)dq)}vL(/B— m 2)@:0

dx dx 1—x
i3
RLiN dod m?
_p2y = _ . _ =
(1 Jj)d:ﬁ Qxdx+<ﬁ 1_m2><13 0

e This is the associated Legendre equation. If you start with the Legendre equation and
differentiate it |m| times, you end up with a new differential equation

(1—22) B/ (2)— 20P{(2) + Il + DP(2) =0, 1=0,1,2,--

|m|

|l differentiate it [m/| times, y=(L£)""Py(z), Im|<1

(1 —a?)y” —2imlzy — |m|(jm| — 1)y — 22y’ — 2m|y + (I + 1)y = 0

4
(1=2?)y" —2z(jm| + Dy’ + [[(1+ 1) — [m|(jm| + 1)]y = 0

¢ And the substitution

y=(1- x2>—\m\/2 P
Y = (1—g2) 2 {

g’ = (1= g2) i {

dd |m|x
—_— ®
dx * 1— a2 ]

d?®  2lm|z d®  |m|+ |m|z? + |m|?x?

—_— P
dz?  1—2x2dzx (1—2a2)2
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puts the equation into standard form with respect to ®. Then the standard solutions of the
associated Legendre equation were found to be

2 | /o ]+
O(z) = B (2) = (1—a%)"" (di») Pa) = (1—a?)" zllz'@c) (> —1)

and Pl‘m‘(x) are orthogonal with the weight function 1

/1 Pl‘m‘<l') Pl\ﬁl\<x) de — 2 (I+]m])

|
— .
- 20 +1(1—|m|)! "

Notice that | must be a nonnegative integer. For any given [, then, there are (21 + 1)
possible values of m:

1=0,1,2,+; m=—l,—l+1,,—1,0,1,,1—1,1

For historical reasons, [ is called the azimuthal quantum number, and m the magnetic
quantum number

The normalized angular wave functions are called spherical harmonics:

m — (2l + 1) <l _ ‘Wl’)' |m| . A\ pimb
Y™ (¢, 0) = 6\/ i U+ ‘mD'P] (cos ¢)e

where € = (—1)™ for m >0 and e=1 for m <0

Notice that the angular part of the wave function, Y (¢,#), is the same for all spherically
symmetric potentials; the actual shape of the potential V(r) affects only the radial part of
the wave function, R(r), which is determined by

1 2u (€2 (l+1)
ﬁ(T2RT>T+}12<T+E)R— S R=0

This equation simplifies if we change variables:

Let u(r) = rR(r)

|l so that
pot AR L)) L
o’ dr 2 \Udr Todr dr|  dr?
vV—2uE 2ue?
br="=r— and po=75-
d*u pok . o l(I+1) p=rr  d?y po  UI+1)
ﬁ: —T—FK +TU — dpQZ[l_p+ 2 U
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o The next step is to peel off the asymptotic behavior, introducing the new function v(p)

u(p) = p'*te Pu(p)

in the hope that v(p) will turn out to be simpler than u(p). In terms of v(p), then, the
radial equation reads

d?v dv

4 ol+1—p)— — 2+ 1)]v=
pdp2+(+ P)dp+[Po (I+1)]v=0

¢ Finally, we assume the solution can be expressed as a power series in p:

o) = 3 cup*
k=0

Inserting the power series into the equation and equating the coefficients of like powers yields

. Q(k—i—l—i—l)—poc
LT e+ 1) (k+20+2) "

e Now let’s see what the coefficients look like for large k. In this regime the recursion formula
says

2
Cry1 ¥ k+lck

Suppose for a moment that this were exact. Then

2k
Cp = ECO

* SO

2k
v(p) =co ) 7P =coe®™ = ulp) =cop'tler
k=0 "

which blows up at large p. The positive exponential is precisely the asymptotic behavior we
didn’t want

o There is only one way out of this dilemma: The series must terminate. There must occur
some maximal integer, k such that

max?

Chppuw+1 = 0

and beyond which all coefficients vanish automatically. Evidently

2(kmaz+l+1)_p020
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¢ Defining the so-called principal quantum number

n==~k,,, +1+1

we have

po = 2n
o But p, determines E
R et
o 2u h2pR
so the allowed energies are
4
B, =— [’;22] % n=1,2,3

This is the famous Bohr formula. The ground state (that is, the state of lowest energy) is
the case n = 1; putting in the accepted values for the physical constants, we get

4
SR e -
B, = [%2} 13.6eV

and we find that

where

2

h
ag = —5 = 0.529 x 10719
e

is the so-called Bohr radius

e Anyway the radial equation gives

1
Rour) = g e Pu(p)

in which v(p) is a polynomial of degree k,,,., = n—1—1 in p, whose coefficients are
determined by the recursion formula

S 2k+14+1—n) .
ML e+ 1) (k+20+2) "

For arbitrary n, the possible values of [ are

1=0,1,2,-,n—1
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and for each [, there are (2] + 1) possible values of m, so the total degeneracy of the energy
level E,, is

d(n) = Ti(% +1)=n?

=0

o The polynomial v(p) is a function well known to applied mathematicians; it can be written
as

v(p) = Liljll—l (2p)

where

P aP _1\k
Iyl = (17 (45 L) = <;>(q_§_k)ﬁ

is a generalized Laguerre polynomial, and

is the ¢-th Laguerre polynomial

e The radial wave functions are given by

3. 1 1w N\
R l(/r.) = i (n l 1> e~ T/mag 277 LQH’Il L E
" nay 2n(n +1)! nay "\ nay

The combinatorial factor in front assures that R,;(r) are normalized with respect to an
integration over 7r:

/ R2,(r)r?dr =1
0

Note that the volume element here is 72dr, which is the r part of the spherical coordinate
volume element 72 sin ¢ dr d¢ df

e The complete hydrogen atomic wave functions are
Lbnlm(r? d)v 6) - Rnl (7.) lem (d)7 e)

e The normalization condition is

27 T ')
[ [ [ Wantrs.0f 2 snodarasdo =1
0 0 0
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e The functions ¥

nlm

must also be orthogonal. This orthonormality relationship is given by

27 s [e%e]
/ / / Vrrms (15,65 0) Uy (7,0, 0) r?singdrdddd = 6,010,
0 0 0

See the Hydrogen Atomic Orbitals

Try it in Python: Interactive 3D plots of hydrogen orbitals v,,;,..: Hydrogen Atomic Orbitals

nlm:-

Summary

Topic

Key result

Laplacian (cylindrical)

Neumann compatibility

Disk of radius R

Poisson integral formula

Sphere (axisymmetric)

Green’s function

Hydrogen atom

1 1
V2u = Upy + ;UT + ﬁugg +u,,
V2u =0in D, du/On = g on the boundary

needs }Iggds =0

U = %) + ; (%)n (a,, cosnf + b, sinnf)
u(r,0) =
1 27 RQ —’1“2

— d
2r Jy  R2 4712 —2rRcos(f — ) gla) da

u(r,¢) = Z a, " P, (cos ¢) inside the unit

n=0

sphere

27 1
’U,(T, 0) = / / G<T797p7 ¢) f(pa (b)pdpd¢
0 0

4
1
E, 6 =-— [gf;} —, n= 1,2,--+; wave functions

n
Rnl (T) Yzm

Worked Exercises

1. Solve the exterior Dirichlet problem in a circle:

Solution

Step 1: General Solution in Polar Coordinates

Viu=0, 1<r<oo
u(1,6) = sin 6 + cos 36

The general solution to Laplace’s equation in polar coordinates for r > 1 (the exterior region) is:
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u(r,0) = ay + by lnr + Z (a,r™ +b,,r~™) cosnb + Z (c,r" +d,r ") sinnd
n=1 n=1

Step 2: Apply the decay condition u(r,0) — 0 as r — oo
This requires:
° ao = O

« by =0

e a,=0,c,=0foralln>1

n

Hence, the solution becomes:

u(r,0) = Z b, " cosnf + Z d,r~" sinnf
n=1

n=1
Step 3: Use Boundary Condition u(1,6) = sin 6 + cos 360

At r =1, we get:

u(1,0) = an cosnb + Zd” sinnf = sin 6 + cos 30
= n=1

n=1 =
So:

o b3 == 1, dl == 1
o All other b,,, d,, are 0

Final Solution

cos30 siné
T T
T T

u(r,0) =

This satisfies Laplace’s equation in 7 > 1, the boundary condition at » = 1, and decays at infinity

2. Solve the interior Dirichlet problem in a sphere

Viu=0,r<1
u(l,¢) =1+ cos¢

Solution

We are solving the interior Dirichlet problem for Laplace’s equation inside the unit sphere. The
boundary condition is given only in terms of ¢, which suggests axial symmetry (i.e., the function
does not depend on the azimuthal angle ). Hence, we can solve the axisymmetric Laplace equation
in spherical coordinates

Step 1: Axisymmetric Laplace Equation

In spherical coordinates with axial symmetry (no dependence), Laplace’s equation becomes:

ig (T23u) + #2 (singé%) =0
r2 Or or r2sin¢ 0¢ 0o/)
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Step 2: Separation of Variables
Assume u(r,¢) = R(r)P(¢). Substituting and separating variables gives:

li <r2dR> + 1 i (Sin¢cu3> =0
R dr dr Psin¢ do do)

Set both parts equal to ¢(¢ + 1). Then:

o R(r) = A,r’ (we discard r~“*1) since u must be finite at r = 0),
o P(¢) satisfies Legendre’s equation:

d dP
Sirll¢d¢ (Sin¢ci¢> +L(l+1)P =0= P(¢) = Pycos p)

Step 3: General Solution

The general solution is:

u(r, ¢) = i AgrtPy(cos ¢)
=0

Step 4: Apply Boundary Condition

At r = 1, the boundary condition is:

u(l,¢) = iAEPe(cos ¢)=1+cos¢

£=0
We expand 1 + cos ¢ in terms of Legendre polynomials

o Py(cosg) =1
o Py(cos¢p) =cos¢

So:

1+ cos¢p = Py(cosp) + Py(cosgp) = Ay =1, A, =1, A, =0for £ > 2

Final Solution

u(r, ¢) = Py(cos @) + rP;(cosp) = 1+ rcos ¢

This satisfies Laplace’s equation inside the unit ball and matches the boundary condition

3. Solve the exterior Dirichlet problem in a sphere

Viu=0,1<r
u(l,¢) =1+ cos2¢

Solution
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We are solving the exterior Dirichlet problem for Laplace’s equation in a spherically symmetric
setting. The boundary condition depends only on the polar angle ¢, so we assume axial symmetry
(i.e., no #-dependence)

Step 1: General Axisymmetric Solution to Laplace’s Equation (Exterior)

The axisymmetric solution to Laplace’s equation in spherical coordinates (no 6 dependence) is:
oo
u(r, @) = Z (A=Y + Byrt) Py(cos ¢)
=0
To ensure the solution decays at infinity:
. Set Be — 0
So the solution becomes:
o
u(r,¢) = Z A=t Py(cos ¢)
(=0

Step 2: Apply Boundary Condition

At r = 1, the boundary condition is:

u(l,¢) = i Ay Py)(cos @) =1+ cos2¢

0=0
Recall:

o Py(cosp) =1
o Py(cos®) = 3(3cos? ¢ — 1) = cos2¢ (identity on the sphere)

So this corresponds to:
Ay=1, Ay,=1, A,=0forl+#0,2

Final Solution

1 1 1 1
u(r, ¢) = ;PO(COS o) + TT,)PQ (cos @) = - + 3 cos 20

This is harmonic for r > 1, satisfies the boundary condition at » = 1, and decays as r — co

4. Solve the Dirichlet problem in a circle:

V2u=0, 1<r<?2
1
u(1,0) = §+COSQ
u(2,0) =1+sinf

Solution

We solve this using separation of variables in polar coordinates (r, ), where the Laplacian is:
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VQ’LL— @+1%+i@
o2 ror 12062

General Solution to Laplace’s Equation in Annulus

We use the standard separation-of-variables solution:

u(r,0) = ay + by logr + Z (A,r"™ + B,r ") cos(nb) + (C,r™ + D, r~ ") sin(nf)
n=1

Since r € (1,2), both ™ and r~" are bounded, so we retain all terms
Step 1: Fourier Series of Boundary Data

We write the boundary functions as Fourier series

u(r,0) = ag + by logr + (Ayr + Byr~t) cos + (Cyr + Dyr~1) sinf
We'll determine the constants ag, by, A,, By, C;, D, by applying the boundary conditions at r =1
and r = 2

At r=1:

1
uw(1,0) =ag+ (A; + By)cosf + (C; + D;)sinf = i—i—cose

this gives:
° ao = %

At r=2:

1 1
u(2,0) = ay + bylog2 + (24, + 531)00894- (2C; + §D1)sin9 =1+sinf

Match terms:

o ayg+bylog2=1

Now solve the system

Step 2: Solve the System

We already have:

_ 1
°* ay =3

o ay+bylog2=1=1+bylog2=1= by = 5

2log2

Solve for A, By:

628



Multiply first by 2 and subtract by second:

4
(2A1+2Bl)—<2A1+§Bl):2—0;»%31:2:»3125, A =1-—

Solve for C}, Dy:

L] Cl+D1:O
« 2C,+3D, =1

Substitute D; = —C] into second:

1 3 2 2
201*501:1:501:1:>01:§, D1:7§

Final Solution

1 1 1 4
u(r,0) = - + ——=logr+ (—77“ + 77'_1> cos

2 2log2 3 3
2 2
+ (gr — 57’71) sin 6

This is the harmonic function in the annulus 1 < r < 2 satisfying the given Dirichlet boundary
conditions

5. Consider the Laplace equation on the upper half-plane:
Viu(z,y) =0, y>0,
u(z,0) = ¢(z), =eR

where ¢ € L*(R)
(a) Starting from the Fourier transform method, derive the Poisson kernel 7

(b) Show that the solution can be expressed as the Poisson integral

u(z,y) = / Pla— &, y) H(E) de.
R

(c) Let

0, |z|>1

o(z) = {1, 2| <1,

Compute u(0,y) explicitly in terms of the arctangent function

Hint: . . ¢
————d§ = — arctan <7> +C
/ & +y? y y

Solution

(a) Derivation of the Poisson kernel
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Take the Fourier transform in z of the harmonic function u(-, y) for each fixed y > 0:

. 1 )
il9) = = / ety (e, y) da
R

Applying the Laplace equation u,, + u,, = 0 and transforming in = gives the ODE in y:

82

aiygﬁ’(kv y) — w2ﬁ(way) =0

The general solution (for fixed w) is

0, ) = A(w)el¥ + B(w)e

For u(-, y) to remain bounded as y — +o0o, we must set A(w) = 0. The boundary condition
u(z,0) = ¢(z) implies

Hence

Invert the Fourier transform:

1 ~ )
u(x,y) = — w)e 1l giwe qo,
@9 = 5= [ 60
- 1 ,
Write ¢(w) = N / e P (€)d¢é and interchange integrals to obtain
R

u(z,y) = / (;ﬂ /eiw(mf)e|wy dw) B (€) d¢
R R

The inner integral is the inverse Fourier transform of e /¥ to z =  — £ coordinate. A standard
computation yields

1 , 1 vy
il wze—lwly o, = = =P
or e = L =P

so that the Poisson kernel for the upper half-plane is

Iy
?(ZW):;my y>0

One way to compute the inverse transform is to split the integral into w > 0 and w < 0 and evaluate
each as a complex exponential integral

(b) Poisson integral representation

Plugging the kernel found above into the expression for u(x,y) gives
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u@w%—/Pm—aw¢@mg

R

which is harmonic in y > 0, continuous in x for each fixed y > 0, and reproduces boundary values
in the sense of non-tangential limits under mild regularity assumptions on ¢

(c) Explicit value at = = 0 for indicator data

With ¢ =1, 1) we have

1
1
uO) = [Pt 1 ds = [ 2ot
—1

R

Directly using the antiderivative of 1/(£2 + y?):

1 1 ¢
——— df = — arctan (7> +C
/§2+y2 : Yy Yy
Hence

u(0,y) = % Ll/ arctan (j)Fﬂ = % [arctan (;) — arctan <—;>]

e=—1

Using the oddness of arctan, this simplifies to

2 1
u(0,y) = ;arctan (y) ., y>0

Boundary limit. As y — 0 we have arctan(1/y) — 7/2, so

2
z -1
T

™
1' = - —
b (0, 9) 2

which equals the boundary value ¢(0) = 1. This is consistent with the Poisson integral reproducing
the continuous boundary values. If ¢ had discontinuities, the Poisson integral would converge to
the average of the lateral limits at the discontinuity

Answers

Answer 1 (Section 14.1)

1
_ 2 =+
Uy = C (u,,r + - ur>

Answer 2 (Section 14.1)
Upp +—u, =0, u(r)=a-+ -
r r

Answer 3 (Section 14.2)

27
No: the total boundary flux / sin® #df = 1 # 0 violates the compatibility condition
0

631



Answer 4 (Section 14.2)

h

1+hrsin6’

u(r,0) =
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